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Abstract

In this paper, we investigate the hydromagnetic unsteady flow and heat transfer
characteristics of a viscous, electrically conducting, incompressible fluid flowing past
an infinite porous plate subjected to convective surface boundary conditions in the
presence of a strong magnetic field. The coupled non-linear partial differential
equations for continuity, momentum and energy balance governing the problem
are solved numerically using finite difference explicit scheme. The effects thermo-
physical parameters such as Hall currents parameter, ion-slip parameter, magnetic
interraction parameter, Grashof number, modified Grashof number, suction velocity
and time on the flow fields of the fluid in the presence of cooling and heating of
the plate by free convection currents are examined and discussed graphically. The
solution of this research is useful to mathematicians, scientists and engineers since it
serves as a prototype for practical propulsion type problems, for example generation
of increased propulsion force in ship and a very useful source of information for
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researchers on the subject of hydromagnetic stokes free convection fluid flows in
porous media.

Mathematics Subject Classification: 76W05
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Nomenclature

Symbol Quantity
B0 Magnetic field vector, [wm−2]

Bi Convective heat exchange parameter
C Dimensionless concentration of injected materials
C∞ Free stream concentration, [kg/m3]
Cw Concentration of injected materials, [kg/m3]
d Electric displacement vector, [cm−2]
D Diffusion coefficient, [m2/s]
Ec Eckert number
E Electric field intensity, [vm−1]
fB Body force per unit charge, [N/kg]
Fe Electromagnetic force, [N]
g Acceleration due to gravity, [ms−2]
Gr Grashof number
Gc Modified Grashof number
M Magnetic parameter
hf Heat transfer coefficient,
J Current density,[Am−2]
k Thermal conductivity, [wm−1k−1]
P Pressure of fluid, [pa]
Pr Prandtl number
Q Internal heat generation, [wm−3]
Sc Schmidt number
T Dimensionless temperatures
t Dimensionless time
t1 Dimensional time, [s]
T∞ Free stream temperature, [k]
Tf Hot fluid temperature, [k]
v Velocity vector, [ms−2]
U Velocity of the plate, [m/s]
u0 Dimensionless suction velocity
v∗0 Dimensional suction velocity, [m/s]
x1, y1 Dimensional cartesian coordinates, [m]
u1, v1 Dimensional velocity components of v along x and y direction, [ms−1]
Z Complex velocity
Z Complex conjugate of Z
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Greek symbols
θ Dimensionless temperature of the fluid
ωe Cyclotron frequency, [Hz]
τe Electron collision time,[s]
τ Shear stress, [m2/s]
µ Dynamic viscosity
ρ Density of the fluid, [kg/m3]
σ Electric conductivity, [Ω−1m−1]
βm Hall current parameter
βn Ion-slip parameter
βT Coefficient of volumetric expansion due to temperature
Abbreviation
MHD Magnetohydrodynamics

1. Introduction
The study of magnetohydrodynamics(MHD) heat and mass transfer over a flat surface is
of considerable importance because of its many practical applications in a broad spectrum
of enginneering systems such as the design of heat exchangers, electromagnetic pumps,
MHD generators, space vehicle propulsion etc. Alvén [1] studied magnetohydrodynamics.
He described astrophysical phenomena as an independent discipline Aziz [2] studied the
Blasius flow over a flat plate with a convective thermal boundary condition and established
the condition which the convective heat transfer coefficient must meet for a similarity type
solution to exist. Ram studied laminar flow of an electrically conducting fluid through a
channel in the presence of a transverse magnetic field under the influence of a periodic
pressure gradient and solved the resulting differential equations by the method of Laplace
transform. Bataller [8] studied the boundary layer flow over a convectively heated flat
plate with a radiation term in the energy equation. Rajeswari investigated the effect
of chemical reaction, heat and mass transfer on non-linear MHD boundary layer flow
through a stationary vertical porous surface in the presence of suction with power law
surface temperature and concentration. Elbashbeshy [3] studied MHD heat and mass
transfer problem a long a vertical plate under the combined bouyancy effects of thermal
and species diffusion. Shercliff studied the steady motion of an electrically conduction
fluid in pipes under transverse magnetic fields. Ghally [6] investigated the effects chemical
reactions, heat and mass transfer on laminar flow along a semi-infinite horizontal plate
with temperature dependent viscosity. The effects of thermal radiation on heat and
mass transfer flow of a variable viscosity fluid past a vertical porous plate permeated by a
transverse magnetic field was reported by Makinde. A comprehensive account of the body
layer flow over a vertical flat plate embedded in a porous medium can be found in the work
of Pop [4]. Sounddalgekar [5] investigated the problem of free convection effects on Stokes
problem for a vertical plate with transverse applied magnetic field. They considered fluid
being withdrawn through both walls of the channel at the rate. Makinde studied the flow
of liquid film with variable viscosity along an inclined heated plate. The purpose of this
paper is to investigate the MHD heat and mass transfer over an infinite non-porous plate
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Figure 1: Flow configuration with the coordinate system

