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Abstract: This paper presents some limit theorems for arbitrary continuous
random sequence, like many previous works, the theorems directly gives the
concept logarithmic likelihood ratio, as a measure of dissimilarity between
one distribution and the reference distributions. In particularly, we give lower
and upper bounds for the deviation under Chung−Teicher’s type conditions.

Mathematics Subject Classification: 60F15

Keywords: limit logarithmic likelihood ratio; almost sure convergence;
limit theorem

Introduction

Let (Ω,F , P ) be a probability space, and let {Fn, n ∈ N} be an increasing
sequence of sub-σ−fields of F , and suppose that {ξn,Fn, n ∈ N} be a stochastic
sequence defined on this probability space, with the joint distribution densities

pn(x1, · · · , xn) > 0, n ∈ N (1.1)

and pk(xk), k ∈ N be the marginal density functions of them, let

Π = πn(x1, x2, · · · , xn) =
n∏

k=1

pk(xk), n ∈ N. (1.2)

Definition 1 Let {ξn, n ∈ N} be a sequence of random variables, set

Tn(ω) =
πn(ξ1, · · · , ξn)

pn(ξ1, · · · , ξn) , γn(ω) = log Tn(ω), (1.3)

The random variable

γ(ω) = − lim inf
n

γn(ω)

n
. (1.4)

is called the limit logarithmic likelihood ratio, relative to the product of one-
dimensional marginals of {ξn, n ∈ N}, where log is the natural logarithm, ω is
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the sample point, and ξk stands for ξk(ω).
The basis for proving the Strong Limit Theorems is the convergence of like-

lihood ratio which we, however, quote because of its central role in this paper.
Lemma 1(See Chung [4])Let pn(x1, · · · , xn), hn(x1, · · · , xn) be two proba-

bility density functions on {Ω,F , P} let

Λn(ω) =
hn(ξ1, · · · , ξn)
pn(ξ1, · · · , ξn) .

then

lim
n

Λn(ω) = Λ∞(ω) < +∞, a.s. (1.5)

and hence

lim supn−1 log Λn(ω) ≤ 0, a.s. (1.6)

Let ϕn : R+ → R+ be Borel functions and let αn ≥ 1, βn ≤ 2, Cn > 0, Dn >
0(n ∈ N) be constants satisfying(See Cvetan et al [2] and Yang [3])

v ≤ u =⇒ Cn
uαn

vαn
≤ ϕn(u)

ϕn(v)
≤ Dn

uβn

vβn
(1.7)

Main Results and Proofs

Theorem 1Let {ξn, n ∈ N}, {ϕn(x), n ∈ N}, γ(ω) be defined as above and
let {an, n ∈ N} be a sequences of non-zero reals. Further set

J = {ω : γ(ω) < +∞}. (2.1)

If

lim sup
n

1

n

n∑
k=1

AkE[
ϕk(|ξk|)
ϕk(|ak|) ] = c <∞, (2.2)

where An = max(1/Cn, Dn), then

lim sup
n

1

n

n∑
k=1

ξk − Eξk
ak

≤ τ(γ(ω), c) + c, a.s. ω ∈ J . (2.3)

where

τ(x, y) = inf{ψ(λ, x, y), λ > 0}, 0 ≤ x, y < +∞. (2.4)

ψ(λ, x, y) =
x

λ
+

1

2
λe2|λ|y, 0 ≤ x, y < +∞, λ > 0. (2.5)

and

τ(x, y) ≥ 0, τ(0, y) = τ(x, 0) = 0, 0 ≤ x, y < +∞. (2.6)

lim
x→0+

τ(x, y) = 0. (2.7)

I[·] denotes the indicator function.
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Proof. Let ξ′n = ξnI[|ξn|≤|an|], n ∈ N. It follows from (1.7) that on the set
{x : |x| ≥ |an|}, we have

|x|
|an| ≤

|x|αn

|an|αn
≤ An

ϕn(|x|)
ϕn(|an|) ,

Thus we have
∞∑

n=1

P (ξn �= ξ′n) =

∞∑
n=1

P (|ξn| > |an|) =

∞∑
n=1

EI[|ξn|≥|an|]

≤
∞∑

n=1

E[
|ξn|
|an| ] ≤

∞∑
n=1

An
E[ϕn(|ξn|)]
ϕn(|an|) <∞

which implies
P (ξn �= ξ′n, i.o.) = 0

and hence ∞∑
n=1

ξn − ξ′n
an

converges a.s. (2.8)

Since
Eξ′n −Eξn

an
≤ E|ξ′n − ξn|

|an| = E{ |ξn||an|I[|ξn|>|an|]}

≤ AnE[
ϕn(|ξn|)
ϕn(|an|)I[|ξn|≥|an|]] ≤ AnE[

ϕn(|ξn|)
ϕn(|an|)]

By (2.2), we have

lim sup
n

1

n

n∑
k=1

Eξ′k −Eξk
ak

≤ c a.s. (2.9)

Put ηn = (ξ′n − Eξ′n)/an, n ∈ N, then |ηn| ≤ 2, for λ ∈ R, let us set

Qk(λ) = E[exp(ληk)] =

∫
|xk|≤|ak|

pk(xk) exp[
λ(xk − Eξ′k)

ak
]dxk.

p(λ; xk) =
pk(xk) exp{λ[xkI[|xk|≤|ak|] − Eξ′k]/ak}

Qk(λ)
; qn(λ; x1, · · · , xn) =

n∏
k=1

pk(λ; xk).

