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Abstract 

 

Warranty is vital to both consumers and manufacturers. For consumers, it ensures 

that the product has good quality and doesn't suffer from manufacturing defects. 

For manufacturers, it is an important element of marketing products besides it helps 

manufacturers to improve the reliability of their products. This paper considers 

warranty cost models for repairable products when the warranty policy is hybrid 

policy and failure times follow generalized exponential distribution. Two Types of 

costs for the repairs are taken into account; the free repair policy and the pro-rata 

policy. Hybrid repair warranty policy is a combination of simple warranty policy 

and preventive maintenance policy. The maintenance after the expiry of warranty 

and the expected cost rate are considered. An extensive simulation is performed to 

assess the performance of the presented warranty cost models. The performance of 

the simulation is measured using the Absolute Percentage Error (APE) to compare 

between the simulated and theoretical results. APE gives evidence of highly 

accurate simulation models.  

 

Keywords: Hybrid repair model, preventive maintenance, and warranty cost 

analysis, generalized exponential distribution, simulation model 

 

1. Introduction 
 

Warranty is a written guarantee issued to the purchaser of a product by its manu- 
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facturer promising to repair or replace the product within a specified period of time 

if certain requirements are satisfied. The customer might have the choice of 

purchasing the warranty contract or risking the repair costs himself. However, 

warranties have proven beneficial for both customers and manufacturers. 

Customers usually gain benefits since economies of scale can often be realized 

because of centralization and specialization of the repair operation in a factory 

environment. The manufacturer receives benefits for providing services that might 

otherwise be provided by other profit-making organization (Park and Yee [17]). 

 

There are two types of warranty; the simple warranty policy and the mixed warranty 

policy. In the simple warranty policy only one policy is applied such as free 

warranty, pro-rata warranty, or the lump-sum rebate warranty. In mixed warranty, 

usually one type of warranty is applied first followed by another type. For repairable 

products there are three warranty strategies for repair products. The first strategy is 

minimal repair policy or “as good as old”. In this policy the failed item is repaired 

and restored to the same failure rate at the time of failure. Repairing one or more 

component will not affect the total failure rate. The second repair strategy is good 

as new policy, in which the repair will return the product to its new condition. In 

the third strategy, mixed repair policy, the repair can be either minimal repair or as 

good as new relying on failure type of the product. One of the most common repair 

policies is hybrid repair policy. Hybrid repair warranty policy is a combination of 

simple warranty policy and preventive maintenance policy. 

 

Thomas and Rao [19] mentioned that the motives to establish cost models for 

warranty are: (1) to determine the parameters that influence the relevant cost for 

producing products, and (2) to predict the amount of money that should be set aside 

in reserve in order to meet forthcoming expenditures resulting from warranty 

claims. In addition, the warranty cost per unit sale is important in the context of 

pricing the product, see Murthy and Djamaludin [14]. The sale price must exceed 

the manufacturing cost plus the warranty cost or the manufacturer incurs a loss. 

Generally, warranty cost per item decreases as reliability increases. 

 

Warranty cost analysis depends on both the underlying distribution for product’s 

lifetime and warranty terms. Gupta and Kundu [8] presented the two parameters 

generalized exponential distribution with density function  

 

𝑓(t) = λ α(1 − 𝑒−𝜆𝑡)𝛼−1𝑒−𝜆𝑡,             t >0، λ>0، α< 0 ,                          (1.1) 

 

where λ is the scale parameter and α is the shape parameter.  

 

The cumulative function and the hazard function, respectively, are                                                                         

𝐹(t) = (1 − 𝑒−𝜆𝑡)𝛼     ,           t >0، λ>0، α< 0,                       (1.2) 
 

ℎ(t ) =
λα (1−𝑒−λ𝑡)𝛼−1𝑒−λ𝑡

1−(1−𝑒−λ𝑡)𝛼    ,      t >0، λ>0، α< 0,                        (1.3) 
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The generalized exponential distribution has the following advantages: 

1 - The probability density distribution function varies greatly in its behavior 

according to the different values of the shape parameter as shown by Figure 1.1. 

 2- It is also clear that the generalized exponential distribution is effective in the 

case of long right-tailed data because it has a longer tail length than other 

distributions, which makes it gives better predictions, see Gupta and Kundu [9] 

3-  The behavior of the hazard function is increasing or decreasing according to the 

values of the shape parameter. 

4- One of the main advantages of the generalized exponential distribution is that it 

has a nice cumulative function and reliability function which makes it a suitable 

distribution for use in the case of lifetime data. 

 

 
 

Figure 1.1: The probability density function of the generalized exponential 

distribution at scale parameter λ=1 and different values of the shape parameter α. 

