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Abstract

In this paper, we present a new method for solving singularly per-
turbed two-point singular boundary value problem. Its exact solution
is represented in the form of series in reproducing kernel space. In the
mean time, the n-term approximation w,(x) to the exact solution u(z)
is obtained and is proved to converge to the exact solution. Some nu-
merical examples are studied to demonstrate the accuracy of the present
method. Results obtained by the method indicate the method is simple
and effective.
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1 Introduction

In this paper, we consider the following singularly perturbed two-point
singular boundary value problem in reproducing kernel space

eu(x) + ﬁu’(m) + ul@) = f(z), 0<z <1,
u(0) = 0, (1)
u(l) =0,

where 0 < ¢ < 1, u(z) € W3[0,1], p(x) = O(z*)(a > 0) and ¢(z) =
O(a”)(8 > 0).

The singularly perturbed differential equations arise in a variety of differential
applied mathematics, fluid mechanics, quantum mechanics, optimal control,
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gas dynamics, nuclear physics, chemical reaction, studies of atomic structures
and atomic calculations. Therefore, the problem has attracted much attention
and has been studied by many authors. In general, classical numerical methods
fail to produce good approximations for these equations. Hence one has to go
for non-classical method. Some non-classical methods are suggested by various
authors[1-4]. But only few authors have developed numerical methods for sin-
gularly perturbed two-point singular boundary value problem. R.K.Mohanty
and his co-workers have given the numerical solution of singularly perturbed
two-point singular boundary value problem using convergent tension spline
method and non-uniform mesh tension spline method[5-6].

In this paper, we will give the representation of exact solution to Eq.(1)
and approximate solution in the reproducing kernel space under the assump-
tion that the solution to Eq.(1) is unique. The approach is simple and effective.
For convenience, we take p(x) = z and ¢(z) = 22 in Fq.(1). After multiplying
Eq.(1) by z?, we find that

ex?u (x) + a2u/(z) + u(x) = 22 f(x), 0 <z <1,
u(0) =0, (2)
u(l) =0,
where 0 < e < 1, u € WJ[0,1], 22 f(x) € W3[0, 1].
Clearly, the solution of Eq.(2) is the solution of Eq.(1). So we only need to
obtain the solution of Fq.(2).
Write F(z) = 2?f(x) simply and put Lu = 2?u”(z) + 2u'(z) + u(z). Then
Eq.(1) can further be converted into following form
Lu(x) = F(z), 0 <z <1,
u(0) =0, (3)
u(l) =0,
where 0 < ¢ < 1, u € W3[0,1], F(z) € W}[0,1]. W3[0,1] and W[0,1] are
defined in the following section.

2 Several Reproducing Kernel Spaces

1 The reproducing kernel space W3[0, 1]

The inner product space W3[0,1] is defined as W3[0, 1] = {u(z) | u,u’,u”
are absolutely continuous real value functions, u, v, u”, u®® € L2[0,1],u(0) =
0,u(1) = 0}. The inner product in W3[0, 1] is given by

1
(w(y), v(y))ws = / (36uv + 49u'v’ + 14u"v" + uBv®)dy, (4)
0

and the norm || u [yp is denoted by || u [lwz= /(u,u)wz, where u,v €

W30, 1].



Computational method 1091

Theorem 2.1. The space W3[0,1] is a reproducing kernel space. That is, for
any u(y) € W3[0,1] and each fized x € [0,1], there exists R.(y) € W3[0,1],
y € [0,1], such that (u(y), R.(y))wz = u(x). The reproducing kernel R, (y) can
be denoted by

Ru(y) = cre¥ + coe™Y 4 c3e? + che” Fcsed + g, y <, (5)
w\Y) = die¥ + doe™Y + dse® 4 dye™% + dse®¥ + dge™Y, y > x.

The coefficients of the reproducing kernel R, (y) and the proof of Theorem
(2.1) are given in [8].

2 The reproducing kernel space W, [0, 1]
The inner product space W3[0, 1] is defined by W}[0,1] = {u(z) | u is abso-
lutely continuous real value function, u, v’ € L?[0,1]}. The inner product and
norm in W3 [0, 1] are given respectively by

() vog = [ e, lhug= oo

where u(x),v(z) € W[0,1]. In [7], the authors had proved that W.}[0,1] is a
complete reproducing kernel space and its reproducing kernel is

R.(y) [cosh(z +y — 1) + cosh(|z — y| — 1)].

