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Abstract

In this paper, we introduce the iterative sequence for an asymp-
totically nonexpansive mapping and an asymptotically nonexpansive
semigroup. Then we prove that such a sequence converges strongly to
PF (T )x0 and PFx0, respectively. This main theorem concern result of
Takahashi, Takeuchi and Kubota [ Strong convergence theorems by hy-
brid methods for families of nonexpansive mappings in Hilbert space, J.
Math. Anal. Appl. V.341, 2008, 276-286], and many others.
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1 Introduction

Let X be a real Banach Space, C a nonempty closed convex subset of X
and T : C → C a mapping. Recall that T is nonexpansive if ‖Tx − Ty‖ ≤
‖x − y‖ for all x, y ∈ C, and T is asymptotically nonexpansive [1] if there
exists a sequence {kn} with kn ≥ 1 for all n and limn→∞ kn = 1 and such that
‖T nx−T ny‖ ≤ kn‖x− y‖ for all n ≥ 1 and x, y ∈ C. A point x ∈ C is a fixed
point of T provided Tx = x. Denote by Fix(T ) the set of fixed points of T ;
that is, Fix(T ) = {x ∈ C : Tx = x}. We know that a Hilbert space H satisfies
Opial’s condition [8], that is, for any sequence {xn} ⊂ H with xn ⇀ x, the
inequality

lim inf
n→∞

‖xn − x‖ < lim inf
n→∞

‖xn − y‖
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holds for every y ∈ H with y �= x. We also know that H has Kadec-Klee
property, that is, xn ⇀ x and ‖xn‖ → ‖x‖ imply xn → x. Infact, from

‖xn − x‖2 = ‖xn‖2 − 2〈xn, x〉 + ‖x‖2,

we get that a Hilbert space has the Kadec-Klee property.
Recall also that a one-parameter family T = {T (t) : 0 ≤ t < ∞} of self-

mappings of a nonempty closed convex subset C of a Hilbert space H is said to
be a (continuous) Lipschitian semigroup on C (see, e. g., [12]) if the following
conditions are satisfied:

(i) T (0)x = x, x ∈ C,
(ii) T (t + s)x = T (t)T (s)x, t, s ≥ 0, x ∈ C,
(iii) for each x ∈ C, the map t �→ T (t)x is continuous on [0,∞),
(iv) there exists a bounded measurable function L : (0,∞) → [0,∞) such

that, for each t > 0,

‖T (t)x − T (t)y‖ ≤ Lt‖x − y‖, x, y ∈ C.

A Lipschitzian semigroup T is called nonexpansive (or a contraction
semigroup) if Lt = 1 for all t > 0, and asymptotically nonexpansive if
lim supt→∞ Lt ≤ 1, respectively. We use F (T ) to denote the common fixed
point set of the semigroup; that is Fix(T ) = {x ∈ C : T (t)x = x, t > 0}.

Fixed point iteration processes for nonexpansive mappings and asymptot-
ically nonexpansive mappings in Hilbert spaces and Banach spaces including
Mann and Ishikawa iteration processes have been studied extensively by many
authors to solve nonlinear operator equations as well as variational inequali-
ties: see [2, 5, 9, 10]. However, Mann and Ishikawa iterations processes have
only weak convergence even in Hilbert space: see [3, 10].

In 2003, Nakajo and Takahashi [7] introduced the following modification of
the Mann iteration method for a nonexpansive mapping T of C into itself in
a Hilbert space H :

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

x0 ∈ C chosen arbitrarily ,
yn = αnxn + (1 − αn)Txn,
Cn = {v ∈ C : ‖yn − v‖ ≤ ‖xn − v‖}, (1.1)
Qn = {v ∈ C : 〈xn − v, x0 − xn〉 ≥ 0},
xn+1 = PCn∩Qn(x0),

where PK denotes the metric projection from H onto a closed convex subset
K of H . They proved that if the sequence {αn} is bounded above from one,
then {xn} defined by (1.1) converges strongly to PF ix(T )(x0). Moreover they
introduced and studied an iteration process of a nonexpansive semigroup T =
{T (t) : 0 ≤ t < ∞} of self mappings of a nonempty closed convex subset C of
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a Hilbert space H :⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

x0 ∈ C chosen arbitrarily ,
yn = αnxn + (1 − αn) 1

tn

∫ tn
0 T (u)xndu,

Cn = {z ∈ C : ‖yn − z‖ ≤ ‖xn − z‖}, (1.2)
Qn = {z ∈ C : 〈xn − z, x0 − xn〉 ≥ 0},
xn+1 = PCn∩Qn(x0).