 

Warranty cost analysis has received much attention in the statistical review. Barlow 

and Hunter [4] introduced a policy of replacement period, where he studied 

different preventive maintenance policies. The policies were then compared with 

the assumption that the failure times for the units followed the Weibull distribution. 

Blischke and Scheuer [5] studied the free-replacement warranty and pro-rata 

warranty. Both the buyer’s and seller’s points of view are considered. Boland and 

Proschan [6] studied expensive units in case of failure. They stated that the repair 

of these units with the policy of minimal repair is better than replacing them.  Also, 

they stated that periodically preventive maintenance is better than repairing or 

replacement. 

 

Nguyen and Murthy [16] studied the expected number of purchases over the 

product life cycle under two general warranty policies involving an initial free 

replacement period followed by a pro-rata period. A warranty reserve fund was 

estimated by Thomas [18] for the manufacturer where the warranty policy is pro-

rata. Distributions such as exponential, uniform, and gamma are taken in 

consideration in the study. Jung and Park [11] provided an optimal time policy for  
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preventive maintenance after the expiration of the warranty period in the event that 

the warranty is renewable or non-renewable where the consumer after the end of 

the warranty period has to maintain the unit either by repairing or replacing it at his 

own expense. The expected cost of maintenance after the warranty period is 

determined for the previous two types of warranty and the optimal number and 

duration of preventive maintenance are obtained which reduce the expected long-

term maintenance costs assuming that product lifetime follows the Weibull 

distribution. Jain and Maheshwari [10] proposed a hybrid warranty model for the 

renewing pro-rata warranty, in which the failure rate of units, cost of preventive 

maintenance and cost of replacement are assumed to be constant. The expected total 

discounted maintenance cost has been derived in explicit form for different life time 

distributions, namely the exponential, Rayleigh and Weibull distributions. The 

optimal number and optimal period of preventive maintenance after the expiry of 

the warranty are also determined.  

 

Aksezer [1] reviewed the warranty cost models with an emphasis on the failure 

analysis of used vehicles. Expected warranty costs were calculated by taking into 

account age, usage. A policy that highlights the trade-off between the cost and 

warranty length is proposed by identifying failure intensities and their 

characteristics. Kim et. al. [12] studied the optimal periodic preventive maintenance 

policies of a second-hand item following the expiration of warranty. They used the 

expected maintenance cost rate per unit time from the customer’s perspective as the 

criterion to determine the optimality of periodic maintenance. Attia el al. [3] 

presented warranty cost models where the failure time of repairable products has 

log-logistic distribution under two types of hybrid repair warranty, the hybrid free 

repair warranty model and the hybrid pro-rata repair warranty model. Ambekar and 

Jagtap [2] considered models that can be used to obtain estimates for the expected 

cost of warranty per unit sold and per unit time over the product life cycle for 

products sold with free-replacement and pro rata warranties.  Chen et. al. [7] 

considered the effect of three phases; burn-in, free replacement warranty and pro-

rata warranty for repairable products under the minimal and catastrophic failure. 

Marshall et. al. [13] considered warranty servicing cost under renewing and non-

renewing free repair warranties. They assumed non-zero increasing repair times 

with the warranty cost depends on the length of repair time. The consecutive repair 

times modeled assuming an increasing geometric process.  

 

This paper develops stochastic models of product failure and the associated costs 

to attain the expected cost of repairs over finite horizon from the manufacturer’s 

point of view when the failure time follows generalized exponential distribution.  

Two types of hybrid repair warranty are considered, the hybrid free repair warranty 

model and the hybrid pro-rata repair warranty model. An extensive simulation study 

is implemented to determine the performance of the presented warranty models.  

Simulation models prove to be highly accurate. The rest of the paper is organized 

as follows. In Section 2, we present the warranty cost model for repairable goods 
under the hybrid warranty model. Two models are considered; the free repair warranty 



 

Hybrid repair warranty cost model                                                                          267 

 

 

model and the pro-rata warranty model. Developing the hybrid warranty model 

under the assumption that failure times follow generalized exponential distribution 

is considered in Section 3. In Section 4, a simulation study is conducted to assess 

the performance of warranty models presented in Section 3 and to discover the 

relationships between the parameters of the distribution and the expected cost rate. 

Both Section 2 and Section 3 contain two subsections. One for warranty cost model 

for the hybrid free repair policy and the other one for the hybrid pro-rata model. 

Section 4 contains additional subsection for conclusion. 

 

2. Warranty cost model for repairable products under the hybrid 

repair policy 
 

In this hybrid repair warranty model, if the system fails before the warranty period, 

the product is replaced by the manufacturer and the warranty period starts over 

again. That is, the expected maintenance cost rate per unit time is determined based 

on the assumption that the warranty is renewable. This process continues until the 

warranty period expires. The system goes for periodic preventive maintenance by 

the customer if it survives to the warranty period and is minimally repaired at each 

failure between preventive maintenances. After the completion of v periodic 

preventive maintenances the system is replaced by a new one (Jain and Maheshwari 

[10]). 