~ 2sinh(1)

3 The solution of Eq.(3)

In this section, the solution of Eq.(3) is given in the reproducing kernel
space W3[0, 1].

In Eq.(3), it is clear that L : W3[0,1] — W}[0,1] is a bounded linear
operator. Put ¢;(z) = R,,(z) and ¢;(2) = L*p;(z) where L* is the adjoint
operator of L . The orthonormal system {i,(x)}3°, of W3[0, 1] can be derived
from Gram-Schmidt orthogonalization process of {;(x)}2,,

Gi(x) = Butbn(a), (B > 0,0 =1,2,...). (6)

k=1

Theorem 3.1. For Eq.(3), if {x;}32, is dense on [0, 1], then {1;(x)}2, is the
complete system of W3[0,1] and v;(x) = Ly Re(y)|y=z,-

Proof. We have
bix) = (L @i)(x) = ((L*¢i)(y), Ra(y))
= (#i(y), Ly e (y)) = Ly Re(y)ly=sr;-

The subscript y by the operator L indicates that the operator L applies to the
function of y.
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Clearly, ¢;(z) € W3[0, 1].
For each fixed u(z) € W3[0, 1], let (u(z),v;(z)) =0, (i = 1,2, ...), which means
that,

(u(x), (L*i)(x)) = (Lu(-), ¢i()) = (Lu)(zi) = 0. (7)

Note that {z;}5°, is dense on [0, 1], hence, (Lu)(z) = 0. It follows that u = 0
from the existence of L=!. So the proof of the Theorem 3.1 is complete. [

Theorem 3.2. If{x;}2, is dense on [0, 1] and the solution of Eq.(3) is unique,
then the solution of Eq.(3) is

u(z) = Z @kf(ffk)%(x) (8)

Proof. Applying Theorem 3.1, it is easy to know that {i;(z)}$2, is the com-
plete orthonormal basis of W3[0, 1].
Note that (v(x),¢;(z)) = v(x;) for each v(x) € W10, 1], hence we have

So, the proof of the theorem is complete. O

Now, the approximate solution u,(x) can be obtained by the n-term intercept
of the exact solution u(z) and

un(z) = Z Bitef (1) (). (10)

Theorem 3.3. Assume u(x) is the solution of Eq.(3) and r,(x) is the error
between the approximate u,(x) and the exact solution u(z). Then the error
rn(x) is monotone decreasing in the sense of || - [l
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Proof. From (9), (10), it follows that

rnllws =l 3 3 Baf (@) i(@) I

’iOZOTL+1 ki=1 (1 1)
= > (2 Buf(z))?
i=nt1 k=1
(11) shows that the error 7, is monotone decreasing in the sense of || - [[y;.
The proof is complete. O

4 Numerical example

In this section, some numerical examples are studied to demonstrate the
accuracy of the present method. The examples are computed using Mathemat-
ica 4.2. Results obtained by the method are compared with the exact solution
of each example and are found to be in good agreement with each other.

Example 1

Considering equation

u'(z) + 1
(0) =0,
(1) =0,
where f(z) = % — 2¢ — 3. The true solution is z — 22. Using our method,
we choose 26 points on [0,1] and take e = 1072,107%,1071° respectively. The
numerical results are given in the following table 1,2,3.

Example 2
Considering equation

)

I~

eu(z) + ——u'(z) + Hu(z) = f(z),0 <z <1
u(0) =0,
u(l) =0,

where f(z) = M — em?sin(rz) + Smx(—m) The true solution is sin(mx).

Using our method, we choose 26 points on [0, 1] and take e = 102,107, 10719
respectively. The numerical results are given in the following table 4,5,6.
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Table 1: Numerical results for example 1(n = 26, = 1072).

X True solution u(x) | Approximate solution ugg | absolute error

0.0001 9.999E-05 9.99901E-05 1.2E-10
0.08 0.0736 0.0736 3.7E-11
0.16 0.1344 0.1344 8.3E-09
0.32 0.2176 0.2176 3.5E-08
0.48 0.2496 0.2496 8.0E-08
0.64 0.2304 0.2306 1.5E-07
0.80 0.1600 0.1600 2.4E-07
0.96 0.0384 0.0383996 4.4E-07
1.00 0 0 0

Table 2: Numerical results for example 1(n = 26, = 107°).

