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Abstract

In this paper, we introduce the iterative sequence for an asymp-
totically nonexpansive mapping and an asymptotically nonexpansive
semigroup. Then we prove that such a sequence converges strongly to
Pr(ryzo and Prxg, respectively. This main theorem concern result of
Takahashi, Takeuchi and Kubota | Strong convergence theorems by hy-
brid methods for families of nonexpansive mappings in Hilbert space, J.
Math. Anal. Appl. V.341, 2008, 276-286], and many others.
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1 Introduction

Let X be a real Banach Space, C' a nonempty closed convex subset of X
and T : C' — C a mapping. Recall that T is nonexpansive if ||Tx — Ty|| <
|z — y|| for all z,y € C, and T is asymptotically nonexpansive [1] if there
exists a sequence {k,} with k, > 1 for all n and lim,,_, k, = 1 and such that
Tz — T™y|| < ky|lz —yl| for allm > 1 and z,y € C. A point x € C is a fixed
point of T provided Tx = z. Denote by Fixz(T) the set of fixed points of T
that is, Fiz(T) = {x € C : Tx = x}. We know that a Hilbert space H satisfies
Opial’s condition [8], that is, for any sequence {z,} C H with z,, — z, the
inequality

lim inf ||z, — [| < liminf ||z, — y||
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holds for every y € H with y # x. We also know that H has Kadec-Klee
property, that is, x, — z and ||z,|| — ||z|| imply =, — z. Infact, from

lzn = 2]1* = llzall* = 2{@n, ) + [|2[I%,

we get that a Hilbert space has the Kadec-Klee property.

Recall also that a one-parameter family 7 = {T'(t) : 0 < t < oo} of self-
mappings of a nonempty closed convex subset C' of a Hilbert space H is said to
be a (continuous) Lipschitian semigroup on C' (see, e. g., [12]) if the following
conditions are satisfied:

(i) T(0)z =2,z € C,

(i) T(t+ s)x =T(t)T(s)x, t,s > 0,z € C,

(iii) for each x € C', the map ¢ +— T'(t)z is continuous on [0, 00),

(iv) there exists a bounded measurable function L : (0,00) — [0, c0) such
that, for each t > 0,

IT(t)z =Tyl < Lellz = yll, 2,y € C.

A Lipschitzian semigroup 7 is called nonexpansive (or a contraction
semigroup) if Ly = 1 for all ¢ > 0, and asymptotically nonexpansive if
limsup,_ . Ly < 1, respectively. We use F(7) to denote the common fixed
point set of the semigroup; that is Fiz(7) ={z € C: T(t)x = x,t > 0}.

Fixed point iteration processes for nonexpansive mappings and asymptot-
ically nonexpansive mappings in Hilbert spaces and Banach spaces including
Mann and Ishikawa iteration processes have been studied extensively by many
authors to solve nonlinear operator equations as well as variational inequali-
ties: see [2, 5, 9, 10]. However, Mann and Ishikawa iterations processes have
only weak convergence even in Hilbert space: see [3, 10].

In 2003, Nakajo and Takahashi [7] introduced the following modification of
the Mann iteration method for a nonexpansive mapping 7' of C' into itself in
a Hilbert space H:

xo € C' chosen arbitrarily ,

Yn = Ty + (1 — )Ty,

Cn={v e C:|lyn— vl < [lzn —vl]}, (1.1)
Qn={veC:(x,—v,x9—x,) >0},

Tnt1 = Pe,nq. (o),

where Pg denotes the metric projection from H onto a closed convex subset
K of H. They proved that if the sequence {«,} is bounded above from one,
then {x,} defined by (1.1) converges strongly to Ppiyr)(z0). Moreover they
introduced and studied an iteration process of a nonexpansive semigroup 7 =
{T'(t) : 0 <t < oo} of self mappings of a nonempty closed convex subset C' of
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a Hilbert space H:

xo € C' chosen arbitrarily ,

Yn = Qpy + (1 — O‘")i o T (u)x,du,

Co={2€C:|lyn — 2| < llwa— 2}, (1.2)
Qn={2€C:{(x,—z1x0—1,) >0},

’rn"rl = PCann (x())

