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Abstract

In this paper, a conservative but tractable (and deterministic) approx-
imation method for a class of chance-constrained geometric programs
(CCGPs) is proposed.
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1 Introduction

Stochastic geometric programming considers the case in which some (or all)
of geometric programming coefficients, belong to the objective and the con-
straints, are random variables taking on positive values (with known proba-
bility distributions). To the best of our knowledge, the literature in stochastic
geometric programming is still scarce; see, e.g., [1, 2, 1017].

Finding exact solutions to chance-constrained (stochastic) geometric pro-
gramming problems is typically intractable. Quite often, finding a feasible
solution is already a hard problem; several researchers have proposed deter-
ministic approximation approaches. The idea of guaranteeing constraint fea-
sibility with a certain probability is closely related to the chance-constrained
programming literature. For example, Pintr [3] proposes various determin-
istic approximations of chance-constrained problems via probability inequali-
ties such as Chebyshevs inequality, Bernsteins inequality, Hoefdings inequality
and their extensions; see also [4, 20]. The deterministic approximations are
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expressed in terms of the mean, standard deviation, and/or range of the un-
certainties. Chebyshev-like approximations belong to deterministic approxima-
tions for chance-constrained programming. The idea of using Chebyshev-like
inequalities to deal with probability constraints has been used in several con-
texts. More recent approximation methods for stochastic programming include
robust optimization approaches to stochastic optimization problems [18, 19].

In this paper, we describe a suboptimal but tractable approximation method
for a specific class of chance-constrained GPs. The method is based on, with
the help of Cantelli inequality, which is a generalization of Chebyshev inequal-
ity (in the case of a single tail), replacing the chance constrains with con-
servative but tractable constraints to form approximate (deterministic) GPs,
which can be solved globally in polynomial time by, for example, interior-point
methods.

2 Geometric Programming

Let Rn
++ denote the set of real n-vectors whose components are positive. Let

x= (x1, . . . , xn) ∈ Rn
++. A real valued function of the form

g (x) =c
n∏

j=1

x
aj
j ,

where c ≥ 0 and aj ∈ R, is called a monomial. A sum of positively weighted
monomials, i.e., a function of the form

f (x) =
K∑
k=1

ck

n∏
j=1

x
ajk
j , (1)

where ck> 0 and ajk ∈ R, is called a posynomial (function). In addition, a
signomial is a function with the same form as a posynomial (i.e., (1)), where
the coefficients cj are allowed to be negative. (We refer to the constants ck as
the coefficients and the constants ajk as the exponents.)

An optimization problem of the form

minimize f0(x)
subject to fi(x) ≤ 1, i= 1, . . . ,m,

hi(x) = 1, i= 1, . . . , p,

where x ∈ Rn
++ is the optimization variable, f0, f1, . . . , fm are signomials and

h1, . . . , hp are signomials, is called a signomial program (SP). When f0, f1, . . . , fm
are posynomials and h1, . . . , hp are monomials, the signomial program reduces
to a geometric program (GP) (in posynomial form). Here, the constraints
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xi > 0, i = 1, . . . , n are implicit. (The reader is referred to the tutorial [5] for
more on geometric programming.)

From a computational point of view, there is a huge difference between a
GP and an SP. In contrast to the globally optimal solution of a GP, which can
always be computed efficiently, only a locally optimal solution of an SP can
be found efficiently. (It’s possible to compute the globally optimal solution of
an SP, but even for relatively small problems, prohibitive computation can be
required.) GPs (in posynomial form) can be reformulated as convex problems
and hence can be solved globally and efficiently [7].

3 Chance-Constrained Geometric Programming

We consider stochastic geometric programs in which the coefficients of the
posynomials are positive random variables. (The exponents of the stochastic
geometric programs are usually fixed by the laws of natural or the laws of eco-
nomics [8].) Suppose that ck in (1) can be expressed as posynomial functions
of other positive random variables (with known probability distributions), say,
p1, . . . , pnp , which represent variations of process, physical, or system parame-
ters:

ck=dk

np∏
i=1

pbiki , k= 1, . . . , K, (2)

where dk ≥ 0 and bik ∈ R. We can therefore rewrite (2) as

f̃ (x;p) =
K∑
k=1

dk

np∏
i=1

pbiki

nx∏
j=1

x
ajk
j , (3)

which is a random variable, since the parameters pi are random. It has the
form of a posynomial function (in both x ∈ Rnx

++ and p ∈ Rnp

++). We will call
(3) a random posynomial (of variables x1, . . . , xnx) to distinguish it from its
deterministic counterpart, i.e., (1).

