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Abstract

In this note we are mainly concerned with existence result for semi-
linear semipositone elliptic equation of the form

—Av = M(2)uf —¢, z€Q,

—Au = da(x)v® —¢, = €Q,
u=uv=0, x € 010,

where A denote the Laplacian operator, {2 is a bounded domain in
RN (N > 1) with 99 of class C?, \, c are positive parameters, o, 3 > 0
and the weight a(x), b(z) satisfying a(z) € C(), b(x) € C(Q) and
a(x) > apg > 0, b(z) > a9 > 0 for z € Q. We prove the existence of
positive solution via the method of sub-super solutions.
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1 Introduction

In this paper we consider the existence of positive solution for the following
nonlinear semipositone system

—Au = da(x)v* —c¢, x €,
—Av = \b(z)u’ — ¢, z€Q, (1)
u=v=0, x € 08,

where A denote the Laplacian operator, Q is a bounded domain in RY(N > 1)
with 99 of class C?, ), c are positive parameters and «, 3 > 0.

In recent years, many authors have investigated the following initial bound-
ary value problem of a class of reaction-diffusion system

uy = Au + v%, @)
vy =Av+4d?,  (z,t) € Qx(0,T),

where  is as above. Yang and Lu [17] studied the nonexistence of positive
solutions to the system (2).

When ¢ = 0, systems of the form (1) arise in several context in biology and
engineering (see [13]). It provides a simple model to describe, for instance,
the interaction of three diffusing biological species. u, v represent the densities
of three species. See [16] for details on the physical models involving more
general reaction-diffusion system.

Here we consider the challenging semipositone case ¢ > 0. Semipositone
problems have been of great interest during the past two decades, and continue
to pose mathematically difficult problems in the study of positive solutions (see
[1,2,3,14,15]). We refer to [6,8] for additional results in semipositone prob-
lems. See [5], where the author investigated the problem (1) in the case when
a(x) =1, b(x) = 1. Our purpose in this paper to study the problem (1) with
weight. Our approach is based on the method of sub-super solutions, see [10].
We refer to [4,7,9,12] for additional results on elliptic systems.

In this paper, we shall prove that if o, 3 < 1 then there exist positive
constant ¢y and A* such that (1) admits a positive solution for for ¢ < ¢ and
A >N\
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2 Main results

To prove our existence results we use the method of sub-super solutions.
To do so, we first give the definition of sub-super solution of (1).

Definition 2.1. A pair of nonnegative functions (¥1, 1), (21, 22) in C2(Q) x
CZ(9Q) are called a subsolution and supersolution of (1) if they satisfy ¢;(z) <
zi(z) in Q for i = 1,2, and

—AYy < da(@) s —c, —Ay < Mb(2)y) —¢, 2 €Q
and
—Az > Na(@)g —e, —Az > Abx) —¢, z e

We shall obtain the existence of positive solution to system (1) by constructing
a positive subsolution (¢, ) and supersolution (z1, z3). It is well known that
if there exists a sub solution (¢4, 5) and a super solution (z1, z3) to (1) such
that 1;(z) < z(z) for i = 1,2 and z € Q, then (1) has a solution (u,v) such
that 1, (2) < u(z) < z1(z) and Yy(x) < v(x) < 2(x) for x € Q. Further note
that if ¢;(z) > 0 for i = 1,2 and z € 2 then v > 0 and v > 0 for z € Q.

Our main result is formulate in the following theorem.

Theorem 2.2. Let 0 < a <1, 0 < 3 < 1, then there exist positive constants
co and \* such that (1) has a positive solution for ¢ < ¢y and A > A*.

Proof. Let A\; be the first eigenvalue of —A with Dirichlet boundary conditions
and ¢; denote the corresponding eigenfunction, satisfying ¢;(x) > 0 in ,
V1] > 0on 0Q and ||¢1]|o = 1. To obtain the existence of positive solution to
problem (1), we constructing a positive subsolution (1, 1) and supersolution
(21, 22). We shall verify that (¢1,12) = (¢, 1), where 1) = $¢7, is a subsolution
of (1). A calculation shows that

1
—AYp = 2 A

= —(IVoil* + o1 Agy)
= Mot — [Vl

Which implies tliEhen 1) is a subsolution if
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Mot — [Voi* < Xa(z)y® —c,
and
Mot — [Vor|* < Ab(z)y” —c.

Since ¢; = 0 and |V¢;1| > 0 on 02, there exist positive constants €,d,n
such that B
M o] —|Ver]? < —e,  x€Qy, (3)

¢12777 xEQOZQ\Q& (4>

with Qs = {z € Q | d(z,00) < §}. Now A\ ¢? — |[Véi|> < —e in Qs, and
therefore
if ¢ < cop=min{e, Aag (n?/2)* — A1, Aby (7%2/2)% — A1}, then

Mot — |[Vou|* < Na(x)y® —c,
and
Mgt — [Vor|* < Ab(x) v’ —c.