Recently, Kim and Xu [3] adapted the iteration (1.1) to an asymptotically
nonexpansive mappings 1" of C' into itself in a Hilbert space H:

xg € C chosen arbitrarily ,

Yn = Ty + (1 — ) T2y,

Crn={veC:|lyn —vll> < lzn — 0| + 6.}, (1.3)
Qn={velC:(r,—v,290—1x,) >0}

Tn+1 = Po,nq. (2o),

where 0, = (1 — a,)(k? — 1)(diamC)?> — 0 as n — oo. They prove
that if o, < a for all n and for some 0 < a < 1, then the sequence {z,}
generated by (1.3) converges strongly to Ppry(20). They also modified an
iterative method (1.2) to the case of an asymptotically nonexpansive semigroup
T ={T(t): 0 <t < oo} of self mappings of a nonempty closed convex sunset
C of a Hilbert space H:

xo € C' chosen arbitrarily ,

Yn = @y, + (1 — an)i Jo T'(u)xpdu,

Crn={2€C:lyn—2|> < llzn — 21> + 0}, (1.4)
Qn={z€C:{(x,—zx0—1,) >0},

Tni1 = Pe,nq. (o),

where 6, = (1 — ) [(i o Lydu)? — 1} (diamC)? — 0 as n — oo.

In 2007, Takahashi, Takeuchi and Kubota [10] introduced the modification
Mann iteration method for a family of nonexpansive mappings {7}, } and non-
expansive semigroup § = {7'(t) : 0 < ¢t < oo} in a Hilbert space H. They
prove the following theorem:;

Theorem 1.1 (/10] Theorem 4.1) Let H be a Hilbert space and C' be a
nonempty closed convex subset of H. LetT' be a nonexpansive mapping of C
into H such that F(T) # 0 and let xo € H. For Cy = C and u; = Pg, o,
define a sequence {u,} of C as follows:

Yn = Qplp + (1 - &n)Tuna
Coi1 =12 € Cn: lyn — 2|| < [lun — 2|1}, (1.5)

uns1 = P, 0, n € N,

n+1

where 0 < a,, < a < 1 for alln € N. Then {u,} converges strongly to
20 — PF(T)I'().
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Theorem 1.2 ([10] Theorem 4.4) Let H be a Hilbert space and C be a
nonempty closed convex subset of H. Let T = {T'(s) : 0 < s < oo} be a one-
parameter nonexpansive semigroup on C such that F(T) # () and let xo € H.
For Cy = C and u; = Pg,xg define a sequence {u,} of C as follows:

yn = au, + (1 an)ﬁ 5 T(s)upds,

Cont1 ={2 € Cn: lyn — 2|| < [lun — 2|1}, (1.6)
Un1 = PCn+1x07 n e Na
where 0 < o, < a < 1,0 < A\, <00 foralln € N and N\, — oco. Then {u,}
converges strongly to zg = Pp1)To

Inspired and motivated by these fact, it is the purpose of this paper to
introduce the modified Ishikawa iteration processes for an asymptotically non-
expansive mapping by idear in (1.5). Let C' be a closed bounded convex subset
of a Hilbert space H, T be an asymptotically nonexpansive mapping of C' into
itself and let xy € C. For Cy = C and x; = P¢, (), define {z,} as follows
way:

yn =ty + (1 — )Ty,

Cr1={2 € Cu: llyn — 2] < llan — 2I1° + 0u}, (1.7)
Tpy1 = Po, %0, n €N,
where 6,, = (1 — a,,)(k? — 1)(diamC)* — 0 as n — oo and 0 < a,, < a < 1 for
all n € N.

The second purpose of this paper is to study the modified Ishikawa iteration
process for an asymptotically nonexpansive semigroup. Let C' be a closed
bounded convex subset of a Hilbert space H, 7 = {T'(t) : 0 < t < oo} be
asymptotically nonexpansive semigroup of self mappings of a nonempty closed
convex sunset C' of a Hilbert space such that F # () and let zy € C. For
Cy = C and 1 = Pg,x, defined {x,} as follows way:

Yn = pn + (1 — ) fo " T(s)xnds,
Cropr = {2 € Cu [lyn — 217 < Il — 2II? + 60}, (1.8)
Tny1 = Po, 0o, n €N

where 6, = (1 — a,) {(i on Lsds)2 - 1] (diamC)* — 0 asn — oo and 0 <
a, <a<1foralln e N and A\, — oo.
We shall prove that both iteration processes (1.7) and (1.8) converge strongly

to a fixed point of T" and a common fixed point of 7, respectively, provided
the sequence {«,} is bounded from above.
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2 Preliminary

In this section, we collect some lemmas which will be used in the proof
for the main result in next section.