subjected to constant heat flux with the consideration of ion-slip current and convective
heat exchange at the plate. The results which are obtained in this research will not
only provide useful information for realistic engineering applications, but also serve as a
complement to the previous studies for researchers on the subject of MHD flows in porous
media.

2. Mathematical Analysis
We consider unsteady MHD fluid flow for an infinite horizontal porous plate for an an
incompressible viscous fluid taking into account ion-slip current and constant heat flux.
The x1-axis is taken along the plate in the horizontal direction and the y1-axis is taken
along the direction of magnetic field (figure 1 above). A uniform transverse magnetic field
B0 is imposed along y1 axis and the plate is taken to be electrically non-conducting. At
a time t1 > 0, the plate starts moving impulsively in its own plane with velocity U and
there is constant supply of heat to the plate. A second material(chemical species) exists
or is injected in the main flow. Since the plate is infinite in extent, the physical variables
are functions of y1 and t1 only. The density of the fluid is taken be constant. In the
presence of strong magnetic fields, the ion-slip and hall currents significantly affect the
flow. Our study considers a model a model equation governing the flow of the fluid of the
form

1

ρ
[
∂V

∂t1
+ (∇ ·V)V] = −∇P + µ∇2V + gβT (T − T∞) + gβc(C1 − C∞) + J×B(1)

ρCp[
∂T

∂t1
+ (V · ∇)T ] = K∇2T +Q+ µφ+

J2

σ
(2)
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∂C

∂t1
+ (v · ∇)C = D∇2C (3)

Under the usual Boussinesq and Oberbeck approximations, and considering that heat
transfer can reasonably cause significant changes in the transport proportions in an in-
compressible viscous fluid flow, the above set of equations(1) to (3) reduces to:

∂u1
∂t1
− v∗0

∂u1
∂y1

= gβT (T − T∞) +
µ

ρ

∂2u1
∂y21

+
By1

ρ
Jz1 (4)

∂w1

∂t1
− v∗0

∂w1

∂y1
=

µ

ρ

∂2w1

∂y21
− By1

ρ
Jx1 (5)

∂T

∂t1
− v∗0

∂T

∂y1
=

k

ρcp

∂2T

∂y21
+

µ

ρcp
[(
∂u1
∂y1

)2 + (
∂w1

∂y1
)2] +

Q

ρcp
(6)

∂C1

∂t1
− v∗0

∂C1

∂y1
= D

∂2C1

∂y21
(7)

We apply Fourier’s law of heat conduction.

∂T

∂y1
= − q

k
(8)

qHeat flux vector For simplicity, internal heat generation in the system is assumed to be
given as qν

kU
Q

We apply the following initial and boundary conditions.
For t1 ≤ 0 :

u1(y1, t1) = 0, w1(y1, t1) = 0 (9)

T (y1, t1) = T∞, C1(y1, t1) = C∞ (10)

For t1 > 0 :

u1(0, t1) = U,w1(0, t1) = 0,
∂T

∂y1
= − q

k
, C1(0, t1) = Cw1 (11)

u1(∞, t1) = 0, w1(∞, t1) = 0, T (∞, t1) = T∞, C1(∞, t1) = C∞ (12)