 

The following assumptions are employed to build the hybrid warranty model: 

1- Successive failures are mutually independent random events. 

2- Repair times are very small compared to the age of the product. 

3- Only minimal repairs are performed if repairs are done in maintenance period. 

4- Replacement cost for a unit has a constant average. 

5- The unit cost of minimal repairs between preventive maintenance and at the 

preventive maintenance has a constant average. 

6- The system shall be replaced by a new one after the completion of the number of 

(v) preventive maintenances at the end of the cycle with a constant average cost of 

replacement at the end of cycle. 

 

The following notations are employed in the model 

𝑤: Warranty period 

ℎ(𝑡): Hazard rate function of the product at time t 

𝑅(𝑡): Reliability function of the product at time t 

𝜏: Preventive maintenance period 

v  : Number of preventive maintenances 

𝑇: Failure time of a system 

𝐶0: Unit cost of replacement during warranty period 

𝐶𝑚: Unit cost of minimal repairs between preventive maintenances 

𝐶𝑝𝑚: Unit cost of preventive maintenances 

𝐶𝑅𝐸: Unit cost of replacement at the end of the cycle. 
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The hybrid free repair warranty model and the hybrid pro-rata repair warranty 

model are discussed in the following Subsections 

 

2.1. Warranty cost model for the hybrid free repair policy 

 

There are four different types of costs involved in the warranty cost model for the 

hybrid free repair policy. Their expectation can be obtained as follows: 

1- The expected cost of replacement during the warranty period is  

𝐸(𝐶𝑤−𝑓) = ∫ 𝐶0 ℎ(𝑡)𝑑𝑡
𝑤

0
                     (2.1) 

 

2- The expected cost of minimal repairs between preventive maintenance is  

𝐸(𝐶𝑚) =  Cm 𝑅(𝑤)[ ∑ ∫ (𝑘(ℎ(𝑤 + 𝜏) − ℎ(𝑤)) +
𝑤+(𝑘+1)𝜏

𝑤+𝑘𝜏
v−1
𝑘=0

ℎ(𝑡 − 𝑘𝜏)) 𝑑𝑡 ]         (2.2) 

 

3- The expected cost of preventive maintenances is 

𝐸(𝐶𝑝𝑚) =  𝐶𝑝𝑚 𝑅(𝑤) (v − 1)       (2.3) 

 

4- The expected cost of replacement at the end of cycle is given by 

𝐸(𝐶𝑅𝐸) =  𝐶𝑅𝐸  𝑅(𝑤)              (2.4) 

 

The expected cost rate following the expiry of free warranty during one cycle is 

given by 

E(C (τ، v)free) =
E(Cw−f)+E(𝐶𝑚)+E(𝐶𝑝𝑚)+E(𝐶𝑅𝐸)

E(T(τ،v))
                           (2.5) 

where E(T(τ،v)) is the expected cycle length and it is obtained by 
  

E (T(τ،v)) = (𝑤 + v𝜏)𝑅(𝑤) + ∫ 𝑡 𝑓(𝑡)𝑑𝑡
𝑤

0
                                            (2.6) 

2.2. Warranty cost model for the hybrid pro-rata repair policy 

In the hybrid pro-rata repair warranty model all expected costs will be the same as 

in the hybrid free repair warranty model except the first cost which is given by 

 

𝐸[𝐶𝑤−𝑝𝑟] =  ∫ 𝐶0 
𝑤

0
(1 −

𝑡

𝑤
) ℎ(𝑡)𝑑𝑡                                            (2.7) 

 

3. Generalized Distribution for Hybrid Warranty Model 
 

3.1. Generalized distribution for free repair warranty model 

 

One can find the expected costs for the hybrid free repair warranty model when the 

failure time follows a generalized exponential distribution by making use of 

equations (2.1) – (2.6) as follows: 
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1- The expected cost of replacement during the warranty period is  

 

𝐸[𝐶𝑤−𝑓] =  ∫ 𝐶0   
λα (1 − 𝑒−𝜆𝑡)𝛼−1𝑒−𝜆𝑡

1 − (1 − 𝑒−𝜆𝑡)𝛼
𝑑𝑡  

𝑤

0

 

= −𝐶0 ln (1 − (1 − 𝑒−𝜆𝑤)𝛼)                                   (3.1)    

 

2- The expected cost of minimal repairs between preventive maintenance is 

𝐸(𝐶𝑚) =  𝐶𝑚 𝑅(𝑤)[ ∑ ∫ (𝑘(ℎ(𝑤 + 𝜏) − ℎ(𝑤)) + ℎ(𝑡 − 𝑘𝜏)) 𝑑𝑡 ]  