Lemma 2.1 There holds the identity in a Hilbert space H :
Az + (1= X)ylI* = Al|* + (1 = Nyl = A1 = Nz — y]”

for all x,y € H and X € [0,1].

Lemma 2.2 [4] Let T be an asymptotically nonexpansive mapping defined
on a bounded closed convex subset C' of a Hilbert space H. Assume that {z,}
1s a sequence in C' with the properties

(i) z, — z and
(ii) Txy, — x, — 0.
Then z € Fiz(T).

Lemma 2.3 [3] Let C' be a nonempty bounded closed convex subset of a
Hilbert spaces H and S = {T(t) : 0 <t < oo} be an asymptotically nonexpan-
sive semigroup on C. If {x,} is a sequence in C satisfying the properties

a) x, — z; and
b) limsup,_, . limsup,,_.. ||T(t)z, — x,| = 0,
then z € F ().

Lemma 2.4 [3] Let C' be a nonempty bounded closed convex subset of a
Hilbert space H and S = {T'(t) : 0 <t < oo} be an asymptotically nonexpan-
sive semigroup on C. Then it holds that

1 /¢ 1 /¢
lim sup lim sup sup H; / T(u)xdu — T(s) <¥ / T(u)xdu)
0 0

§—00 t—oo zxzeC

o

3 Main Results

In this section, we prove strong convergence theorems by hybrid meth-
ods for asymptotically nonexpansive mappings in Hilbert spaces.

Theorem 3.1 Let H be a Hilbert space and let C' be a nonempty closed
convex subset of H. Let T be an asymptotically nonexpansive mapping of C
into itself such that F(T) # 0 and let xg € C. For C; = C and x1 = P, xy,

Then {x,} generated by (1.7) converges strongly to zo = Prr)Zy.
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Proof. We first show that F(T') C C, for all n € N, by induction. For any
z € F(T) we have z € C = C} hence F(T) C Cy. Let F(T) C Cj, for some
k € N. Then we have, for u € F(T) C Cy
1y — ull® = [y + (1 — )Ty — ulf?
= [le(zre —u) + (1 = ag)(TFay — ) ||?
agllzr = ull® + (L= )| T 2 — ul® = a(l — ag) log — TPy ||

ag ek — ul® + (1= ap)[[ T 2y, — ulf?
agflzr = ull* + (1 — ap)kgl|lzg — ull?

= o — ul]” + (o + (1 — ag)ki — )|z, — ul?

= [z — ul]> + (1 — o) (kg — 1)l|zw —ull?

< |z — ul|?* + (1 — ag)(k} — 1)(diamC)?
It follows that u € Cyyq and F(T') C Cyy1, hence F(T) C C, for all n € N.
Next, we show that C), is closed and convex for all n € N. It follows obvious
that C'; = C'is closed and convex. Suppose that C} is closed and convex for
some k € N. Let z, € Cyy1 C Cy with z,, — z. Since C}, is closed, z € Cj
and [|yx — zm||* < |2m — 71]|* + 0. Then

1y — 2117 = llyx — 2m + 2m — 2|

= 1gk — 2ml® + l2m — 211> + 2(yk — 2m; 2m — 2)

< lzm — 2ill® + Ok + lzm — 211° + 2[lye — 2mllll2m — 2]
Taking m — oo,

<
<

lye — 211* < ||z — 2|)* + .