Recently, Kim and Xu [3] adapted the iteration (1.1) to an asymptotically
nonexpansive mappings T of C into itself in a Hilbert space H :⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

x0 ∈ C chosen arbitrarily ,
yn = αnxn + (1 − αn)T nxn,
Cn = {v ∈ C : ‖yn − v‖2 ≤ ‖xn − v‖2 + θn}, (1.3)
Qn = {v ∈ C : 〈xn − v, x0 − xn〉 ≥ 0},
xn+1 = PCn∩Qn(x0),

where θn = (1 − αn)(k2
n − 1)(diamC)2 → 0 as n → ∞. They prove

that if αn ≤ a for all n and for some 0 < a < 1, then the sequence {xn}
generated by (1.3) converges strongly to PF ix(T )(x0). They also modified an
iterative method (1.2) to the case of an asymptotically nonexpansive semigroup
T = {T (t) : 0 ≤ t < ∞} of self mappings of a nonempty closed convex sunset
C of a Hilbert space H :⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

x0 ∈ C chosen arbitrarily ,
yn = αnxn + (1 − αn) 1

tn

∫ tn
0 T (u)xndu,

Cn = {z ∈ C : ‖yn − z‖2 ≤ ‖xn − z‖2 + θn}, (1.4)
Qn = {z ∈ C : 〈xn − z, x0 − xn〉 ≥ 0},
xn+1 = PCn∩Qn(x0),

where θn = (1 − αn)
[
( 1

tn

∫ tn
0 Ludu)2 − 1

]
(diamC)2 → 0 as n → ∞.

In 2007, Takahashi, Takeuchi and Kubota [10] introduced the modification
Mann iteration method for a family of nonexpansive mappings {Tn} and non-
expansive semigroup 
 = {T (t) : 0 ≤ t < ∞} in a Hilbert space H . They
prove the following theorem;

Theorem 1.1 ([10] Theorem 4.1) Let H be a Hilbert space and C be a
nonempty closed convex subset of H. Let T be a nonexpansive mapping of C
into H such that F (T ) �= ∅ and let x0 ∈ H. For C1 = C and u1 = PC1x0,
define a sequence {un} of C as follows:⎧⎪⎨

⎪⎩
yn = αnun + (1 − αn)Tun,
Cn+1 = {z ∈ Cn : ‖yn − z‖ ≤ ‖un − z‖}, (1.5)
un+1 = PCn+1x0, n ∈ N,

where 0 ≤ αn ≤ a < 1 for all n ∈ N. Then {un} converges strongly to
z0 = PF (T )x0.
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Theorem 1.2 ([10] Theorem 4.4) Let H be a Hilbert space and C be a
nonempty closed convex subset of H. Let T = {T (s) : 0 ≤ s < ∞} be a one-
parameter nonexpansive semigroup on C such that F (T ) �= ∅ and let x0 ∈ H.
For C1 = C and u1 = PC1x0 define a sequence {un} of C as follows:

⎧⎪⎨
⎪⎩

yn = αnun + (1 − αn) 1
λn

∫ λn
0 T (s)unds,

Cn+1 = {z ∈ Cn : ‖yn − z‖ ≤ ‖un − z‖}, (1.6)
un+1 = PCn+1x0, n ∈ N,

where 0 ≤ αn ≤ a < 1, 0 < λn < ∞ for all n ∈ N and λn → ∞. Then {un}
converges strongly to z0 = PF (T )x0.

Inspired and motivated by these fact, it is the purpose of this paper to
introduce the modified Ishikawa iteration processes for an asymptotically non-
expansive mapping by idear in (1.5). Let C be a closed bounded convex subset
of a Hilbert space H , T be an asymptotically nonexpansive mapping of C into
itself and let x0 ∈ C. For C1 = C and x1 = PC1(x0), define {xn} as follows
way:

⎧⎪⎨
⎪⎩

yn = αnxn + (1 − αn)T nxn,
Cn+1 = {z ∈ Cn : ‖yn − z‖2 ≤ ‖xn − z‖2 + θn}, (1.7)
xn+1 = PCn+1x0, n ∈ N,

where θn = (1 − αn)(k2
n − 1)(diamC)2 → 0 as n → ∞ and 0 ≤ αn ≤ a < 1 for

all n ∈ N.

