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Abstract

In this paper, we propose a jump-diffusion model with lognormal
jump, and combine with Lee-Mykland method to identify jump, and
use the maximum likelihood estimation method to estimate parameters,
thus forming a new combination method. We use the historical data of
the S&P500 index from 1 January 2016 to 30 December 2016 to do
empirical analysis. We also illustrate the stability of the S&P500 index
by comparing Chinese and American stocks. The results show that the
method can recognize the jump efficiently and estimate the parameters
accurately.

Keywords: Lognormal jump-diffusion model; Lee-Mykland method; Pa-
rameter estimation

1 Introduction

As the cornerstone of option pricing, the Black-Scholes[1] model gives a sim-
ple and easy to understand option pricing under certain assumptions, and the
option pricing formula is widely used. Black-Scholes propose to use the dif-
fusion model to describe stock prices, but due to the existence of ”volatility
smile”, there is insufficient description of the characteristics of sharp peak and
thick tail of prices. When important information arrives in the market, the
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stock price of the market may undergo an intermittent ”jump” process. In the
real market, the underlying asset experience an ”abnormal” vibration. After
that, Merton[2] introduce jump to describe the intermittent fluctuation caused
by price fluctuation and form an important branch, namely jump diffusion
model. To jump diffusion model of the research shows that the jump diffu-
sion process description share price movement is better than Brownian motion,
jump diffusion process is gradually being used in option pricing, and exchange
rate, interest rate of mutation, etc[3−4]. Stock price behavior modeling, as a hot
topic in current research, is of decisive significance to asset pricing, portfolio
investment and product design.

In the option pricing model, the estimation method of model parameters
is very important. If the estimation method is not correct, the model risk still
exists even if the model is chosen correctly. Therefore, the estimation method
of model parameters is very important. How to select effective methods to
estimate parameters in the model is a crucial problem. There are several
common methods, The first is the maximum likelihood estimation method[5],
The second method is the moment estimation method[6], for example, the
generalized moment estimation, the effective moment estimation.The third is
to use non-parametric methods[7], and the fourth is to use semi-parametric
methods and re-projection methods[8−9]. This paper studies the parameter
estimation method of logarithmic jump diffusion model by using the method
of jump recognition proposed by Lee-Mykland[10], combined with maximum
likelihood estimation[5].

The rest of the article is organized as follows, Section 2 shows how to use
the LM method to identify jumps. Section 3 proposes the theoretical model
and estimates the parameters of the model. Section 4 uses S&P500 index to
conduct empirical analysis on the model and parameter estimation method.

2 Identification of jump

In this subsection, We use the Lee-Mykland[10] time point test method. It
is can be used to detect whether a rate of return data is subject to a pure
continuous part, thus identifying the jump in the process. The test statistic
L(i) is defined as

L(i) ≡ logS(ti)/S(ti−1)

σ̂(ti)
(2.1)

where

σ̂(ti)
2 ≡ 1

K − 2

i−1∑
j=i−K+2

| logS(tj)/ logS(tj−1)|| logS(tj−1)/S(tj−2)| (2.2)
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Notice that the realized bipower variation is used for the spot variance,
where S(ti) is the stock price at ti. The choice of window size K should
be suitable for the statistical variable L(i) to be valid estimate jump. Lee-
Mykland given K = Op(Mα), and shown that M t→ 0,

max |L(i)| − Cn
Sn

→ Ψ (2.3)

where Ψ has a cumulative distribution function P (Ψ ≤ x) = exp(−e−x), Cn =
(2 logn)0.5

c
− log(π)+log(logn)

2c(2 logn)0.5
and Sn = 1

c(2 logn)0.5
, c =

√
2
π
, n is the sample size and

K is window size.
The jump recognition algorithm of stock price return sequence is given

below.
(1)We calculate the statistic L(i) in (2.1) and (2.2) for the ith rate of return

data.
(2)We choose a significance level of α to calculate threshold value, where

α has a cumulative distribution function P (Ψ ≤ x) = exp(−e−x) = 1− α.

(3)If |L(i)|−Cn

Sn
> β∗, β∗ = − log(− log(1− α)), it is determined that there is

a jump in (ti−1, ti] time period, otherwise there is no jump.
(4) Repeat the above 3 steps for each point until all sample tests are com-

pleted.
In short, the jump sequence is recorded as RJ

t , and the time series data of
the continuous part is separated and denoted as RC

t . Then we estimate the
parameters of the two sequences respectively.

3 Theoretical model and parameter estima-

tion

We employ a one-dimensional asset return process with a fixed complete prob-
ability space(Ω,Ft,P ), where {Ft|t ∈ [0, T ]} is a right-continuous information
filtration for market participants, and P is a data-generating measure. The
continuously compounded return is represented as

dlogS(t) = µdt+ σdWt +
N∑
i=0

Y (t)dJ(t) (3.1)

where W (t) is an Ft-adapted standard Brownian motion. The drift µ and
spot volatility σ are Ft-adapted process, J(t) is a counting process indepen-
dent of W (t), Y (t) is a jump size, which is a predictable process[11], and
lnY (t) ∼ N(θ, δ2), We assume jump size Y (t) are independent of other random
components W (t) and J(t).
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Using the Lee-Mykland jump recognition theory in the previous section,
we can get the jump points in the return series and its moments, and separate
them from the diffusion process to get the jump sequence RJ

t and continuous
sequence RC

t . However, due to the missing jump part of the data in RC
t , it

has a skip point. In order to make continuous sequence data more smooth, we
chose the mean value of 6 moments before and after the jump point to replace
this data, and get the modified diffusion process. The diffusion part of the rate
of return of data obeys the normal distribution, and the modified data is still
the same. we can make a maximum likelihood estimate of the parameters.