𝑤+(𝑘+1)𝜏

𝑤+𝑘𝜏

v−1

𝑘=0

 

= 𝐶𝑚(1 − (1 − 𝑒−𝜆𝑡)
𝛼

) [ ∑ (𝑘𝑡(Ө1 − Ө2) +𝑣−1
𝑘=0 Ө3)                                (3.2)    

 

where 

 

Ө1 = 
λα (1−𝑒−𝜆(𝑤+𝜏))𝛼−1𝑒−𝜆(𝑤+𝜏)

1−(1−𝑒−𝜆(𝑤+𝜏))𝛼  

Ө2 =
λα (1 − 𝑒−𝜆(𝑤))𝛼−1𝑒−𝜆(𝑤)

1 − (1 − 𝑒−𝜆(𝑤))𝛼
 

Ө3 = ∫  
λα (1−𝑒−𝜆(𝑡−𝑘𝜏))

𝛼−1
𝑒−𝜆(𝑡−𝑘𝜏)

1−(1−𝑒−𝜆(𝑡−𝑘𝜏))
𝛼 𝑑𝑡

𝑤+(𝑘+1)𝜏

𝑤+𝑘𝜏
  

 

3- The expected cost of preventive maintenances is 

 𝐸(𝐶𝑝𝑚) =  𝐶𝑝𝑚( 1 − (1 − 𝑒−𝜆𝑤)
𝛼

)(v − 1)                            (3.3)    

 

4- The expected cost of replacement at the end of cycle is given by 

 

E(𝐶𝑅𝐸) =  𝐶𝑅𝐸(1 − (1 − 𝑒−𝜆𝑤)
𝛼

) .                                        (3.4)    

 

The expected cycle length is given by  

E (𝑇(τ،v)) = (𝑤 + v𝜏)( 1 − (1 − 𝑒−𝜆𝑤)
𝛼

) + λα ∫ 𝑡  (1 − 𝑒−𝜆𝑡)𝛼−1𝑒−𝜆𝑡  𝑑𝑡
𝑤

0
    

(3.5)    

 

The expected cost rate following the expiry of free warranty during one cycle can 

be obtained by substituting Equations (3.1) – (3.5) in Equation (2.5)  

 

3.2. Generalized distribution for pro-rata repair warranty model 

 

The expected costs can be derived for the hybrid pro-rata repair warranty model 

when failure times follow the generalized exponential distribution as follows: 

The total expected cost under pro-rata warranty is 

 



 

270                                                                                            Essam A. Ahmed et al.  
 

 

𝐸[𝐶𝑤−𝑝𝑟] =  ∫ 𝐶0 

𝑤

0

(1 −
𝑡

𝑤
) ℎ(𝑡)𝑑𝑡 

                     = ∫ 𝐶0 (1 −
𝑡

𝑤
)   

λα (1−𝑒−𝜆𝑡)
𝛼−1

𝑒−𝜆𝑡

1−(1−𝑒−𝜆𝑡)
𝛼  𝑑𝑡   

𝑤

0
 

                    = 𝐶0[− ln(1 − (1 − 𝑒−𝜆𝑤)
𝛼

) − ∫  
𝑡

𝑤
  

λα (1−𝑒−𝜆𝑡)
𝛼−1

𝑒−𝜆𝑡

1−(1−𝑒−𝜆𝑡)
𝛼  𝑑𝑡   

𝑤

0
                              

                                                                                                                            (3.6) 

 

The expected cost rate following the expiry of pro-rata warranty during one cycle 

is given by 

 

E(C (τ، v)pro−rata) =
E(Cw−pr)+E(𝐶𝑚)+E(𝐶𝑝𝑚)+E(𝐶𝑅𝐸)

E(T(τ،v))
 .                           (3.7) 

 

Substituting equation (3.2) – (3.6) in equation (3.7) we obtain the expected cost rate 

following the expiry of pro-rata warranty during one cycle for the generalized 

exponential distribution. 

 

4. Simulation Model 
 

Simulation models in warranty cost analysis are very importance since they 

estimate warranty costs in situation that usually cannot adequately be investigated 

practically. Another use of the simulation model would be to investigate the 

behavior of very long-lived items or any others for which it is difficult to collect 

sufficient actual data. In this Section we conduct a simulation study for the previous 

models when the failure time follows a generalized exponential distribution. 