The second purpose of this paper is to study the modified Ishikawa iteration
process for an asymptotically nonexpansive semigroup. Let C be a closed
bounded convex subset of a Hilbert space H , T = {T (t) : 0 ≤ t < ∞} be
asymptotically nonexpansive semigroup of self mappings of a nonempty closed
convex sunset C of a Hilbert space such that F �= ∅ and let x0 ∈ C. For
C1 = C and x1 = PC1x0, defined {xn} as follows way:

⎧⎪⎨
⎪⎩

yn = αnxn + (1 − αn) 1
λn

∫ λn
0 T (s)xnds,

Cn+1 = {z ∈ Cn : ‖yn − z‖2 ≤ ‖xn − z‖2 + θ̃n}, (1.8)
xn+1 = PCn+1x0, n ∈ N

where θ̃n = (1 − αn)
[(

1
tn

∫ tn
0 Lsds

)2
− 1

]
(diamC)2 → 0 as n → ∞ and 0 ≤

αn ≤ a < 1 for all n ∈ N and λn → ∞.

We shall prove that both iteration processes (1.7) and (1.8) converge strongly
to a fixed point of T and a common fixed point of T , respectively, provided
the sequence {αn} is bounded from above.
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2 Preliminary

In this section, we collect some lemmas which will be used in the proof
for the main result in next section.

Lemma 2.1 There holds the identity in a Hilbert space H:

‖λx + (1 − λ)y‖2 = λ‖x||2 + (1 − λ)‖y‖2 − λ(1 − λ)‖x − y‖2

for all x, y ∈ H and λ ∈ [0, 1].

Lemma 2.2 [4] Let T be an asymptotically nonexpansive mapping defined
on a bounded closed convex subset C of a Hilbert space H. Assume that {xn}
is a sequence in C with the properties

(i) xn ⇀ z and

(ii) Txn − xn → 0.

Then z ∈ Fix(T ).

Lemma 2.3 [3] Let C be a nonempty bounded closed convex subset of a
Hilbert spaces H and 
 = {T (t) : 0 ≤ t < ∞} be an asymptotically nonexpan-
sive semigroup on C. If {xn} is a sequence in C satisfying the properties

a) xn ⇀ z; and

b) lim supt→∞ lim supn→∞ ‖T (t)xn − xn‖ = 0,

then z ∈ F (
).

Lemma 2.4 [3] Let C be a nonempty bounded closed convex subset of a
Hilbert space H and 
 = {T (t) : 0 ≤ t < ∞} be an asymptotically nonexpan-
sive semigroup on C. Then it holds that

lim sup
s→∞

lim sup
t→∞

sup
x∈C

∥∥∥∥1

t

∫ t

0
T (u)xdu − T (s)

(
1

t

∫ t

0
T (u)xdu

)∥∥∥∥ = 0.

3 Main Results

In this section, we prove strong convergence theorems by hybrid meth-
ods for asymptotically nonexpansive mappings in Hilbert spaces.

Theorem 3.1 Let H be a Hilbert space and let C be a nonempty closed
convex subset of H. Let T be an asymptotically nonexpansive mapping of C
into itself such that F (T ) �= ∅ and let x0 ∈ C. For C1 = C and x1 = PC1x0,
Then {xn} generated by (1.7) converges strongly to z0 = PF (T )x0.
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Proof. We first show that F (T ) ⊂ Cn for all n ∈ N, by induction. For any
z ∈ F (T ) we have z ∈ C = C1 hence F (T ) ⊂ C1. Let F (T ) ⊂ Ck for some
k ∈ N. Then we have, for u ∈ F (T ) ⊂ Ck

‖yk − u‖2 = ‖αkxk + (1 − αk)T
kxk − u‖2

= ‖αk(xk − u) + (1 − αk)(T
kxk − u)‖2

= αk‖xk − u‖2 + (1 − αk)‖T kxk − u‖2 − αk(1 − αk)‖xk − T kxk‖2

≤ αk‖xk − u‖2 + (1 − αk)‖T kxk − u‖2

≤ αk‖xk − u‖2 + (1 − αk)k
2
k‖xk − u‖2

= ‖xk − u‖2 + (αk + (1 − αk)k
2
k − 1)‖xk − u‖2

= ‖xk − u‖2 + (1 − αk)(k
2
k − 1)‖xk − u‖2

≤ ‖xk − u‖2 + (1 − αk)(k
2
k − 1)(diamC)2

= ‖xk − u‖2 + θk with θk → 0.
It follows that u ∈ Ck+1 and F (T ) ⊂ Ck+1, hence F (T ) ⊂ Cn for all n ∈ N.
Next, we show that Cn is closed and convex for all n ∈ N. It follows obvious
that C1 = C is closed and convex. Suppose that Ck is closed and convex for
some k ∈ N. Let zm ∈ Ck+1 ⊂ Ck with zm → z. Since Ck is closed, z ∈ Ck