Hence z € Ciyq. Let 2,y € Cry1 C Cy with z = az+ (1 —a)y where a € [0, 1].
Since Cj, is convex, z € C, and |lyr — z||* < ||z — z|]* + Ok, [Jlyx — y||* <
|y — x1||* + Ok, we have

lye = 211> = llyx — (e + (1 — a)y)
ey, — @) + (1 — ) (yr — y)|°
allye = [ + (1 = @)lyx — yl|* — (1 = a) || (yr. — ) — (yx — y)
allz = zx|? + 0k) + (1 — a)([ly — zl|* + 0k) — (1l — a)lly — |
allz =z |* + (1= a)ly — 2xl|* — a(l — &) || (w4 — 2) — (x5 —y) >+ O
(@ — 2) + (1 — a)(@r — y)[I” + Ok

= ||Ik — 2H2 + Qk

Then z € Cy,q, it follows that Cj; is closed and convex. Hence C,, is closed
and convex for all n € N. This implies that {z,} is well-defined. From
x, = Pc,xo, we have

I

I

IHIA

(xo — Tp,x, —y) >0, for all y € C,,.
Since F(T) C C,, we have
(xo — Tp,xy —u) >0 for all w € F(T) and n € N. (1)

So, for u € F(T), we have
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0 < {(xg— xpn, T, — u)
= (Tg — Tp, Ty, — To + To — )
= —(x, — T, Ty, — To) + (To — Ty, To — W)
< —lzn — 2ol + llzo — zallllz0 — ul|
This implies that
20 — @nl|® < [z — @[]0 — ul]

hence
|lzo — x| < ||wo — u|| for all uw € F(T) and n € N. (2)

From z,, = Pg,xy and 2,11 = Pg,,, 29 € Chyq1 C O, we also have

n+1

(xo — Tp,Tp — xpy1) >0 forall n € N. (3)

So, for z,.1 € C,, we have, for n € N
0 < <x0 — Tn, Tpn — xn+1>
= (Lo — Tp, Ty, — Tog + To — Tpy1)
= — (T — T0, Ty, — To) + (To — T, To — Tpy1)
< —llzn — zoll* + lzo — zallllwo — Taga ]
This implies that

lzo = 2all* < llzo = allllzo — Tl

hence
lzo — znll < ||xo — Tpya]| for all n € N. (4)

From (2) we have {z,} is bounded, lim,,_, ||z, — %] exists. Next, we show
that ||z, — z,41|| — 0. In fact, from (3) we have
l2n = 2nsa I = [l (20 — 20) + (20 — Tnsa)[I”
= ||zn — 2ol + 2(zn — w0, 0 — Tp1) + |70 — Tnpa [|?
= [|@n — o|* + 2{xp — w0, 20 — Tp + Tn — Tng1) + ([P0 — Tppa [P
= [|@n =0 |> =2(x0 — 20, To—Tn) = 2{T0 — T, Tn — Tp11) + || T0 = T pa ||
< lwn = zoll* = 2]|zn — wol* + [l — i [I®
= —llzn = zol* + [lwo — Ty [I*.
Since lim,, . ||z, — xo|| exists, we have that lim, . ||Z, — Zp+1]] = 0. On the
other hand, =, € C,,.1 C C), implies that

g = Zasal* < llwn — Tnal|* + 6n, (5)

which implies that

1yn — Tasall < 20 — Tagal| + /00

Further, we have
1y — Znll = lan@n + (1 — )Tz, — 20|
= (1 —a)||T"x, — ||
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From (5), we have
1T — 2]l = ol — 2l
< = l¥e —
11a Hyn Tpt1 + Tpy1 — an
(1—a) a) Hyn anrlH + ﬁHwTwl - an
ey (170 = Tasa | +V0) + gig T — 2l
= ol — sl + 1y v

I/\ I/\

Hence 5 .
700 = ]l < =l = sl + 5 /00 —

Putting
koo = sup{k, : n > 1} < oo,

we deduce that
[ Tw, — 2|l < |NTwp — T || + ([T 2y — T | + 1T 20g0 — 2|

+||xn+1 - an
< kOOHIn —T”an + HTn—Hxn-i-l _xn—&-lH +(1 +k00)||xn _xn—&-lH — 0. (6)

By (6), Lemma 2.2 and boundedness of {z,} we obtain 0 # w,(z,) C F(T).
By the fact that ||z, — xo|| < ||20 — 2o for all n > 0 where 2y = Ppr)(20) and
the weak lower semi-continuity of the norm, we have
[0 = Zoll < [0 — wl| < liminf,, o0 [lz0 — ]
< limsup,, .o [|zo — @l < [|l20 — 20,

for all w € wy(z,). However, since wy,(z,) C F(T'), we must have w = z, for
all w € wy(x,). Thus wy(r,) = {20} and then x, — zy. Hence, x,, — 29 =
Prry(wo) by

[z — 20l1* = l|l2n — 2ol|® + 2{zy — 20, 20 — 20) + [lz0 — 20|
< 2()|z0 — wol|* + (wy, — 20, T0 — 20)) — 0 as n — .
This complete the proof. o

Now, we present the strong convergence theorem of asymptotically nonex-
pansive semigroups on C' in a Hilbert space.