 

The inputs to the model are the parameters’ values of the generalized exponential 

distribution parameters, α, λ, the lengths of the warranty period, 𝑤, the number of 

preventive maintenances, v, preventive maintenance period, 𝜏, unit cost of 

replacement during warranty period, 𝐶0, unit cost of minimal repairs between 

preventive maintenances, 𝐶𝑚, unit cost of preventive maintenances, 𝐶𝑝𝑚, unit cost 

of replacement at the end of the cycle, 𝐶𝑅𝐸. The outputs of the simulation model for 

free repair policy are the expected cost of replacement during the warranty period, 

𝐸(𝐶w−f), expected cost of minimal repairs between preventive maintenances, 

𝐸(𝐶𝑚), expected cost of preventive maintenances, 𝐸(𝐶𝑝𝑚), expected cost of 

replacement at the end of the cycle, 𝐸(𝐶𝑅𝐸) and the total of all previous costs. The 

outputs of the simulation model for pro-rata repair policy are the same as for the 

free repair policy except the first cost which will be the expected cost of 

replacement during the warranty period, 𝐸(𝐶w−pr). To measure the performance of 

the simulation we used the Absolute Percentage Error (APE) to compare between 

the simulated and theoretical results.  APE is calculated as follows: 
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Absolute Percentage Error (APE) =
𝑇𝑟𝑢𝑒 𝑣𝑎𝑙𝑢𝑒 − 𝑆𝑖𝑚𝑢𝑙𝑎𝑡𝑒𝑑 𝑣𝑎𝑙𝑢𝑡𝑒𝑑

𝑇𝑟𝑢𝑒 𝑣𝑎𝑙𝑢𝑒
× 100 

The symbolic software Mathematica is utilized to implement the simulation model. 

Subsection 4.1 and 4.2 presents the simulation model for the hybrid free warranty 

model and hybrid pro-rata warranty model. 

 

4.1. Simulation model for the hybrid free warranty model 

 

The following steps are employed to implement the simulation model: 

1- Generate random numbers following the generalized exponential 

distribution. 

2- Compare between the warranty period for product and the generated 

numbers. Accordingly, if these generated random numbers are less than the 

warranty period then the product is replaced.  

3- Generate new random numbers following the generalized exponential 

distribution for replaced units. 

4- If the product exceeds the prescribed warranty period, the product is subject 

to periodic maintenance, which is done at equal intervals. Therefore, the 

following formula is used to generate lives for those units using the 

following method of inverse cumulative hazard function (Nembe [15]): 

𝑡 = 𝐻−1 (−𝐿𝑜𝑔(𝑢)) 

where 𝑢 is uniform random variate with interval 0 and 1.  The hazard 

function for a unit after preventive maintenance is given by 

ℎ𝑝𝑚(𝑡)

= {
ℎ(𝑡)                                𝑤 ≤ 𝑡 ≤ 𝑤 + 𝜏

𝑘[ℎ(𝑤 + 𝜏) − ℎ(𝑤)] + ℎ(𝑡 − 𝑘𝜏)      𝑤 + 𝑘𝜏 ≤ 𝑡 ≤ 𝑤 + (𝑘 + 1)𝜏, 𝑘 = 1,2, …
 

 

The cumulative hazard function of the generalized exponential distributions was 

obtained after periodic maintenance is as follows 

∑ 𝑘(𝑡 − 𝑤)(𝐿
𝑘=0

λα (1−𝑒−𝜆(𝑤+𝜏))
𝛼−1

𝑒−𝜆(𝑤+𝜏)

1−(1−𝑒−𝜆(𝑤+𝜏))
𝛼 −

λα (1−𝑒−𝜆𝑤)
𝛼−1

𝑒−𝜆𝑤

1−(1−𝑒−𝜆𝑤)
𝛼 )  

+ln[1 −  (1 − 𝑒−𝜆(𝑡−𝑘𝜏))
𝛼

] + ln[1 − (1 − 𝑒−𝜆(𝑤−𝑘𝜏))
𝛼

 

 

where L is number of periodic preventive maintenances and L = 1,2, … v − 1 and 

ln is the natural logarithm function. 

5- After v times of periodic preventive maintenances, the product is replaced. 

6- Repeat R times, 1000 in our simulation model. 

 

Figure 4.1 gives graphical illustration for steps of the simulation model when v =
2, 𝑤 = 1 and 𝜏 = 0.5. Tables 4.1 and 4.2 give simulation results for the hybrid free 

warranty model for 𝑐𝑅𝐸 = 200,  𝐶𝑂 = 20, 𝑐𝑝𝑚 = 15,  𝑐m = 10, τ = 0.5, v = 2.  

The simulation program was then run at different parameters settings. Namely, the  



 

272                                                                                            Essam A. Ahmed et al.  
 

 

parameter values utilized in the simulation are 𝛼 = 1.5, 3 𝑎𝑛𝑑 5, and 𝜆 =
0.6, 0.9 𝑎𝑛𝑑 1. Other settings are warranty period, 𝑤 = 0.5, 1, sample size 𝑛 =
20, 50, 𝑎𝑛𝑑 90. As a means of validating the simulation model, the mathematical 

models given in equations (2.5) were used to calculate true expected costs for 

selected sets of parameter values. The difference is measured by the Absolute 

Percentage Error (APE). It can be noticed that most of APE values are around zero 

and one. In addition, the highest value of APE is 1.4% for 𝑛 = 20, while for 𝑛 =
90 it is 1.3%. That is, APE decreases when sample size increase as expected. 