and ‖yk − zm‖2 ≤ ‖zm − xk‖2 + θk. Then
‖yk − z‖2 = ‖yk − zm + zm − z‖2

= ‖yk − zm‖2 + ‖zm − z‖2 + 2〈yk − zm, zm − z〉
≤ ‖zm − xk‖2 + θk + ‖zm − z‖2 + 2‖yk − zm‖‖zm − z‖.

Taking m → ∞,
‖yk − z‖2 ≤ ‖z − xk‖2 + θk.

Hence z ∈ Ck+1. Let x, y ∈ Ck+1 ⊂ Ck with z = αx+(1−α)y where α ∈ [0, 1].
Since Ck is convex, z ∈ Ck and ‖yk − x‖2 ≤ ‖x − xk‖2 + θk, ‖yk − y‖2 ≤
‖y − xk‖2 + θk, we have

‖yk − z‖2 = ‖yk − (αx + (1 − α)y)‖2

= ‖α(yk − x) + (1 − α)(yk − y)‖2

= α‖yk − x‖2 + (1 − α)‖yk − y‖2 − α(1 − α)‖(yk − x) − (yk − y)‖2

≤ α(‖x − xk‖2 + θk) + (1 − α)(‖y − xk‖2 + θk) − α(1 − α)‖y − x‖2

= α‖x−xk‖2 +(1−α)‖y−xk‖2−α(1−α)‖(xk −x)− (xk −y)‖2 +θk

= ‖α(xk − x) + (1 − α)(xk − y)‖2 + θk

= ‖xk − z‖2 + θk.
Then z ∈ Ck+1, it follows that Ck+1 is closed and convex. Hence Cn is closed
and convex for all n ∈ N. This implies that {xn} is well-defined. From
xn = PCnx0, we have

〈x0 − xn, xn − y〉 ≥ 0, for all y ∈ Cn.

Since F (T ) ⊂ Cn, we have

〈x0 − xn, xn − u〉 ≥ 0 for all u ∈ F (T ) and n ∈ N. (1)

So, for u ∈ F (T ), we have
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0 ≤ 〈x0 − xn, xn − u〉
= 〈x0 − xn, xn − x0 + x0 − u〉
= −〈xn − x0, xn − x0〉 + 〈x0 − xn, x0 − u〉
≤ −‖xn − x0‖2 + ‖x0 − xn‖‖x0 − u‖

This implies that
‖x0 − xn‖2 ≤ ‖x0 − xn‖‖x0 − u‖

hence
‖x0 − xn‖ ≤ ‖x0 − u‖ for all u ∈ F (T ) and n ∈ N. (2)

From xn = PCnx0 and xn+1 = PCn+1x0 ∈ Cn+1 ⊂ Cn, we also have

〈x0 − xn, xn − xn+1〉 ≥ 0 for all n ∈ N. (3)

So, for xn+1 ∈ Cn, we have, for n ∈ N
0 ≤ 〈x0 − xn, xn − xn+1〉

= 〈x0 − xn, xn − x0 + x0 − xn+1〉
= −〈xn − x0, xn − x0〉 + 〈x0 − xn, x0 − xn+1〉
≤ −‖xn − x0‖2 + ‖x0 − xn‖‖x0 − xn+1‖

This implies that

‖x0 − xn‖2 ≤ ‖x0 − xn‖‖x0 − xn+1‖

hence
‖x0 − xn‖ ≤ ‖x0 − xn+1‖ for all n ∈ N. (4)

From (2) we have {xn} is bounded, limn→∞ ‖xn − x0‖ exists. Next, we show
that ‖xn − xn+1‖ → 0. In fact, from (3) we have

