Int. Journal of Math. Analysis, Vol. 2, 2008, no. 22, 1097 - 1102

On Norlund Summability Factors
of Infinite Series
Santosh K. Saxena

H. N. 419, Jawahar Puri, Badaun, U. P., India
Presently working in Deptt. of Comp. Appl., TMIMT,
Moradabad, U. P., India

ssumath@yahoo.co.in

Abstract

In the present paper, a general theorem concerning the ¢ — |N, p, |,
summability factors of infinite series, has been proved.
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1 Introduction.

Let (¢,) be a sequence of positive real numbers and let Y a,, be a given infinite
series with the sequence of partial sums (s,,) . By (¢,) , we denote the n-th (C, 1)
means of the sequence (na,). The series Y- a,, is said to be summable |C, 1|,
k> 1, if (see[4])

Z 5 ‘tn‘ < 09, (1>

n=1
and it is said to be summable ¢ — |C, 1|, k > 1, if (see[8])

o0

k—1
Pn k
Z F ltn]” < 0. (2)

n=1

If we take ¢,, = n, then ¢ —|C, 1|, summablility reduces to |C, 1|, summability.
Let (p,) be a sequence of constants, real or complex, and let us write

Po=potpi+p+..+p.#0,(n>0). (3)
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The sequence-to-sequence transformation

On = 13i Z Pn—vSv, (4>

n py=0

defines the sequence (o,,) of the Norlund mean of the sequence (s,,), generated
by the sequence of coefficients (p,). The series 3" a,, is said to be summable
[N, pal , i (see[6])

> ow = opi| < o0, (5)

n=1

and it is said to be summable |N, p,|, , k > 1, if (see[3])

— k
S o, — 0] < o0 (6)

n=1

The series Y- a, is said to be summable ¢ — [N, p,|,, k> 1, if
Z 907]271 ‘Un - anfl‘k < 0. (7>
n=1

If we take ¢, = n and p,, = 1 then ¢ —|N, p,|, summability becomes |C, 1],
summability. For any sequence (A,), we write A\, = X\, — Ap11.

2 Known Results.

Concerning the |C, 1] and | N, p,| summability Kishore [5] has proved the fol-
lowing theorem.

Theorem 2.1 Let py > 0, p, > 0 and (p,) be a non-increasing sequence. If
S ay, is summable |C, 1|, then the series Y an, P, (n 4 1) is summable |N, py|.

Later on Ram [7] has proved the following theorem related to the absolute
Norlund summability factors of infinite series.

Theorem 2.2 Let (p,) be as in Theorem 2.1. If

n

>+l = 0 (X0, 1 — o, 8

v=1
where (X,,) is positive non-decreasing sequence and (\,) is a sequence such
that

Zn‘AQ)\n‘Xn < 00, 9)
n=1
A X =0 (1), as n — oo. (10)

then the sereis - a, Py, (n + 1)_1 is summable | N, py|.
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Bor [1] has proved Theorem 2.2 under weaker conditions in the following
form.

Theorem 2.3 Let (p,) be a sequence as in Theorem 2.1. If

L |
Z —t,| =0 (X,), as n — o, (11)

V:ly

where (t,) is the n-th (C,1) mean of the sequence (na,), and the sequences
(An), (X,) are such that conditions (9)-(10) of Theorem 2.2 are satisfied, then
the series - an Py, (n + 1)71 is summable |N, p,|.

It should be noted that condition (8) implies the condition (11), but the
converse need not be true (see[1] for details). Quite recently Bor [2] generalized
Theorem 2.3 for | N, p,|, summability in the following form.

Theorem 2.4 Let (p,) be a sequence as in Theorem 2.1. If

n g
> —[t|*=0(X,), as n— oo, (12)
1%

v=1

and the sequences (\,), (X,) satisfy the conditions (9) and (10) of Theorem
2.2, then the series Y anPy\, (n+ 1)~ is summable [N, p,|,, k > 1.

3 Main Result.

The aim of this paper is to generalize Theorem 2.4 for ¢ —|N, p,, |, summability.
Now we shall prove the following theorem.

Theorem 3.1 Let (p,) be a sequence of positive real numbers. Let (p,) be
as in Theorem 2.1. The sequences (\,) and (X,,) satisfy the conditions (9)
and (10) of Theorem 2.2 and if

n

@kfl
S =0(X,), asn — o, (13)

v=1

m+1 k—1 k—1
Yn Pu
> fn-o(%r). (14

k
n=v+1 v

then the series Y a, Py, (n + 1)_1 is summable ¢ — |N,py|,, k> 1.
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It should be noted that if we take k = 1 and ¢,, = n in Theorem 3.1, then
we get Theorem 2.3 because in this case condition (13) reduces to condition
(11) and condition (14) reduces to

L-ofl)

but this always holds. We need the following lemma for the proof of our
theorem.

Lemma 3.2 [1] Under the conditions of (X,) and (\,), as taken in the
statement of Theorem 2.2, the following conditions hold,

nX, A\, =0 (1), as n — oo, (16)
> ANX, < . (17)
n=1

4 Proof of Theorem 3.1.

Let (7},) be n-th (C, 1) mean of the sequence (na,\,), that is

n:n+1zyau v

Applying Abel’s transformation, we have

1 n 1 n—1 v )\ n
T, = va,\, = —— AN ra, + —— ra,
n+1 ;::1 n+1 ;::1 TZ:% n+1 ;:%
1 n—1
= DT (v +1)ANG + Aty
n+1:m7=

= Thi1+ T2, say.

Since |T),1 + Tn’glk < 2ok (]Tm\k + ]Tn,glk) , in order to complete the proof
of the Theorem 3.1, it is sufficient to show that

oo —

Z

| <oo, forr=12.

Now, we have that

m+1 m+1 , k—1 — k
ok © 1 L(v+1)
E T, E a E AN [t
= nk ‘ 1‘ = nk {n +14 v d 121
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7n+l<p n k
-4 {Z an ]

v=1
m+1 i1 n=1 i 1 n—1 k-1
- MZ v AN I8 x{521}
v=1
7n+1 k 1 n—1 .
- omY k+12 v AMDE 6]
n=2
m m+1 ¢
= O() X (wIAND 6" 3 oy
v=1 n= V+1
- e
= 0(1) X (w]AN]) (v]AN ] 17\tu\k
v=1
m k 1
= 0(1) ) (v|Ax \) — |t,*
v=1

3

v <)Dk:—l &
= 0 X AWAN) Y E
r=1

S
Il
—_

m wkfl &
+OW)m M| 3 2 1]

m—1
= AWIAN)X, +0 (1) m|Aln| X
V:l
m—1
= 0() Y |(w+1)|a%N, A X, +0 1) m AN X
v=1
m—1
= 0(1) \A? Z IAN| X,

+0(1 ) | AN X

= 0(1), as m — oo,

by virtue of the hypotheses of the Theorem 3.1 and Lemma 3.2.
Again,

m wkfl % m k
Yo Tl = Z o IM t]*
n=1 n=1
m k b1
= o MHM t]*
n=1

= Z mz“"” it +o( mz“"” tal*
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m—1
= O(1) X A\ X+ 0 (1) [ A| X,
n=1

= 0O(1), as m — oo,

by virtue of the hypotheses of the Theorem 3.1 and Lemma 3.2. Therefore,

we get

(e 9] —

Z

. <oo, forr=12.

This completes the proof of Theorem 3.1.
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