 

Figure 4.1: Graphical illustration for simulation model for the hybrid free 

warranty model when v = 2, 𝑤 = 1 and 𝜏 = 0.5. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 4.1: Simulation results for warranty cost model under the hybrid free 

warranty model 
α λ W Analytical solution  Simulation model when   n=20 

𝑬(𝑪𝐰−𝐟) 𝑬(𝑪𝐦) 𝑬(𝑪𝒑𝒎)  𝑬(𝑪𝑹𝑬) Total 

costs 

𝑬(𝑪𝐰−𝐟) 𝑬(𝑪𝐦) 𝑬(𝑪𝒑𝒎)  𝑬(𝑪𝑹𝑬) Total 

costs 

APE 

1.5 0.6 0.5 2.789 3.971 13.020 173.61 193.39 3.078 3.091 13.018 173.579 192.77 0.322 

1 7.017 3.368 10.454 139.387 160.23 8.647 3.58 10.506 140.041 162.60 1.483 

3 0.6 0.5 0.344 2.071 14.738 196.518 213.67 0.368 1.323 14.5 196.546 212.74 0.438 

1 1.859 2.759 13.622 181.63 199.87 2.102 2.030 13.634 181.793 199.56 0.156 

5 0.6 0.5 0.229 0.614 14.982 199.766 215.39 0.027 0.409 14.980 199.743 215.16 0.105 

1 0.363 1.467 14.719 196.26 212.81 0.405 0.953 14.715 196.213 212.29 0.246 

1.5 0.9 0.5 4.850 5.852 11.727 156.372 178.80 5.556 4.946 11.767 156.899 179.17 0.205 

1 11.876 4.198 8.142 108.571 132.79 7.805 4.838 8.450 112.674 133.77 0.737 

3 0.9 0.5 0.957 4.484 14.286 190.483 210.21 1.067 2.869 14.253 190.052 208.24 0.937 
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Table 4.1: (Continued): Simulation results for warranty cost model under the 

hybrid free warranty model 

 
  1 4.529 4.787 11.865 158.204 179.39 5.262 3.952 11.996 158.959 181.71 1.296 

5 0.9 0.5 0.123 2.233 14.906 198.75 216.01 0.128 1.33 14.905 198.734 215.10 0.422 

1 1.470 3.899 13.896 185.281 204.55 1.607 2.672 13.937 185.832 204.05 0.244 

1.5 1 0.5 5.587 6.383 11.297 150.638 173.91 6.496 5.497 11.352 151.364 174.71 0.462 

1 13.577 4.331 7.461 99.485 124.86 9.173 5.35 7.753 103.385 125.66 0.647 

3 1 0.5 1.234 5.352 14.086 187.817 208.49 1.329 3.445 14.106 188.088 206.97 0.730 

1 5.626 5.319 1.211 149.484 171.64 6.641 4.579 11.291 150.556 173.07 0.831 

5 1 0.5 0.185 2.999 14.858 198.114 216.16 0.190 1.743 14.861 198.148 214.94 0.562 

1 2.047 4.759 13.486 179.815 200.11 2.280 3.384 13.489 179.861 199.02 0.546 

 

 
Table 4.2: Simulation results for warranty cost model under the hybrid free 

warranty model 

 
α λ W Simulation model when n=50  Simulation model when n=90 

𝑬(𝑪𝐰−𝐟) 𝑬(𝑪𝐦) 𝑬(𝑪𝒑𝒎)  𝑬(𝑪𝑹𝑬) Total 

costs 

APE 𝑬(𝑪𝐰−𝐟) 𝑬(𝑪𝐦) 𝑬(𝑪𝒑𝒎)  𝑬(𝑪𝑹𝑬) Total 

costs 

APE 

1.5 0.6 0.5 3.057 3.095 13.046 173.956 193.16 0.122 3.00 3.084 13.058 173.117 193.26 0.066 

1 8.656 3.345 10.504 140.064 162.57 1.462 8.544 3.360 10.488 139.847 162.39 1.352 

3 0.6 0.5 0.353 1.283 14.744 196.596 212.98 0.326 0.342 1.313 14.750 196.67 213.08 0.279 

1 2.025 2.050 13.647 181.964 199.68 0.095 1.986 2.023 13.659 182.12 199.79 0.042 

5 0.6 0.5 0.025 0.411 14.981 199.753 215.17 0.100 0.022 0.393 14.983 199.774 215.17 0.099 