‖xn − xn+1‖2 = ‖(xn − x0) + (x0 − xn+1)‖2

= ‖xn − x0‖2 + 2〈xn − x0, x0 − xn+1〉 + ‖x0 − xn+1‖2

= ‖xn − x0‖2 + 2〈xn − x0, x0 − xn + xn − xn+1〉 + ‖x0 − xn+1‖2

= ‖xn−x0‖2−2〈x0−xn, x0−xn〉−2〈x0−xn, xn−xn+1〉+‖x0−xn+1‖2

≤ ‖xn − x0‖2 − 2‖xn − x0‖2 + ‖x0 − xn+1‖2

= −‖xn − x0‖2 + ‖x0 − xn+1‖2.
Since limn→∞ ‖xn − x0‖ exists, we have that limn→∞ ‖xn − xn+1‖ = 0. On the
other hand, xn+1 ∈ Cn+1 ⊂ Cn implies that

‖yn − xn+1‖2 ≤ ‖xn − xn+1‖2 + θn, (5)

which implies that

‖yn − xn+1‖ ≤ ‖xn − xn+1‖ +
√

θn.

Further, we have
‖yn − xn‖ = ‖αnxn + (1 − αn)T nxn − xn‖

= (1 − αn)‖T nxn − xn‖.
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From (5), we have
‖T nxn − xn‖ = 1

(1−αn)
‖yn − xn‖

≤ 1
(1−a)

‖yn − xn‖
= 1

(1−a)
‖yn − xn+1 + xn+1 − xn‖

≤ 1
(1−a)

‖yn − xn+1‖ + 1
(1−a)

‖xn+1 − xn‖
≤ 1

(1−a)
(‖xn − xn+1‖ +

√
θn) + 1

(1−a)
‖xn+1 − xn‖

= 2
(1−a)

‖xn − xn+1‖ + 1
(1−a)

√
θn.

Hence

‖T nxn − xn‖ ≤ 2

(1 − a)
‖xn − xn+1‖ +

1

(1 − a)

√
θn → 0.

Putting
k∞ = sup{kn : n ≥ 1} < ∞,

we deduce that
‖Txn − xn‖ ≤ ‖Txn − T n+1xn‖ + ‖T n+1xn − T n+1xn+1‖+ ‖T n+1xn+1 − xn+1‖

+‖xn+1 − xn‖

≤ k∞‖xn−T nxn‖+‖T n+1xn+1−xn+1‖+(1+k∞)‖xn−xn+1‖ → 0. (6)

By (6), Lemma 2.2 and boundedness of {xn} we obtain ∅ �= ωw(xn) ⊂ F (T ).
By the fact that ‖xn − x0‖ ≤ ‖z0 − x0‖ for all n ≥ 0 where z0 = PF (T )(x0) and
the weak lower semi-continuity of the norm, we have

‖x0 − z0‖ ≤ ‖x0 − w‖ ≤ lim infn→∞ ‖x0 − xn‖
≤ lim supn→∞ ‖x0 − xn‖ ≤ ‖x0 − z0‖,

for all w ∈ ωw(xn). However, since ωw(xn) ⊂ F (T ), we must have w = z0 for
all w ∈ ωw(xn). Thus ωw(xn) = {z0} and then xn ⇀ z0. Hence, xn → z0 =
PF (T )(x0) by

‖xn − z0‖2 = ‖xn − x0‖2 + 2〈xn − x0, x0 − z0〉 + ‖x0 − z0‖2

≤ 2(‖z0 − x0‖2 + 〈xn − x0, x0 − z0〉) → 0 as n → ∞.
This complete the proof. �

Now, we present the strong convergence theorem of asymptotically nonex-
pansive semigroups on C in a Hilbert space.

Suppose that T = {T (t) : 0 ≤ t < ∞} is an asymptotically nonexpansive
semigroup defined on a nonempty closed convex bounded subset C of a Hilbert
space H . Recall that we use LT

t to denote the Lipschitzian constant of the
mapping T (t). In the rest of this section, we put L∞ = sup{LT

t } and we use
Fix(T ) to denote the fixed point set of T . Furthermore, we use F := Fix(T )
to denote the set of fixed points of asymptotically nonexpansive semigroups.
Note that the boundedness of C implies that Fix(T ) is nonempty (see [11])
and we assume throughout in this theorem that the set of fixed point F is
nonempty.
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Theorem 3.2 Let H be a Hilbert space and let C be a nonempty closed
convex subset of H. Let T = {T (t) : 0 ≤ t < ∞} be a one-parameter asymp-
totically nonexpansive of C into itself such that F := Fix(T ) �= ∅ and let
x0 ∈ C. For C1 = C and x1 = PC1x0. Then {xn} generated by (1.8) converges
strongly to z0 = PFx0.

