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Abstract

We describe the structure of these rings R whose corner subrings eRe ∼= (1 −
e)R(1− e) ∼= Zn in the case when either n = 2 or n = 3. This sheds a bit more light

on recent publications of the present author in Bull. Iran. Math. Soc. (2017) and

Internat. Math. Forum (2017).
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1. Introduction and Background

Everywhere in the text of the current paper, all our rings R are assumed to
be associative, containing the identity element 1, which in general differs from
the zero element 0. Our terminology and notations are mainly in agreement
with [6]. For instance, for such a ring R, the letter U(R) will stand for the
unit group of R, J(R) for the Jacobson radical of R, and Id(R) for the set of
idempotents in R. For some arbitrary but a fixed e ∈ Id(R), the subrings eRe
and (1− e)R(1− e) are termed corner subrings of R.

Imitating [7], a ring is called clean if each element is the sum of a unit and
an idempotent, whereas if this unit is 2-torsion, i.e., it is an involution, the
clean ring is called invo-clean in [2]. Besides, a ring is named weakly nil-clean
if every its element is either the sum or the difference of a nilpotent and an
idempotent, while if this weakly nil-clean is reduced, it is also named weakly
boolean.
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In [4] was asked of whether or not R is a weakly nil-clean ring, provided both
eRe and (1 − e)R(1 − e) are weakly boolean. In view of the results obtained
below, as more concrete bearing in mind Theorem 2.1, this is hardly true.

Our motivation in writing up this brief article is to illustrate the majority
of corner subrings of a given ring for its structure. To that goal, we need the
next two notions.

Definition 1.1. An idempotent e of a ring R is said to be symmetric if, for
all f ∈ Id(R), the equality fef = efe holds.

Evidently, the trivial idempotents 0 and 1 are always symmetric.

Definition 1.2. An idempotent e of a ring R is said to be left regular (resp.,
right regular) if, for all f ∈ Id(R), the equality fef = ef (resp., fef = fe)
holds.

Certainly, the standard idempotents 0, 1 are ever both left and right regular.
In the commutative context, left and right regularity amounts one to other as

well as the concepts ”symmetric” and ”regular” coincide, while in the general
case they differ.

2. Main Results and Problems

We begin with the following statement.

Theorem 2.1. Let R be a ring with e ∈ Id(R) such that eRe ∼= (1− e)R(1−
e) ∼= Z3. Then R has characteristic 3 and each its element can be represented
as a sum of two elements y and t, where y and t2 are idempotents, or minus
idempotents, or involutions.

Proof. Since both 3e = 0 and 3(1 − e) = 0, we yield at once that 3 = 0. On
the other hand, the following equality is always fulfilled:

r = ere + (1− e)r(1− e) + (1− e)re + er(1− e).

But by assumptions we have that ere ∈ {e,−e, 0} as well as (1−e)r(1−e) ∈
{1− e, e− 1, 0}. Therefore, the next nine equalities hold:

• r = e + t;

• r = 1− e + t;

• r = −e + t;

• r = e− 1 + t;

• r = 1 + e + t;

• r = −1− e + t;

• r = 1 + t;

• r = −1 + t;

• r = t,
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where y = ±1 or y = ±e or y = ±(1− e) or y = ±(1 + e) or y = 0, and so y
is an involution or an idempotent or minus idempotent, as stated, and where
we also set t = (1− e)re + er(1− e).

Furthermore, one verifies that

t2 = (1− e)rer(1− e) + er(1− e)re = f ∈ eRe + (1− e)R(1− e).

Thus, it is obvious that tf = t3 = ft but te = (1 − e)re 6= er(1 − e) = et.
Moreover, one checks that the following nine equalities are valid:

• t2 = e;

• t2 = −e;
• t2 = 1− e;

• t2 = −(1− e);

• t2 = 0,

or

• t2 = 1;

• t2 = −1;

• t2 = 1 + e;

• t2 = −(1 + e).

Finally, it is readily seen that the elements from point one to point five are
either idempotents or minus idempotent, whereas from point six to point nine
the elements are involutions taking into account that (1 + e)2 = (−1 − e)2 =
1 + 3e = 1 as 3 = 0 in R, as required. �

In [5] was shown for an arbitrary idempotent e of a ring R that if eRe and
(1− e)R(1− e) are both clean rings, then R is also clean itself. We are now in
a position to extend this to the following assertion.

Proposition 2.2. If R is a ring with an idempotent e such that both eRe and
(1− e)R(1− e) are boolean rings, then R is an invo-clean ring.

Proof. Since 2e = 0 = 2(1−e), it follows at once that 2 = 0 in R. Furthermore,
by what we have proved in [3] or [4], any element r ∈ R can be written as r =
h+ t, where h2 = h and t2 = 0. Thus, one represents that r = (h+1)+(1+ t),
and easily checks that (h + 1)2 = h2 + 1 = h + 1 and (1 + t)2 = 1 + t2 = 1, as
needed. �

The next affirmation contrasts the counterexample in [8], where a clean ring
R was constructed for which eRe is, however, not clean.

Lemma 2.3. Suppose that R is a clean ring with either a symmetric or left
(resp., right) regular idempotent e such that the identity U(eRe) = eU(R)e
holds. Then eRe is also a clean ring.
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Proof. Take x = ere ∈ eRe for some r ∈ R, and thus we write r = u + f
for some u ∈ U(R) and f ∈ Id(R). Therefore, x = e(u + f)e = eue + efe.
Observing that eue ∈ eU(R)e = U(eRe) and that (efe)2 = e(fef)e = efe ∈
Id(eRe), because in either case it must be that fef = efe or fef = ef (resp.,
fef = fe), we are set. �

We end our work with the following two questions of interest.

Problem 2.4. If e ∈ Id(R) and eRe ∼= (1 − e)R(1 − e) ∼= Zn for some n ∈ N,
what can say about the structure of R. Is it true that each element of R is the
sum of an n-torsion unit and an idempotent?

By analogy with the well-known equality J(eRe) = eJ(R)e, which holds for
any e ∈ Id(R), one can state:

Problem 2.5. Let e ∈ Id(R). Describe those rings R for which the equality
U(eRe) = eU(R)e is valid.

Clearly, the inclusion U(eRe) ⊆ eU(R)e is fulfilled, because for any eRe ∈
U(eRe) it must be that ere + 1 − e ∈ U(R) with the inverse eae + 1 − e for
some eae ∈ U(eRe) and ere = e(ere + 1− e)e ∈ eU(R)e, as required.

Moreover, the so-called JU rings, that are rings R for which U(R) = 1+J(R)
(see, e.g., [1]), satisfy the desired relation. In fact, eU(R)e = e(1 + J(R))e =
e + eJ(R)e = e + J(eRe) ⊆ U(eRe) which, by what we have shown above,
gives the desired equality.
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