1 0.386 0.976 14.721 196.284 212.37 0.208 0.38 0.975 14.723 196.309 212.39 0.199 

1.5 0.9 0.5 5.580 4.884 11.756 156.757 178.98 0.098 5.594 4.948 11.749 156.657 178.95 0.082 

1 7.832 4.984 8.417 112.229 133.46 0.508 7.857 4.952 8.403 112.041 133.25 0.350 

3 0.9 0.5 1.013 2.860 14.283 190.451 208.61 0.763 1.010 2.879 14.307 190.766 208.97 0.591 

1 5.304 4 11.903 158.707 179.92 0.295 5.307 3.947 11.881 158.419 179.56 0.095 

5 0.9 0.5 0.126 1.291 14.911 198.814 215.14 0.403 0.126 1.36 14.907 198.769 215.17 0.392 

1 1.582 2.648 13.945 185.943 204.12 0.210 1.552 2.652 13.963 186.183 204.35 0.096 
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Table 4.2: (Continued): Simulation results for warranty cost model under the 

hybrid free warranty model 

 
1.5 1 0.5 6.552 5.500 11.326 151.026 174.41 0.287 6.632 5.532 11.293 150.573 174.04 0.075 

1 9.240 5.337 7.748 103.315 125.64 0.630 9.251 5.336 7.727 103.034 125.35 0.396 

3 1 0.5 1.303 3.412 14.128 188.385 207.23 0.605 1.257 3.401 14.154 188.724 207.54 0.458 

1 6.733 4.559 11.274 150.32 172.89 0.726 6.755 4.598 11.266 150.217 172.84 0.696 

5 1 0.5 0.188 1.809 14.866 198.222 215.09 0.496 0.188 1.809 14.866 198.222 215.09 0.082 

1 2.351 3.349 13.492 179.899 199.09 0.508 2.246 3.352 13.510 180.135 199.24 0.432 

 
4.2. Simulation model for the hybrid pro-rata warranty model 

The same steps of the previous model are followed except that the repair cost is a 

percentage of the product's life at the time of failure. Tables 4.3 and 4.4 give 

simulation results for the hybrid pro-rata warranty model for 𝑐𝑅𝐸 = 200,  𝐶𝑂 = 20,
𝑐𝑝𝑚 = 15,  𝑐m = 10, τ = 0.5, v = 2.  It can be noticed that most of APE values 

are around zero and one. In addition, the highest value of APE is 2% for 𝑛 = 20, 

while for 𝑛 = 90 it is 1.5%. That is, APE decreases when sample size increase as 

expected.  

 

Table 4.3: Simulation results for warranty cost model under the hybrid pro-rata 

warranty model 
α λ W Analytical solution  Simulation model when n=20  

𝑬(𝑪𝐰−𝐩𝐫) 𝑬(𝑪𝐦) 𝑬(𝑪𝒑𝒎)  𝑬(𝑪𝑹𝑬) Total 

costs 

𝑬(𝑪𝐰−𝐩𝐫) 𝑬(𝑪𝐦) 𝑬(𝑪𝒑𝒎)  𝑬(𝑪𝑹𝑬) Total 

costs 

APE 

1.5 0.6 0.5 1.162 3.971 13.020 173.61 191.77 1.302 3.086 13.021 173.623 191.03 0.382 

1 3.00 3.368 10.454 139.387 156.21 3.903 3.330 10.508 140.115 157.86 1.052 

3 0.6 0.5 0.094 2.071 14.738 196.518 213.42 0.098 1.304 14.747 196.634 212.78 0.299 

1 0.547 2.759 13.622 181.63 198.56 0.613 1.970 13.650 182.007 198.24 0.160 

5 0.6 0.5 0.004 0.614 14.982 199.766 215.37 0.005 0.389 14.981 199.743 215.12 0.116 

1 0.074 1.467 14.719 196.26 212.52 0.082 0.974 14.716 196.218 211.99 0.250 

1.5 0.9 0.5 2.047 5.852 11.727 156.372 176 2.44 4.934 11.789 159.142 176.36 0.203 

1 5.167 4.198 8.142 108.571 126.08 5.534 4.918 8.529 109.728 128.71 2.086 

3 0.9 0.5 0.272 4.484 14.286 190.483 209.53 0.290 2.844 14.312 190.839 208.29 0.591 

1 1.410 4.787 11.865 158.204 176.27 1.718 3.947 11.881 158.419 175.97 0.170 

5 0.9 0.5 0.024 2.233 14.906 198.75 215.91 0.023 1.287 14.911 198.814 215.04 0.407 
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Table 4.3: (Continued): Simulation results for warranty cost model under the 

hybrid pro-rata warranty model 
  1 0.332 3.899 13.896 185.281 203.41 0.360 2.648 13.945 185.943 202.90 0.251 