Proof. First, we observe that F (
) ⊂ Cn for all n ∈ N. Since F (
) ⊂ C =
C1. Let F (
) ⊂ Ck for some k ∈ N. For all z ∈ F (
) ⊂ Ck we have

‖yk − z‖2 =
∥∥∥αkxk + (1 − αk)

1
λk

∫ λk
0 T (s)xkds − z

∥∥∥2

=
∥∥∥αk(xk − z) + (1 − αk)(

1
λk

∫ λk
0 T (s)xkds − z)

∥∥∥2

≤ αk‖xk − z‖2 + (1 − αk)
∥∥∥ 1

λk

∫ λk
0 T (s)xkds − z

∥∥∥2

≤ αk‖xk − z‖2 + (1 − αk)
(

1
λk

∫ λk
0 ‖T (s)xk − z‖ds

)2

≤ αk‖xk − z‖2 + (1 − αk)
(

1
λk

∫ λk
0 Ls‖xk − z‖ds

)2

≤ αk‖xk − z‖2 + (1 − αk)
(

1
λk

∫ λk
0 Lsds

)2
‖xk − z‖2

≤ ‖xk − z‖2 + (1 − αk)
(

1
λk

∫ λk
0 Lsds

)2
(diamC)2

= ‖xk − z‖2 + θ̃k

So, z ∈ Ck+1. Hence F (
) ⊂ Cn for all n ∈ N. By the same argument as in
the proof of Theorem 3.1, Cn is closed and convex, {xn} is well-defined. Also,
similar to the proof of Theorem 3.1, we can show that

‖xn − xn+1‖ → 0. (7)

We can deduce that for all 0 ≤ t < ∞,
‖T (t)xn − xn‖ =

∥∥∥T (t)xn − T (t)
(

1
λn

∫ λn
0 T (s)xnds

)∥∥∥
+

∥∥∥T (t)
(

1
λn

∫ λn
0 T (s)xnds

)
− 1

λn

∫ λn
0 T (s)xnds

∥∥∥
+

∥∥∥ 1
λn

∫ λn
0 T (s)xnds − xn

∥∥∥
≤ (L∞ + 1)

∥∥∥ 1
λn

∫ λn
0 T (s)xnds − xn

∥∥∥
+

∥∥∥T (t)
(

1
λn

∫ λn
0 T (s)xnds

)
− 1

λn

∫ λn
0 T (s)xnds

∥∥∥
:= (L∞ + 1)An + Bn(t), (8)

where An :=
∥∥∥ 1

λn

∫ λn
0 T (s)xnds − xn

∥∥∥ and

Bn :=
∥∥∥T (t)

(
1

λn

∫ λn
0 T (s)xnds

)
− 1

λn

∫ λn
0 T (s)xnds

∥∥∥.
We claim that

(i) limn→∞ An = 0; and
(ii) lim supt→∞ lim supn→∞ Bn(t) = 0.

By Lemma 2.3, we have that (ii) is true, while (i) is verified by the following
argument. By the definition of yn we have

An =
∥∥∥ 1

λn

∫ λn

0 T (s)xnds − xn

∥∥∥
= 1

1−αn
‖yn − xn‖
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≤ 1
1−a

‖yn − xn‖
≤ 1

1−a
(‖yn − xn+1‖ + ‖xn+1 − xn‖). (9)

Since xn+1 ∈ Cn+1 ⊂ Cn, we have

‖yn − xn+1‖2 ≤ ‖xn − xn+1‖2 + θ̃n

which in turn implies that

‖yn − xn+1‖ ≤ ‖xn − xn+1‖ +
√

θ̃n.

It follows from (9) that

An ≤ 1

1 − a

(
2‖xn+1 − xn‖ +

√
θ̃n

)
→ 0.

We thus conclude from (8) that

lim sup
t→∞

lim sup
n→∞

‖T (t)xn − xn‖ = 0.

We note that by Lemma 2.3 that every weak limit point of {xn} is a number
of F (
). Repeating the last of the proof of Theorem 2.2 [4], we can prove that
ωw(xn) = {PF (�)}. Hence {xn} weakly converges to PF (�), and therefore the
convergence is strong. This complete the proof. �
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