A chance-constrained geometric program (CCGP) has the form

minimize Ef̃0 (x;p)

subject to Prob
(
f̃s (x;p)> 1

)
≤ qs, s= 1, . . . ,m,

(4)

where Prob (A) represents the probability of event A, x ∈ Rnx
++ is the op-

timization variable, p= (p1, . . . , pnp) is a vector of positive random variables,
0 <qs< 1 is given to bound the probability that the sth constraint is violated
(due to the random variation in p), and f̃0, f̃1, . . . , f̃m are random posynomials
(defined as in (3)):

f̃s (x;p) =
Ks∑
k=1

h̃ks (x;p) (5)
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with

h̃ks (x;p) =dks

np∏
i=1

pbiksi

nx∏
j=1

x
ajks
j , (6)

where dks ≥ 0 and ajks, biks ∈ R. (For all random posynomials (of the form
(5)) and random monomials (of the form (6)) considered in this paper, we im-
plicitly assume that the underlying random variables p1, . . . , pnp are positively
distributed.)

3.1 Deterministic Approximations

The so-called Cantelli inequality [6] (sometimes called the “one-sided Cheby-
shev inequality” or the “Chebyshev-Cantelli inequality”) for a random variable
z with mean µz and variance σ2

z is given by

Prob(z − µz ≥ kσz) ≤
1

1 + k2
,

where k> 0. Therefore, we have

µz + σzγ ≤ α, γ=
√

1
q
− 1 =⇒ Prob (z>α) ≤ q. (7)

(See, e.g., [3].) For instance, taking γ= 3 yields q= 0.1, i.e., the probability is
less than 10% that z is more than three standard deviations from the mean of
the population.

Using the Cantelli inequality, we can develop an approximation method for
finding a suboptimal feasible solution to the CCGP (4). We start by noting
from (7) that the chance constraints of the CCGP (4) are implied by the
deterministic constraints:

Ef̃s(x;p) + γs

(
Varf̃s(x;p)

)1/2
≤ 1, s= 1, . . . ,m

with
γs=

√
1
qs
− 1. (8)

Replacing the chance constraints in the CCGP (4) with the deterministic ap-
proximations shown above, we obtain

minimize Ef̃0 (x;p)

subject to Ef̃s (x;p) + γs

(
Varf̃s (x;p)

)1/2
≤ 1, s= 1, . . . ,m,

(9)

which is referred to as the Cantelli approximation of the CCGP (4). (We
implicitly assume that for bounded x the above expectation and variance terms
are finite such that the Cantelli approximation makes sense.)
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The Cantelli approximation (9) is conservative in the following sense. If
x is feasible to (9), then x is also feasible to the CCGP (4). Furthermore, if
we obtain the optimal value for the Cantelli approximation (9), that value will
serve as an upper bound on the optimal value of the CCGP (4).

The idea of using regularization techniques to find feasible solutions to
stochastic programs is not entirely new. We give a regularization interpre-
tation of the Cantelli approximation (9). With γs = 0, the problem (9) is
a problem that minimizes the expected objective value under expected value
constraints Ef̃s(x; p) ≤ 1, for s = 1, . . . ,m. With γs > 0, we add to the
constraint functions weighted magnitudes of the standard deviations that pe-
nalizes designs with large variation. Therefore, this formulation can be viewed
as a regularization of the mean extra cost term to the constraint functions that
penalizes sensitive or non-robust designs.

The Cantelli approximation (9) is equivalent to the optimization problem

minimize E f̃0(x; p)

subject to E f̃s(x; p) + γst
1/2
s ≤ 1, s = 1, . . . ,m,

t−1
s Var f̃s(x; p) ≤ 1, s = 1, . . . ,m,

(10)

where x ∈ Rnx
++ and t ∈ Rm

++ are the optimization variables, p = (p1, . . . , pnp)
is a vector of positive random variables as defined in (4), and γs is given in
(8). We will sometimes refer to this problem as the Cantelli approximation of
the CCGP (4) as well, since it is equivalent to (9).

3.2 Means and Variances of Random Posynomials

The Cantelli approximation (10) is a GP, provided that the mean functions
Ef̃s(x; p), s = 0, . . . ,m and the variance functions Varf̃s(x; p), s = 1, . . . ,m
are posynomials. It is easy to see that, for arbitrary positively distributed
p1, . . . , pnp , the first moment (about zero) of the random posynomial (5) is
always a (deterministic) posynomial function in x ∈ Rnx

++:

E f̃s(x; p) =
Ks∑
k=1

dks E

(
np∏
i=1

pbiksi

)
nx∏
j=1

x
ajks
j

The variance of the random posynomial (5) is not necessarily a posynomial.
The variance of the sum of correlated random variables is the sum of their
covariances. Therefore, the variance of the random posynomial (5) is given by

Var f̃s(x; p) =
Ks∑
k=1

Var h̃ks(x; p) + 2
∑

1≤k<l≤Ks

Cov
(
h̃ks(x; p), h̃ls(x; p)

)
, (11)
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where f̃s and h̃ks are given in (5) and (6) respectively. For arbitrary positively
distributed p1, . . . , pnp , the variance terms on the right hand side of (11) are
posynomials in x:

Var h̃ks(x; p) = d2ks Var

(
np∏
i=1

pbiksi

)
nx∏
j=1

x
2ajks
j , k = 1, . . . , Ks.