We define the likelihood ratio as below

Λn(λ;ω) =
qn(λ; ξ1, · · · , ξn)
pn(ξ1, · · · , ξn)

.

The lemma can be rewrite as

lim sup
n

n−1 log Λn(λ;ω) ≤ 0, a.s.

Thus we have

lim sup
n

1

n
[λ

n∑
k=1

ηk + γn(ω) −
n∑

k=1

logQk(λ)] ≤ 0, a.s. (2.10)
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(1.4) and (2.10) imply

lim sup
n

λ

n

n∑
k=1

ηk ≤ γ(ω) + lim sup
n

1

n

n∑
k=1

logQk(λ), a.s. ω ∈ J

From the inequality 0 ≤ ex − 1 − x ≤ 1
2
x2e|x| for all x ∈ R, we have

0 ≤ Qk(λ) − 1 = E[exp(ληk) − 1 − ληk]

≤ 1

2
λ2e2|λ|Eη2

k ≤ 1

2
λ2e2|λ|E[

ξ
′
k

ak
]2. (2.11)

Since

E[
ξ
′
k

ak

]2 =

∫
|x|≤|ak|

x2

a2
k

dFk(x) ≤
∫
|x|≤|ak|

[
|x|
|ak| ]

βkdFk(x)

≤
∫
|x|≤|ak|

Ak
ϕk(|x|)
ϕk(|ak|)dFk(x) ≤ AkE[

ϕk(|ξk|)
ϕk(|ak|)]. (2.12)

By (2.11) and (2.12), we have

0 ≤ Qk(λ) − 1 ≤ 1

2
λ2e2|λ|AkE

ϕk(|ξk|)
ϕk(|ak|) .

Clearly

0 ≤ lim sup
n

1

n

n∑
k=1

[Qk(λ) − 1]

≤ 1

2
λ2e2|λ| lim sup

n

1

n

n∑
k=1

AkE[
ϕk(|ξk|)
ϕk(|ak|)] ≤

1

2
λ2e2|λ|c a.s. (2.13)

(2.13) together with the inequality 0 ≤ log x ≤ x− 1 (x ≥ 1) yield

0 ≤ lim sup
n

n−1

n∑
k=1

logQk(λ) ≤ 1

2
λ2e2|λ|c, ω ∈ J .

Hence we have

lim sup
n

λ

n

n∑
k=1

ηk ≤ γ(ω) +
1

2
λ2e2|λ|c, ω ∈ J . (2.14)

Let λ > 0, we have by (2.14)

lim sup
n

1

n

n∑
k=1

ηk ≤ γ(ω)

λ
+

1

2
λe2|λ|c, ω ∈ J .

Therefore, we have

lim sup
n

1

n

n∑
k=1

ηk ≤ τ(γ(ω), c), a.s. ω ∈ J (2.15)
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Noting that

ξk − Eξk
ak

=
(ξk − ξ′k) + (ξ′k −Eξ′k) + (Eξ′k − Eξk)

ak

(2.3) follows immediately from (2.8),(2.9) and (2.15)

Theorem 2Under the conditions of Theorem 1, we have

lim inf
n

1

n

n∑
k=1

ξk − Eξk
ak

≥ κ(γ(ω), c) − c, a.s. ω ∈ J . (2.16)

where
κ(x, y) = sup{ψ(λ, x, y), λ < 0}, 0 ≤ x, y < +∞. (2.17)

ψ(λ, x, y) =
x

λ
+

1

2
λe2|λ|y, 0 ≤ x, y < +∞, λ < 0. (2.18)

and

κ(x, y) ≤ 0, κ(0, y) = κ(x, 0) = 0, 0 ≤ x, y < +∞. (2.19)

lim
x→0+

κ(x, y) = 0. (2.20)

Corollary 1Under the conditions of Theorem 1, if c = 0 or γ(ω) = 0, a.s.,
then

lim
n

1

n

n∑
k=1

ξk − Eξk
ak

= 0, ω ∈ J . (2.21)

Proof. Since κ(x, 0) = τ(x, 0) = 0 and κ(0, y) = τ(0, y) = 0, hence (2.21)
follows from (2.3) and (2.16).
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