Suppose that 7 = {T'(t) : 0 < t < oo} is an asymptotically nonexpansive
semigroup defined on a nonempty closed convex bounded subset C' of a Hilbert
space H. Recall that we use L] to denote the Lipschitzian constant of the
mapping 7'(t). In the rest of this section, we put L., = sup{L!} and we use
Fixz(T) to denote the fixed point set of 7. Furthermore, we use F := Fixz(7)
to denote the set of fixed points of asymptotically nonexpansive semigroups.
Note that the boundedness of C' implies that Fiz(7) is nonempty (see [11])
and we assume throughout in this theorem that the set of fixed point F' is
nonempty.
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Theorem 3.2 Let H be a Hilbert space and let C' be a nonempty closed
convez subset of H. Let T = {T'(t) : 0 <t < oo} be a one-parameter asymp-
totically nonexpansive of C into itself such that F := Fix(T) # 0 and let
xo € C. For Cy = C and xy = Pgyxo. Then {x,} generated by (1.8) converges
strongly to zo = Prxy.

Proof. First, we observe that F'(I) C C, for all n € N. Since F(J) C C =
Cy. Let F() C Cy for some k € N. For all z € F(3) C C, we have
2
lyr — 2> = Hakxk + (1 — ozk)/\—lk J T (8)xpds — zH

= Joute =)+ 0 = B T e)mds =)

< apllee — 22 + (1 — o) H% JT(s) xkds—zH
< apller — 22+ (1 ag) (= 2 1T (s) k—zMQQ
< agllok — 2]+ (1= ar) (3 5 wa—zwﬂ
< agllzg — 2|2+ (1 — o ( 0’\’“L ds) |z — z||?

<|lwp —2|)* + (1 — ) ( " i Lsds) (diamC)?

= ||z — 2|* + Oy
So, z € Cyy1. Hence F(S) C C,, for all n € N. By the same argument as in
the proof of Theorem 3.1, C), is closed and convex, {z,} is well-defined. Also,
similar to the proof of Theorem 3.1, we can show that

l2n = Znpal — 0. (7)

We can deduce that for all 0 <t < oo,
Tt — | = || T(#)an — T(t) (= " T(s)znds)|

T(t) (ﬁ o T(s)xnds) — ﬁ o T(s)xndSH

_l’_
+ ﬁ o T(s)x,ds — an
(
_l’_

< (Lo +1) Hﬁ o T(s)xnds — an
T(t) (ﬁ o T(s)xnds) - o T(s)xndSH
= (Loo + 1)A,, + B, (1), (8)
where A, /\n 5" T(s)xpds — an and
B, = H (t) (E I T(s)xnds) - ﬁ I T(s)a:ndsH.

We claim that

(i) lim,, 0 A, = 0; and

(ii) limsup,_, limsup,,_,.. Bn(t) = 0.
By Lemma 2.3, we have that (ii) is true, while (i) is verified by the following
argument. By the definition of 1, we have

A, = Hﬁ Jo T(s)z,ds — xnf

= o llyn —
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< 122 llyn — ]
< 1 (g = zna | + llznsr — 2al))- (9)
Since x,11 € Cyy1 C C),, we have

Hyn - xn-l—lHQ < Hxn - In-&-lH? + gn

which in turn implies that

90 = s} < llan = sl + V0.
It follows from (9) that

1 =
A, < 1 <2||xn+1 — || + \/07) — 0.

—a
We thus conclude from (8) that

lim sup lim sup ||T°(¢)z,, — x| = 0.
t—o00 n— o0
We note that by Lemma 2.3 that every weak limit point of {z,} is a number
of F(S). Repeating the last of the proof of Theorem 2.2 [4], we can prove that
wy(Ty) = {Prs)}. Hence {x,} weakly converges to Pp(s), and therefore the
convergence is strong. This complete the proof. o
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