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Abstract

If T is an analytic function mapping the unit disk D into itself, we define
the composition operator Cr on the space H3(8) by Cr f = f- T. In this paper, we
investigate the relationship between properties of the symbol T and the

quasihyponormality of the operators C+ and Cfr .
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1. PRELIMINARIES

Let f be an analytic map on the open unit disk D given by the Taylor’s
series.
f(z) =ap+tasz + 8.222 + .

p
Let B = {Bn }ﬁzo be a sequence of positive numbers with fo = 1 and —2+L 5 1

n
as N — oo.

The set H*(B) of formal complex power series f(z) = 3 anzn such that
n=0

2 _ 3 2 12
fl5 = a < oo
Ifl= 2 Ja, "B
is a Hilbert space of functions analytic in the unit disc with the inner product.

<f,g>p= X a_ ani forfasaboveandg (z) = > b,z".
n=0 n=0

Let D be the open unit disk in the complex plane and let T: D — D be an
analytic self-map of the unit disk and consider the corresponding composition
operator Cr acting on H*(B), i.e.,

Cr(f)=f.T, f e H? (B)

The operators Cr are not necessarily defined on all of H%(). They are
everywhere defined in some special cases: on the classical Hardy space H* (the
case when B, = 1 for all n). See for example [7], and on a general space H? (B) if
the function T is analytic on some open set containing the closed unit disk having
supremum norm strictly smaller than one (see [11]). There are a lot of other
known properties of composition operators, on the classical Hardy space H? (See
for example [1], [5] and [7]), and on more general space H*(B) (see [3], [4], [8],
[10] and [11]).

In [2], Cowen’s and Kriete obtained a nice correlation between
hyponormality of composition operators on H? and the Denjoy-Wolff point of the
induced map.

In [9], Nina Zorboska obtained some results on the hyponormality of
composition operators and their adjoints.

In this article, we are interested in the M-quasihyponormality of
composition operators and their adjoints.

2. An operator T on a Hilbert space H is called M-quasihyponormal if there
exists M>0 such that
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M2T*2 T2 — (T*T)? >

If M =1, T is said to be quasihyponormal.
Furuta et al. [6], introduced a new class “‘class A’ operators as follows.

An operator T belongs to class A if and only if
(T*| TPT)* > T*T
and showed that this class is included in the class of paranormal operators.

Let  be a point on the open disk.

Define
» Z“o_)n
n= 0 Bz

Then the function kB is a point evaluation for H*(p).

kB P (2) =

2n
ool

nOB

Thus, || K, || is an increasing function of | o |.

Then kB is in H3(B) and HkB H

Iffz)= 3 anz” then

n=0
FKB) = 3 an@Pa
< (D>B n=0 BZ
=f (o)
Therefore,

<f,kE0>B =f(o) for all f and

kz is known as the point evaluation kernal at w.
It can be easily shown that
C k kT(w)

and kg =1 (the function identically equal to 1).
Theorem 2.1:

2
If Ct is M-quasihyponormal then kP H < M?
TO)]g

Proof:
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Ct is M-quasihyponormal.

Letf=

<M2C}2C%f,f>-<(CfrCT)2f,f> > 0, forallfe H(B).
M2<c$f,c%f> -{cheCicr £, f) 2 0
M2<c$f,c%f>-<c:i}ch,cfrch> > 0

2 *
M?[|CZ fI2> || C_ Crf|P
kg , we have,

2 B2 * B2
M || Ct Cr k0 ”B > || CT Ct k0 ”B

MPliCrkg lls =1 Ch kg llg
2 B2 B 2
M I kg Il 2| K3 15

I KTy I =M 9]

Theorem 2.2 :

A partial isometry composition operator Cr on H*B) is M-quasi-

hyponormal then M? > 1.

Proof :

Cy is M-quasihyponormal.
I Cfr CriP< M| Ci ], for all f € H(B)

*2 *
M? C_ Ci - 2K(CL CrP+K 2 0 forall k> 0
2
* 2 * *
(M? C, CI-2k(C, Cr)? + k%) C.Cr=20

2*
M=C. C
T

*

T
*

CTCTCT+k2CTCTZO

c:TcTCT Cr-2k C_ Cy CT Ct CT Cr+ K CT Cr >0

M?C_C_ CrCr-2k C

R RN )
* -

MZC; CL CrCr-2k C_ Cr +K? Cfr Cr >0

M2[| CZ f|2 -2k | Cr |2 + k¥ Crf [|2 2 0
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Letf= kg , we have,

20 2 LB 2 _ B2 2 P2

M2 Il C2 KD 12 -2kl Crkf 12 +1ClCr KB I2 = 0
2 B2 B2 .2 LB 12

M2 1| Cr Cr KD 112 = 2k KD 12 + K2 KD 112 >0

M? | Cr kP ||§—2k+k2 >0

M kgl = 2K+ K >0

M? — 2k + k? >0

By elementary properties of real quadratic form, we get, M?> 1.

Theorem 2.3:

If Cr is hyponormal composition operator on H*B) and Cfr IS

M-quasihyponormal then M? > 1.

Proof :

Cfr is M-quasihyponormal

<M2C%Cfr2f,f> - ((CyCH)2f 1) >0, forallfe HY(p)
M2 <C%Cfr2f,f> - (crerer ey ) >0
M2<Ci}2f,cfr2f> - (CrC5f, CrC5f) >0

M1 C fIF - 11 Cr C] £If 20

Letf= kg , we have,
2
20 ~* LB 12 * B2
M| C3 KE 115 =11 Cr C kP I1F 20
2
20 ~* LB 12 * B2
Ml CT kg llE  zllCr CL kg II?

2 * B 2 B 2
U e Sy e e S s

Since Cy is hyponormal, we have T(0) = 0. [9]
20 ~* LB 2 B 2
M?(I Cp kg lly 2l1Cr ke g
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Mz B 2 > B2
(RS I kg Il
2 B2
M| k0 ”B >1
M? >1
Theorem 2.4:

If Cr be quasihyponormal on the space H?(B), then T (0) = 0.

Proof :

Let Ct be quasihyponormal on H?(f) and kg be point evaluation at 0.

Then || Cfr Crfllp <] Ci f||s forall fin H* () and if f= kg , We have,
* B2 _pe* kB2 —peb 2 -2l 2n
Gy Ok llg =1 Cr kgl =lIKeg) g = = 71O
n
2 B 2
<l €T kg I
2
=[|CrCr kg Il
_ B2
=l crkf I
-1 kP 12
=1 kg I

=1
which implies, since o = 1, that T(0) = 0.

Theorem 2.5:
If Cr is of Class A on H? (B) then T (0) = 0.
Proof :

If Ctis of Class A, implies

(C; Cr)? <C.|Cr Cr

(kar Cr)? < Cfr (C: Cr) Cr
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* 2 *2 2
(C.Cn <C. CI
(CTCiCrCqf, f) < <C’.}2 C%f,f> for all f in H3(p).

(CrCef,CrCef) < (C3f,C3f)

* 2 2 £2
| CrCrfilg <|I CT Fll,
Letf= kg,we have,
* B2 2 B 2
I CrCrkglly  <IICT kgl
* 2 2
I C5 kg Il <l crerkf I
kP 12 <ficr kP2 = kP2 =1
(RS e ICrkg llg = Ik I
| k'Br(O) ||§ <1, by theorem 4, which implies that T(0) = 0.
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