1.5 1 0.5 2.366 6.383 11.297 150.638 170.69 2.947 5.535 11.293 150.578 170.35 0.195 

1 5.933 4.331 7.461 99.485 117.21 5.263 4.332 7.724 100.998 118.32 0.944 

3 1 0.5 0.354 5.352 14.086 187.817 207.61 0.391 3.437 14.108 188.119 206.06 0.749 

1 1.780 5.319 1.211 149.484 167.80 2.208 4.593 11.305 150.742 168.85 0.629 

5 1 0.5 0.036 2.999 14.858 198.114 216.01 0.039 1.762 14.859 198.126 214.79 0.565 

1 0.475 4.759 13.486 179.815 198.54 0.522 3.425 13.548 180.646 198.14 0.198 

 

Table 4.4: Simulation results for warranty cost model under the hybrid pro-rata 

warranty model 
α λ W Simulation model when n=50  Simulation model when n=90  

𝑬(𝑪𝐰−𝐩𝐫) 𝑬(𝑪𝐦) 𝑬(𝑪𝒑𝒎)  𝑬(𝑪𝑹𝑬) Total 

costs 

APE 𝑬(𝑪𝐰−𝐩𝐫) 𝑬(𝑪𝐦) 𝑬(𝑪𝒑𝒎)  𝑬(𝑪𝑹𝑬) Total 

costs 

APE 

1.5 0.6 0.5 1.296 3.094 13.035 173.806 191.23 0.278 1.293 3.106 13.056 174.091 191.55 0.113 

1 3.902 3.329 10.507 140.103 157.84 1.043 3.933 3.343 10.496 139.954 157.73 0.970 

3 0.6 0.5 0.095 1.293 14.750 196.672 212.81 0.287 0.094 1.298 14.752 196.701 213.85 0.199 

1 0.603 2.02 13.649 181.991 198.27 0.148 0.587 2.030 13.654 182.057 198.33 0.116 

5 0.6 0.5 0.004 0.392 14.983 199.777 215.16 0.098 0.003 0.406 14.986 199.815 215.21 0.072 

1 0.075 0.971 14.73 196.4 212.18 0.163 0.076 0.968 14.733 196.443 212.22 0.142 

1.5 0.9 0.5 2.443 4.883 11.774 156.992 176.09 0.053 2.440 4.902 11.769 156.921 176.03 0.019 

1 5.726 5.071 8.479 109.056 128.33 1.787 5.660 4.954 8.475 109.004 128.09 1.597 

3 0.9 0.5 0.283 2.863 14.293 190.586 208.03 0.715 0.290 2.862 14.297 190.629 208.07 0.695 

1 1.697 3.979 11.897 158.635 176.21 0.032 1.688 4 11.903 158.707 176.30 0.018 

5 0.9 0.5 0.253 1.349 14.906 198.754 215.04 0.407 0.25 1.33 14.908 198.781 215.05 0.402 

1 0.342 2.652 13.963 186.183 203.14 0.131 0.345 2.665 13.970 186.276 203.26 0.074 

1.5 1 0.5 2.872 5.502 11.342 151.236 170.95 0.157 2.915 5.517 11.327 151.031 170.79 0.063 

1 5.278 4.314 7.734 100.482 117.48 0.230 5.225 2.393 7.737 102.169 117.52 0.266 

3 1 0.5 0.374 3.414 14.128 188.375 206.29 0.635 0.362 3.433 14.147 188.627 206.57 0.501 

1 2.224 4.625 11.282 150.436 168.57 0.464 2.251 4.634 11.256 150.111 168.26 0.274 

5 1 0.5 0.037 1.743 14.863 198.175 214.82 0.551 0.034 1.788 14.862 198.167 214.85 0.535 

1 0.525 3.33 13.565 180.868 198.29 0.124 0.511 3.371 13.567 180.905 198.36 0.091 
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4.3. Conclusions 

From tables 4.1- 4.2, the following conclusions can be drawn for the relationships 

between the parameters and the expected warranty cost under free-repair hybrid 

model: 

1- Increasing the shape parameter (α) leads to a decrease in expected minimal free 

warranty cost. That is there is an inverse relationship between the shape parameter 

and expected minimal free warranty cost 

2- Increasing the scale parameter (λ) leads to an increase in expected minimal free 

warranty cost. In other words, there is a direct relationship between the scale 

parameter and expected minimal free warranty cost 

3- Increasing the warranty period (w) leads to an increase in expected minimal free 

warranty cost. This means the longer the period warranty the higher the expected 

minimal free warranty cost 

The previous relationships between the parameters and the expected warranty cost 

for hybrid free minimal repair model holds for hybrid pro-rate minimal repair 

model. 
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