Next, we note that ¢;(z) > 1 > 0in Qy = Q\ Qs for some n > 0. If ¢ <
co = min{e, Aag(n?/2)%—A1, Mbo(n%/2)P =1} and A > \* = max{(i—g)o‘ 2—(1), (772—2)[3 2‘—; ,
then we have

1
Mot — Ve < Xag (§>a e —c

M) (5)" 61 —

= da(x)yY* —e¢, x€Qy,

IN

and
Mot — [V < )\50(%)[3772[3 —c
< A (5)7 6P
= Ab(@)YP —¢c, x€Q.
Hence
—AY = Mgt — [V |

< Aa(z)yY* —c¢, 1z € Qy,
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and

A = \gi — [V |?
< Ab(@)Yf —c¢, oz e

i.e. (1,1) is a subsolution of (1).

Next, we consider the unique solution, e(x) € C(Q), of the boundary value
problem

—Ae=1, z €,
e=0, x € 011,

to discuss our existence result. It is known that e(x) > 0 in 2 and 82—(;)
0 on 092. We construct a supersolution (z1,2z2) of (1). We denote (z1, 29)
(Aje(x), Ag e(x)) where the constant A;, Ay > 0 are large and to be chosen
later. We shall verify that (z1, z2) is a supersolution of (1). A calculation shows
that

A

—Azl = Al, _AZQ = AQ.

Let I = ||e(2)||co, it is easy to prove that there exist positive large constants
Al, A2 such that

Ar > Malloo (A2D)%, Az = M[|b]|o (A1 1)°.

Then we have

Ar = Aalle (A20)°
> Aa(z) (A 1)* — ¢
> Aa(z) (Age(x)* —c
= da(x) (z)* —c.
Similarly we have
Ay > Ablloo (AL D)?
> Ab(x) (A1) —¢
>

Ab(z) (Aye(z)? —c
Ab(z) (21)° —c.
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and therefore

—Az > Xa(z) 25 —e,  —Az > Ab(z) 2 —c.

i.e. (21, 22) is a supersolution of (1) with z; > ¢, in Q for large Ay, Ay, i = 1,2.
Thus, by the comparison principle, there exists a solution (u,v) of (1) with
1 < u < z1, Yy < v < zp. This completes the proof of Theorem 2.2.
O

References

[1] G.A. Afrouzi and S.H. Rasouli, On positive solutions for some nonlinear
semipositone elliptic boundry value problems, Nonlinear Analysis: Mod-
eling and Control, 4 (11) (2006), 323-329.

[2] G.A. Afrouzi, J. Vahidi, and S.H. Rasouli, On critical exponent for exis-
tence of positive solutions for some semipositone problems involving the
weight function, Accepted in [JMA.

3] G.A. Afrouzi, J. Vahidi, and S.H. Rasouli, On critical exponent for ex-
istence of positive weak solutions for a class of semipositone problems
involving the p-Laplacian operator, Accepted in IJMA.

[4] G.A. Afrouzi and S.H. Rasouli, A remark on the existence of positive

solutions for a reaction-diffusion system, Int. J. Contemp. Math. Sciencec,
1(14) (2006), 673-678.

[5] G.A. Afrouzi, J. Vahidi, and S.H. Rasouli, A note on the existence of pos-
itive solution for a nonlinear semipositone system, (Submitted to LJMA).

[6] V. Anuradha, D.D. Hai and R. Shivaji, Existence results for superlinear
semipositone boundary value problems, Proc. AMS, 124(3) (1996), 757-
763.

[7] L. Boccardo, D.G. Figueiredo. Some remarks on a system of quasilinear
elliptic equations. Nonl. Diff. Eqns. Appl., 9(2002) 231-240.

[8] A. Castro, S. Gadam and R. Shivaji, Evolution of Positive Solution Curves
in Semipositone Problems with Concave Nonlinearities, Jour. Math. Anal.
Appl., 245, (2000), 282-293.

9] A. Djellit, S. Tas. On some nonlinear elliptic systems. Nonl. Anal.,
59 (2004) 695-706.



Existence of positive solution 1029

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

P. Drabek and J. Hernandez. Existence and uniqueness of positive solu-
tions for some quasilinear elliptic problem. Nonl. Anal., 44 (2001) 189-
204.

A. Frriedman, Partial Differential Equations of Parabolic type, Prentice
Hall, Inc., Englewood Cliffs, NJ, 1964.

D.D. Hai. On a class of semilinear elliptic problems. J. Math. Anal. Appl.
285 (2003) 477-486.

A. Leung. Systems of nonlinear partial differential equations. Applications
to biology and engineering, Math. Appl. (Kluwer Academic Publishers,
Dordrecht, 1989).

S. Oruganti, J. Shi, and R. Shivaji, Diffusive logistic equation with
constant yeild harvesting, I: steady states, Tran. Amer. Math. Soc.,
354 (2002), no. 9, 3601-3619.

S. Oruganti, and R. Shivaji, Existence results for classes of p-Laplacian
semipositone equations, Boundary Value Problems, (2006), 1-7.

C.V. Pao. Nonlinear Parabolic and Elliptic Equations. Plenum Press, New
York, 1992.

7. Yang, Q. Lu. Nonexistence of positive solutions to a quasilinear ellip-
tic system and blow-up estimates for a non-Newtonian filtration system.

Appl. Math. Letters, 16 (2003) 581-587.

Received: April 7, 2008



