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Abstract 
 

 If T is an analytic function mapping the unit disk D into itself, we define 
the composition operator CT on the space H2(β) by CT f = f ° T.  In this paper, we 
investigate the relationship between properties of the symbol T and the 

quasihyponormality of the operators CT and *
TC . 
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1. PRELIMINARIES 

 Let f be an analytic map on the open unit disk D given by the Taylor’s 
series. 
 f(z) = a0 + a1z + a2z2 + …….. 

Let β = { }α=β 0nn  be a sequence of positive numbers with β0 = 1 and 
n

1n
β

β
+  → 1 

as  n → ∞. 

 The set H2(β) of formal complex power series f(z) =  ∑
∞

=0n

n
nza  such that 

2|| f ||
β

 = ∞<∑ β
∞

=0n

2
n

2
n |a|  

is a Hilbert space of functions analytic in the unit disc with the inner product. 

<f, g> β = ∑ β
∞

=0n

2
nnn ba   for f as above and g (z) = ∑

∞

=0n
n

nzb . 

 Let D be the open unit disk in the complex plane and let T: D → D be an 
analytic self-map of the unit disk and consider the corresponding composition 
operator CT acting on H2(β), i.e., 

CT (f) = f ° T,   f ∈ H2 (β) 
 The operators CT are not necessarily defined on all of H2(β). They are 
everywhere defined in some special cases: on the classical Hardy space H2 (the 
case when βn = 1 for all n). See for example [7], and on a general space H2 (β) if 
the function T is analytic on some open set containing the closed unit disk having 
supremum norm strictly smaller than one (see [11]). There are a lot of other 
known properties of composition operators, on the classical Hardy space H2 (See 
for example [1], [5] and [7]), and on more general space H2(β) (see [3], [4], [8], 
[10] and [11]). 

 In [2], Cowen’s and Kriete obtained a nice correlation between 
hyponormality of composition operators on H2 and the Denjoy-Wolff point of the 
induced map. 

 In [9], Nina Zorboska obtained some results on the hyponormality of 
composition operators and their adjoints. 

 In this article, we are interested in the M-quasihyponormality of 
composition operators and their adjoints. 

2. An operator T on a Hilbert space H is called M-quasihyponormal if there 
 exists M>0 such that 
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M2 2*T T2 – (T*T)2  ≥  0 
 

 If M = 1, T is said to be quasihyponormal. 

 Furuta et al. [6], introduced a new class ‘class A’ operators as follows. 

An operator T belongs to class A if and only if 
(T* | T |2 T)½  ≥  T*T 

and showed that this class is included in the class of paranormal operators. 

 Let ω be a point on the open disk.  
Define 

 ∑
β
ω

=
∞

=

β
ω

0n 2n

nnZ)z(k   

Then the function β
ω

k  is a point evaluation for H2(β). 

Then β
ω

k  is in H2(β) and ∑
β

ω
=

∞

=

β
ω 0n 2

n

n22 ||k . 

Thus, || Kω || is an increasing function of | ω |. 

If f(z) = ∑
∞

=0n

n
nza  then 

   ∑
β
βω

=
∞

=β

β
ω

0n 2n

2nnnak,f  

        = f (ω)  
Therefore,  

   )(fk,f ω=
β

β
ω   for all f and 

β
ω

k  is known as the point evaluation kernal at ω. 

 It can be easily shown that  
*
TC  β

ω
k  = β

ω)(Tk  

and β
0k  = 1 (the function identically equal to 1). 

Theorem 2.1:   

 If CT is M-quasihyponormal then 
2

)0(Tk
β

β  ≤ M2 

Proof: 
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CT is M-quasihyponormal. 

 f,fCCM 2
T

*
T

2 2  - f,f)CC( 2
T

*T  ≥   0, for all f ∈ H2(β). 

 M2 fC,fC 2
TT

2   - f,fCCCC T*TT*T  ≥   0  

 M2 fC,fC 2
TT

2  - fCC,fCC T*TT*T  ≥    0  

 M2 || 2
TC  f ||2 ≥ || *

TC  CT f ||2 

Let f = β
0k , we have, 

 M2 || CT CT  β
0k  || 2

β
  ≥ || *

TC  CT  β
0k  || 2

β
 

 M2 || CT β
0k  || 2

β
  ≥ || *

TC  β
0k  || 2

β
 

 M2 || β
0k  || 2

β
   ≥ || β

)0(Tk  || 2
β

 

 || β
)0(Tk  || 2

β
 ≥ M2.    [9]  

Theorem 2.2 : 

 A partial isometry composition operator CT on H2(β) is M-quasi-
hyponormal then M2 ≥ 1.  

