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Abstract: This paper presents some limit theorems for arbitrary continuous
random sequence, like many previous works, the theorems directly gives the
concept logarithmic likelihood ratio, as a measure of dissimilarity between
one distribution and the reference distributions. In particularly, we give lower
and upper bounds for the deviation under C'hung — Teicher’s type conditions.
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Introduction

Let (92, F, P) be a probability space, and let {F,,n € N} be an increasing
sequence of sub-o—fields of F, and suppose that {&,, F,,n € N} be a stochastic
sequence defined on this probability space, with the joint distribution densities

pn(xlu"' 7xn) >07 TLGN (]-]->
and pi(zx), k € N be the marginal density functions of them, let

II =m,(2, 20, -+, ) :Hpk(xk), n € N. (1.2)
k=1
Definition 1 Let {¢,,n € N} be a sequence of random variables, set

ﬂ-n(fla e 7£n)
Th(w) = ————"= Y (w) =logT,(w), 1.3
() = TR ) (@) (13)

The random variable
¥(w) = — lim inf Vn(w). (1.4)
n n

is called the limit logarithmic likelihood ratio, relative to the product of one-
dimensional marginals of {£,,n € N}, where log is the natural logarithm, w is
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the sample point, and & stands for (w).
The basis for proving the Strong Limit Theorems is the convergence of like-
lihood ratio which we, however, quote because of its central role in this paper.
Lemma 1(See Chung [4])Let p,(x1,- - ,x,), hn(x1,- -+ ,x,) be two proba-
bility density functions on {Q, F, P} let

hn(gla e 7€n)
Ay (w) = ——— 2,
( ) pn(gla 7€n)
then
limA,(w) = A (w) < +00, a.s. (1.5)
and hence
limsupn~'logA,(w) <0, a.s. (1.6)

Let ¢, : Ry — R, be Borel functions and let o, > 1,6, < 2,C,, > 0,D,, >
0(n € N) be constants satisfying(See Cvetan et al [2] and Yang [3])

Qn /671
v ceal) p v (1.7)
phn gpn(v) /Ulan
Main Results and Proofs

Theorem 1Let {&,,n € N}, {p,(x),n € N}, v(w) be defined as above and
let {a,,n € N} be a sequences of non-zero reals. Further set

v<u= C,

J ={w:y(w) < +o0}. (2.1)
If
, IR or(1€k|)
lim sup — ApE =c < 00, 2.2
sup s D AEL ] 22)
where A,, = max(1/C,, D,,), then
: 1 & — E&
1 — < .8. . 2.3
imsup ; P T(v(w),c) +¢, as. weJ (2.3)
where
7(x,y) = inf{(\, z,y),A > 0}, 0 <2,y < +oo. (2.4)
1
V(N zy) = § + EAeQWy, 0<uz,y<+o0,A>0. (2.5)
and
7(z,y) 2 0,7(0,y) = 7(2,0) = 0,0 < 2,y < +o0. (2.6)
xli)%l+7'(l',y) = 0. (2.7)

Iy denotes the indicator function.
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Proof. Let &, = &g <lan:m € N. It follows from (1.7) that on the set

{z :|z| > |a,|}, we have

] _ el
T =
||

4 olla)

< Y
~en(lan])

Qn
[

Thus we have

Z (& #&) =D Pl > lan]) = ) Eljulan
n=1 n=1

S plll o5, Bleled]

1 |an| 1 en(lan])
which implies
P(&, #¢&,i.0)=0
and hence .
Z fn - 57/1
—— converges a.s. (2.8)
Qn
e g~ Ee, _ Bl &l _ .l
na - < |na | E{| n|][|5n|>|an|]}
en(l€nl) en(l€nl)
< A T, slan)] < An B[]
On(lan]) On(lan)
By (2.2), we have
, 1 < E¢, — E&,
1 —y kT <eoas. 2.9
1mnsupnz o <c as (2.9)

k=1
Put n, = (¢, — EE)/an,n € N, then |n,| <2, for A € R, let us set

Ma, — EE,
Qr(N\) = Elexp(Any)] = / () exp[M]da:
lzg | <|ag] Ak
Pi(wr) exp{ A @pdjjay <|an) — &L/ ar} -
A; = < y 4n )\; y " ydn) = )\; .
We define the likelihood ratio as below
qn()\a 517 e 7€n)
A, (X w) = )
( ) pn(gla 7€n>

The lemma can be rewrite as

limsupn 'log A, (\;w) <0, a.s.

n

Thus we have

hmsup )\an + Yn(w Zlog@k ] <0, as. (2.10)
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(1.4) and (2.10) imply

A 1
li — < li — 1 A 5. w E
im sup ;nk <v(w) + im sup ; 0gQr(N), as.weJ

From the inequality 0 < e* — 1 — 2 < %xQe‘“:' for all x € R, we have
0 < Qr(A) — 1= Elexp(Anx) — 1 — Ang]
&

2. (2.11)
Qy

2 F=29

Since

A /| T dFu(a) < /| A7l ()

Qj; z|<|ax| Pk z|<|ag] |a|

er(|z]) or(|&x])
< Aqak Ak@k(|ak|)dFk(x) < AkE[QOkﬂakD]' (2.12)

By (2.11) and (2.12), we have

_ 1< Loy perléel)
0= Q) =1 = XA aal)

Clearly

0 < limsup - S[Qe(A) ~ 1
" k=1

1 1 ¢ 1
< —A%e2PMim sup — ZAkE[(Pk(KkD] < NePe as, (2.13)
2 nooni op(lag])” — 2

(2.13) together with the inequality 0 < logz <z —1 (z > 1) yield

- 1
0 < limsupn™! Zlog Qr(\) < 5)\2€2|MC, weJ.
" k=1

Hence we have

A o 1
limnsup - ; e < v(w)+ 5,\2@2\/\|c, weJ. (2.14)

Let A > 0, we have by (2.14)

Therefore, we have

1 n
lim sup — E m < 17(y(w),c), as.weJ (2.15)
n n
k=1
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Noting that
§e — ESe (& — &) + (& — EE,) + (B, — Eé)

ak ak
(2.3) follows immediately from (2.8),(2.9) and (2.15)

Theorem 2Under the conditions of Theorem 1, we have

I & - BG
liminf — —— > k(Y(w),c) —¢, as.weJ.
jint 33T 2 k(a(u) )

where
k(z,y) = sup{v(\, z,y),A <0}, 0<uz,y<-+oc.

1
V(N zy) = ; + iAeQWy, 0<z,y<+o0,A<O.
and

k(z,y) <0,6(0,y) = Kk(x,0) =0,0 < z,y < +00.

xlir(r)lJr k(x,y) = 0.
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(2.16)

(2.19)
(2.20)

Corollary 1Under the conditions of Theorem 1, if ¢ = 0 or y(w) = 0, a.s.,

then
Il & —F
TN gl e RS
n nkzl Qg

(2.21)

Proof. Since k(z,0) = 7(x,0) = 0 and x(0,y) = 7(0,y) = 0, hence (2.21)

follows from (2.3) and (2.16).
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