Considering the effects of ion-slip, the generalized Ohm’s law is given as

J = σ(E + V ×B)− ωeτe
B0

(J ×B)− ωeτeβn
B2

0

[(J ×B)×B] (13)

where B, E, V, J, σ, ωe, τe, βn are respectively the magnetic field vector, the electric field
vector, (E = [Ex1 , Ey1 , Ez1 ]), the fluid velocity (V = [u1, v1, w1]), the current density
vector, the conductivity of the fluid, the cyclotron frequency, the electron collision time
and the ion-slip parameter. For partially ionized fluids, the magnetic Reynolds number
may be neglected since the induced magnetic field is negligible in comparison to the applied
magnetic field but the effects of viscous dissipation in the fluid is taken into account. For
a short circuit problem, the induced magnetic fields are neglected and the electric field
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vector along x1-axis and z1-directions respectively are constant everywhere in the flow.
In view of the above assumptions, equation (13) can be expressed into components form
along the x1 and z1 directions only since Jy1 = 0. Therefore equating the x1 and z1
components of equation (13) and then solving for the current densities Jx1 and Jz1 , we
have

Jx1 =
σ{(1 + βmβn)(Ex1 −B0w1) + βm(Ez1 +B0u1)}

(1 + βmβn)2 + β2
m

(14)

Jz1 =
σ{(1 + βmβn)(Ez1 +B0u1)− βm(Ex1 −B0w1)}

(1 + βmβn)2 + β2
m

(15)

where βm = ωeτe is the hall current parameter. Substituting equations (14) and (15) into
equations (4) and (5) we have

∂u1
∂t1
− v∗0

∂u1
∂y1

= gβT (T − T∞) +
µ

ρ

∂2u1
∂y21

−

σB0{(1 + βmβn)(Ez1 +B0u1)− βm(Ex1 −B0w1)}
ρ[(1 + βmβn)2 + β2

m]
(16)

∂w1

∂t
− v∗0

∂w1

∂y1
=

µ

ρ

∂2w1

∂y21
− σB0{(1 + βmβn)(Ex1 −B0w1) + βe(Ez1 +B0u1)}

ρ[(1 + βmβn)2 + β2
m]

(17)

The electric field vector Ez1 along the z1- axis produces force equivalent to−B0U according
to the usual Fleming’s law of electromagnetic induction, where U is the plate velocity.
The effect of electric field vector Ex1 on the flow is infinitesimal and so Ex1 ≈ 0. Equation
(16) and (17) are therefore reduced to equations (18) and (19) respectively, and together
with equation (6) and (7), we have

∂u1
∂t1
− v∗0

∂u1
∂y1

= gβT (T − T∞) + ν
∂2u1
∂y21

−

σB2
0{(1 + βmβn)(u1 − U) + βmw1}

ρ[(1 + βmβn)2 + β2
m]

(18)

∂w1

∂t1
− v∗0

∂w1

∂y1
= ν

∂2w1

∂y21
− σB2

0{(1 + βmβn)w1 − βm(u1 − U)}
ρ[(1 + βmβn)2 + β2

m]
(19)

∂T

∂t1
− v∗0

∂T

∂y1
=

k

ρcp

∂2T

∂y21
+

Q

ρcp
+
ν

cp
[(
∂u1
∂y1

)2 + (
∂w1

∂y1
)2] (20)

∂C1

∂t1
− v∗0

∂C1

∂y1
= D

∂2C

∂y21
(21)

We introduce the following dimensional transformations

u =
u1
U
,w =

w1

U
, v0 =

v∗0
U
, y =

y1U

ν

t =
t1U

2

ν
,Gr =

νgθβT
U3

(
qν

kU
), Bi =

Qν

kU2
, Ec =

U

cp(
qν
kU

)
, C =

C1 − C∞
Cw − C∞
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θ =
T − T∞

( qν
kU

)
,M = [(

σν

ρ
)
1
2
B0

U
], Pr =

νρcp
k

=
µcp
k

equations (18) to (21) become

∂u

∂t
− v0

∂u

∂y
= Grθ +

∂2u

∂y2
− M2{(1 + βmβn)(u− 1) + βmw}

[(1 + βmβn)2 + β2
m]

(22)