Proof : 

 CT is M-quasihyponormal. 

 || *
TC  CT f ||2 ≤ M2 || 2

TC  f ||,    for all f ∈ H2(β) 

 M2 
2*

TC 2
TC  – 2k( *

TC  CT)2 + k2   ≥  0   for all k > 0   

 (M2 
2*

TC 2
TC  – 2k( *

TC  CT)2 + k2) *
TC  CT    ≥  0 

 M2 *
TC *

TC  CT CT 
*
TC  CT – 2k *

TC  CT *
TC  CT *

TC  CT
 + k2 *

TC  CT
   ≥  0 

 M2 *
TC *

TC  CT CT – 2k *
TC  CT *

TC  CT  + k2 *
TC  CT

   ≥  0 

 M2 *
TC *

TC  CT CT – 2k *
TC  CT  + k2 *

TC  CT
    ≥  0 

 M2 || 2
TC  f ||2 – 2k || CT f ||2  + k2 || CT

 f  || 2   ≥  0 
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Let f = β

0k , we have, 

 M2 || 2
TC  β

0k  || 2
β

 – 2k || CT 
β
0k  || 2

β
 + k2 || CT   

β
0k  || 2

β
   ≥   0 

 M2 || CT CT  β
0k  || 2

β
 – 2k || β

0k  || 2
β

 + k2 ||  
β
0k  || 2

β
    ≥ 0 

 M2 || CT β
0k  || 2

β
 – 2k + k2      ≥ 0 

 M2 || β
0k  || 2

β
 – 2k + k2      ≥ 0 

 M2 – 2k + k2        ≥ 0 

By elementary properties of real quadratic form, we get, M2 ≥ 1. 

Theorem 2.3:  

 If CT is hyponormal composition operator on H2(β) and *
TC  is                         

M-quasihyponormal then M2 ≥ 1. 

Proof : 

*
TC  is M-quasihyponormal 

 f,fCCM 2*
T

2
T

2  –  f,f)CC( 2*TT    ≥ 0,    for all f ∈ H2(β) 

 M2 f,fCC 2*
T

2
T  –  f,fCCCC *TT*TT    ≥ 0   

 M2 fC,fC 22 *
T

*
T  –  fCC,fCC *TT*TT   ≥ 0   

 M2 || 
2*

TC  f ||2 –  || CT 
*
TC  f ||2   ≥ 0   

Let f = β
0k , we have, 

 M2 || 
2*

TC  β
0k  || 2

β
 – || CT *

TC  β
0k  || 2

β
  ≥ 0  

 M2 || 
2*

TC  β
0k  || 2

β
  ≥ || CT *

TC  β
0k  || 2

β
    

 M2 || *
TC  β

)0(Tk  || 2
β

  ≥ || CT β
)0(Tk  || 2

β
    

Since CT is hyponormal, we have T(0) = 0. [9] 

 M2 || *
TC  β

0k  || 2
β

  ≥ || CT β
0k  || 2

β
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 M2 || β

)0(Tk  || 2
β

  ≥ || β
0k  || 2

β
  

 M2 || β
0k  || 2

β
    ≥ 1 

 M2    ≥ 1 
 

Theorem 2.4:  

 If CT be quasihyponormal on the space H2(β), then T (0) = 0.  

Proof : 

 Let CT be quasihyponormal on H2(β) and β
0k  be point evaluation at 0. 

Then || *
TC  CT f ||β ≤ || 2

TC  f ||β  for all f in H2(β) and if    f = β
0k , we have, 

 || *
TC  CT 

β
0k  || 2

β
  = || *

TC  β
0k  || 2

β
  = || 

β
)0(Tk  || 2

β
   = ∑

β

∞

=0n

n2
2
n

|)0(T|1
 

        ≤ || 2
TC  β

0k  || 2
β

 

        = || CT CT β
0k  || 2

β
 

        = || CT β
0k  || 2

β
 

        = || β
0k  || 2

β
  

        = 1 
which implies, since β0 = 1, that T(0) = 0. 

Theorem 2.5:  

 If CT is of Class A on H2 (β) then T (0) = 0. 

Proof :  

If CT is of Class A, implies  

 ( *
TC CT)2   ≤ *

TC  | CT |2 CT 

 ( *
TC CT)2   ≤ *

TC  ( *
TC  CT ) CT 
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 ( *
TC CT)2   ≤ 

2*
TC  2

TC  

 f,fCCCC T*TT*T   ≤ f,fCC 2
T

*
T

2
   for all f in H2(β). 

 fCC,fCC T*TT*T   ≤ fC,fC 2
T

2
T  

 || *
TC CT f || 2

β
  ≤ || 2

TC  f || 2
β

 

Let f = β
0k , we have, 

 || *
TC CT 

β
0k  || 2

β
 ≤ || 2

TC  β
0k  || 2

β
 

 || *
TC  

β
0k  || 2

β
  ≤ || CT CT β

0k  || 2
β

 

 || β
)0(Tk  || 2

β
  ≤ || CT β

0k  || 2
β

    =  || β
0k  || 2

β
 = 1 

 || β
)0(Tk  || 2

β
  ≤ 1, by theorem 4, which implies that T(0) = 0. 
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