X True solution u(x) | Approximate solution ugg | absolute error

0.0001 9.999E-05 9.99901E-05 1.2E-10
0.08 0.0736 0.0736 1.1E-09
0.16 0.1344 0.1344 4.1E-09
0.32 0.2176 0.2176 1.4E-08
0.48 0.2496 0.2496 2.2E-08
0.64 0.2304 0.2306 2.5E-08
0.80 0.1600 0.1600 2.1E-08
0.96 0.0384 0.0384 1.2E-08
1.00 0 0 0

Table 3: Numerical results for example 1(n = 26, = 10717).

X True solution u(x) | Approximate solution ugg | absolute error

0.0001 9.999E-05 9.99901E-05 1.2E-10
0.08 0.0736 0.0736 1.1E-09
0.16 0.1344 0.1344 4.1E-09
0.32 0.2176 0.2176 1.4E-08
0.48 0.2496 0.2496 2.2E-08
0.64 0.2304 0.2306 2.5E-08
0.80 0.1600 0.1600 2.1E-08
0.96 0.0384 0.0384 1.2E-08
1.00 0 0 0
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Table 4: Numerical results for example 2(n = 26,e = 1072).

X True solution u(x) | Approximate solution ugs | absolute error

0.0001 0.0314159 0.0314157 1.8E-09
0.08 0.24869 0.248643 4.6E-05
0.16 0.481754 0.481702 5.1E-05
0.32 0.844328 0.844275 5.2E-05
0.48 0.998027 0.997974 5.2E-05
0.64 0.904827 0.904776 5.1E-05
0.80 0.587785 0.587736 4.9E-05
0.96 0.125333 0.125274 5.9E-05
1.00 0 0 0

Table 5: Numerical results for example 2(n = 26, = 107).

X True solution u(x) | Approximate solution ugs | absolute error

0.0001 0.0314159 0.0314157 1.8E-09
0.08 0.24869 0.248643 4.6E-05
0.16 0.481754 0.481702 5.1E-05
0.32 0.844328 0.844275 5.2E-05
0.48 0.998027 0.997974 5.2E-05
0.64 0.904827 0.904776 5.1E-05
0.80 0.587785 0.587736 4.9E-05
0.96 0.125333 0.125274 5.9E-05
1.00 0 0 0

Table 6: Numerical results for example 2(n = 26, = 10717).

X True solution u(x) | Approximate solution ugs | absolute error

0.0001 0.0314159 0.0314157 1.8E-09
0.08 0.24869 0.248643 4.6E-05
0.16 0.481754 0.481702 5.1E-05
0.32 0.844328 0.844275 5.2E-05
0.48 0.998027 0.997974 5.2E-05
0.64 0.904827 0.904776 5.1E-05
0.80 0.587785 0.587736 4.9E-05
0.96 0.125333 0.125274 5.9E-05
1.00 0 0 0

1095



1096 Jian Li

References

1]

J.J.H.Miller, E.O.Riordan, G.I.Shishkin. On piecenise uniform meshs for
upwind and central differential operators for solving singular perturbed
problems. SIMA.J.Numer.Anal.15(1995),89-99.

B.Kreiss, H.O.Kreiss, Numerical methods for singularly perturbation prob-
lem. STAM.J.Numer.Anal.46(1982),138-165.

Yekaterinburg, Asymptotic Expansion of a solution of a singularly per-
turbed system of linear equation, Differential Equation.41(10)(2005),1392-
1402.

F.O.ILICASU, D.H.SCHULTZ, High-order finite-difference techniques for
linear singular perturbation boundary value problems, Computers and
Mathematics with Applications 47(2004),391-417.

R.K.Mohanty, D.J.Evans,U.Arora, Convergent spline in tension methods
for singularly perturbed two point singular boundary value problems,
Int.J.Comput.Math.82(2005),55-66.

R.K.Mohanty, Urvashi Arora, A family of non-uniform mesh tension spline
methods for singularly perturbed two-point singular boundary value prob-
lems with significant first derivatives, Applied Mathematics and Computa-
tion 172(2006),531-544.

Chunli Li,Minggen Cui, The exact solution for solving a class nonlinear
operator equations in the reproducing kernel space, Appl.Math.Compu.
143(2-3)(2003),393-399.

Fazhan Geng, Minggen Cui, Solving a nonlinear system of second order
boundary value problems, Journal of Mathematical Analysis and Applica-
tions 327(2007),1167-1181.

Received: March 14, 2008