3.1 Estimation of jump process parameters

We use the jump recognition method described in this paper to record the
jump sequence as RJ

t . For the Poisson process with intensity λ, the estimation
of its frequency can be estimated by maximum likelihood method[5],

λ̂(ξ1, ξ2, · · ·, ξk) = ξ =
1

n

k∑
i=1

ξi (3.2)

where ξ1, ξ2, · · ·, ξkis the sample number of jump points.

Since lnY (t) ∼ N(θ, δ2), we use the maximum likelihood method[5] to
estimate the parameters of jump size, and get

f(θ, δ2) = (2π)−
k
2 (δ2)−

k
2 exp(−

k∑
i=1

(ln ξi − θ)2

2δ2
)

(3.3)

Therefore,

L(θ, δ2) = ln f(θ, δ2) = −k
2

ln(2π)− k

2
ln(δ2)−

k∑
i=1

(ln ξi − θ)2

2δ2
(3.4)

From the logarithmic likelihood function, we obtain

θ̂ =
1

k

k∑
i=1

lnξi (3.5)

δ̂2 =
1

k

k∑
i=1

(lnξi − θ)2 (3.6)
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3.2 Estimation of diffusion process parameters

We use lee-mykland[10] jump recognition to get a continuous sequence of RC
t .

By modifying the method, we can get the modified continuous sequence of

RC
′

t ,and

RC
′

t =
1

6
(R(t−3) +R(t−2) +R(t−1) +R(t+1) +R(t+2) +R(t+3)) (3.7)

For the lognormal jump-diffusion model, dRC
′

t = µ4 t+σ4W (t). We use
the maximum likelihood estimates to get

µ̂ =
1

n

n∑
i=1

xi = x, σ̂2 =
1

n

n∑
i=1

(xi − x). (3.8)

4 Empirical analysis of S&P500 Index

This paper describes stock price as a diffusion process with lognormal jump.
In order to better estimate the frequency and size of jumps to predict future
prices. We select 252 (n = 252) samples of daily data, We use the method
of this paper to estimate the model parameters and use MATLAB algorithm
implementation. First of all, we need to choose the appropriate window size K,
In order to retain the benefit of bipower variation, the window size K must be
large enough so that the effect of jumps on estimating instantaneous volatility
disappears, but it must obviously be smalller than the number of observations
n. The condition K = Op(Mα) with −1 < α < −0.5 statisfies this requirement.
Therefore, the choice of sampling frequency 4t will determine the window
size. In general, for nobs number of observations per day, 4t = 1

252×nobs . The

integers
√

252× nobs and 252 × nobs are candidates for K. In this paper, we
use daily data for analysis, 4t = 1

252
, and K =Mα, integers between 15.87 and

252 are within the required range. and we choose the window size for one-day
is 16[10].

This paper selects the daily closing prices of S&P500 index from 2016.1.4−
2016.12.30 and use Pt = ln(Pt/Pt−1) to calculate the rate of return. The Lee-
Mykland method is used to identify the jump. From Fig.1, there were a total
of 7 jumps, of which 5 jumped upwards and 2 jumped downwards.
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Figure 1: Recognition diagram of jump points

From (3.2),(3.5) and (3.6), the corresponding parameter estimation results
can be obtained.

λ̂ = 0.0279, θ̂ = 0.0098, δ̂ = 0.0426.

The modified continuous part sequence diagram is obtained by removing
the jump part. Using the maximum likelihood estimation method, the follow-
ing estimation results are obtained.

µ̂ = 4.9976e− 04, σ̂ = 0.0075.

It can be seen that the data simulated by the lognormal jump diffusion model
established in this paper is well matched with the real data distribution.

We compare the results for Shanghai Composite Index and S&P500 index
during one year from 1 January 2016 to 30 December 2016. Date indicates
the time when the jump occurred and µtic and σtic are the mean and standard
deviation of a index tic.

Table 1: The Shanghai composite index compares with the S&P500

Date

Shanghai composite index Feb24 May5 May6 May30 Jun8 Jul26
Aug12 Sep9 Sep23 Nov9 Dec9

µSC =6.7877e-06 σSC =0.0106

Date

S&P500 Jun23 Jun24 Aug5 Sep9 Sep12 Nov7
Dec7

µSP =4.2429e-04 σSP =0.0082

It shows that the frequency of jump occurrences in the S&P500 index is
much less than in the Shanghai composite index. The mean of realized jump



Parameter estimation of lognormal jump-diffusion model 197

sizes of the S&P500 index is samller than that those in the Shanghai composite
index ,The variance of realized jump sizes of the S&P500 index is also samller
than that those in the Shanghai composite index. In summary, the Shanghai
composite index has more frequent jumps than S&P500 index.
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