In addition, the covariance terms in (11) are (deterministic) signomials in x:

Cov
(
h̃ks(x; p), h̃ls(x; p)

)
= dksdls Cov

(
np∏
i=1

pbiksi ,

np∏
i=1

pbilsi

)
nx∏
j=1

x
ajks+ajls
j .

(12)
Hence, for general positive random variables p1, . . . , pnp , the variance of the
random posynomial (5), i.e., (11), is a signomial function in x. (We implicitly
assume that all the variance and covariance terms here are finite for bounded
x.)

3.3 A Sufficient Condition for GP Approximations

We give a simple sufficient condition for the variance of the random posynomial
(5) to be a posynomial. Obviously, the signomial (12) reduces to a posynomial
(in x) when the positive random variables c1, . . . , cK in (2) have nonnegative
covariance for each pair, i.e.,

Cov

(
np∏
i=1

pbiksi ,

np∏
i=1

pbilsi

)
≥ 0, ∀ k 6= l. (13)

(A similar observation has been made before in [9] in the context of robust
design of digital circuits which handles variances when the correlations are
positive.) With independent p1, . . . , pnp , a distribution-free, sufficient condition
for (13) is

Cov
(
pbiksi , pbilsi

)
≥ 0, ∀ k 6= l, i = 1, . . . , np.

This can be easily verified, by using the independence of p1, . . . , pnp to get

Cov

(
np∏
i=1

pbiksi ,

np∏
i=1

pbilsi

)
=

np∏
i=1

E pbiks+bils
i −

np∏
i=1

E pbiksi E pbilsi .

Furthermore, a simple sufficient condition for (13) (and consequently for (12)
as well) is that

biksbils ≥ 0, ∀ k 6= l, i = 1, . . . , np. (14)
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This can be proved as follows. For biks, bils ∈ R with biksbils ≥ 0, we can assume
|bils| ≥ |biks| > 0 without loss of generality. Defining c = bils/biks > 1 and
z = pbiksi , we have

Cov
(
pbiksi , pbilsi

)
= Cov(z, zc)

= E((z − E z)(zc − E zc))

= E((z − E z)(zc − (E z)c)) + E((z − E z)((E z)c − E zc))

= E((z − E z)(zc − (E z)c))

≥0,

which indeed coincides with the usual intuitive interpretation that the covari-
ance of two increasing functions of the same random variable is nonnegative.

In summary, the expected value of the random posynomial (5) is always
a posynomial in x, while the variance of (5) is in general a signomial in x.
With independent p1, . . . , pnp , the variance of (5) reduces to a posynomial (in
x) when the condition (14) holds. We conclude that, for the class of CCGPs
(4) satisfying the condition (14) for s = 1 , . . . ,m, the corresponding Cantelli
approximations (10) are GP problems.

4 Conclusion

We have showed that, using the Cantelli inequality, a class of CCGPs can
be (conservatively) approximated by (deterministic) GPs, which can be solved
globally and efficiently. Although suboptimal, this method is essentially distribu-
tion - free, and assumes merely the independence of (random) coefficients of
the underlying random posynomials (with known first two moments).

It is worthwhile to mention that, although this specific class of CCGPs
seems to be very restricted in terms of applications, it can actually be applied
to the problem of outage-based power allocation over wireless shadowed fading
channels with independent interferences.

Acknowledgements. We thank Dr. Seung-Jean Kim for his work on the
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[16] J. Dupačová, Stochastic geometric programming with an application, Ky-
bernetika, 46, no. 3 (2010), 374–386. http://eudml.org/doc/196973

[17] H. Paul, An application of stochastic geometric programming to heat
exchanger design, Computers & Industrial Engineering, 10, no. 3 (1986),
253–262. https://doi.org/10.1016/0360-8352(86)90011-2

[18] D. Bertsimas and M. Sim, The price of robustness, Operations Research,
52, no. 1 (2004), 35–53. https://doi.org/10.1287/opre.1030.0065

[19] X. Chen, M. Sim and P. Sun, A robust optimization perspective on
stochastic programming, Operations Research, 55, no. 6 (2007), 1058–
1071. https://doi.org/10.1287/opre.1070.0441

[20] Y.S. Kan and S.N. Vasil’eva, Deterministic approximation of stochastic
programming problems with probabilistic constraints, in I. Bykadorov, V.
Struse-vich and T. Tchemisova (Eds.), Mathematical Optimization Theory
and Operations Research (MOTOR) 2019, Communications in Computer
and Information Science, 1090 (Springer: 2019), 497–507. https://doi.
org/10.1007/978-3-030-33394-2_38

Received: June 21, 2020; Published: July 14, 2020