∂w

∂t
− v0

∂w

∂y
=

∂2w

∂y2
− M2{(1 + βmβn)w − βm(u− 1)}

[(1 + βmβn)2 + β2
m]

(23)

∂θ

∂t
− v0

∂θ

∂y
=

1

Pr

∂2θ

∂y2
− Biθ

Pr
+ Ec[(

∂u

∂y
)2 + (

∂w

∂y
)2] (24)

∂C

∂t
− v0

∂C

∂y
= Sc

∂2C

∂y2
(25)

In order to reduce the number of equations at the present level, we apply complex trans-
formation as follows:
Z = u+ iw − 1, and Z̄ = u− iw − 1.
We combine equations (22) and (23), and simplify equation (24) yielding

∂Z

∂t
− v0

∂Z

∂y
=

∂2Z

∂y2
+Grθ −

M2{(1 + βmβn)− iβm}Z
[(1 + βmβn)2 + β2

m]
(26)

∂θ

∂t
− v0

∂θ

∂y
=

1

Pr

∂2θ

∂y2
− Biθ

Pr
+ Ec

∂Z

∂y

∂Z̄

∂y
(27)

∂C

∂t
− v0

∂C

∂y
= Sc

∂2C

∂y2
(28)

Non-dimensionalizing initial and boundary conditions, we get
For t ≤ 0:

Z(y, 0) = 0, θ(y, 0) = 0, C(y, 0) = 0

For t > 0 :
Z(0, t) = 1, θ(0, t) = 1, C(0, t) = 1

Z(∞, t) = 0, θ(∞, t) = 0, C(∞, t) = 0

3. Computational method
In order to solve the unsteady, non-linear partial differential equations (26) to (28) under
the initial and boundary conditions, a finite difference approximation scheme for the
second derivative in space and first derivative in time has been employed. Equations (26)
to (28) in finite difference form are as follows.

Zi,j+1 − Zi,j
∆t

= u0
(Zi,j − Zi−1,j)

∆y
+

(Zi−1,j − 2Zi,j + Zi+1,j)

(∆y)2 +Grθi,j
−
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M2{(1 + βmβn)− iβm}Zi,j
[(1 + βmβn)2 + β2

m]
(29)

θi,j+1 − θi,j
∆t

= u0
(Zi,j − Zi−1,j)

∆y
+

(θi,j − 2θi,j + θi+1,j)

Pr(∆y)2
− Bi

Pr
θi,j +

Ec
(Zi,j − Zi−1,j)

∆y

(Z̄i,j − Z̄i−1,j)
∆y

(30)

Ci,j+1 − Ci,j
∆t

= u0
(Ci,j − Ci−1,j)

∆y
+ Sc

(Ci−1,j − 2Ci,j + Ci+1,j)

(∆y)2
(31)

The suffix ”i” corresponds to ”y” and ”j” correspond to ”t”. Also ∆t = tj+1 − tj and
∆y = yi+1 − yi .We have ∆y = 0.01 and ∆t = 0.00004
Knowing the values of Z, θ, and C at a time ”t”, we can then calculate their values at
t+ ∆t.

Although the boundary conditions for t > 0 applies to y =∞ , (where ∞ in this con-
text refers to a large number) we shall regard y = 1.0. That is , i = 101 as corresponding
to y = ∞ and therefore Z(101, j) = θ(101, j) = C(101, j) = 0. This is chosen because Z,
θ, C tend to zero at around y = 1.0

The velocity at y = 0, (i = 0) has to change rapidly to 1 from its value of zero at
t < 0 since the plate is impulsively set into motion by velocity U , hence Z0,j = 1. The
concentration of the injected material also changes rapidly to 1 from its zero value at
t < 0 giving C0,j = 1.

While velocity and concentration change as explained, the temperature of the plate
wall changes gradually due to the effect of the constant heat flux at the plate (y = 0)
hence θ0,0 = 0. Therefore the following set of initial conditions are applied. For t ≤ 0 :
For all i: Zi,0 = 0, θi,0 = 0, Ci,0 = 0
The boundary conditions for the velocity, temperature and concentration are given as
follows:
For j > 0 at y = 0:

Z0,j = 1, θ0,j = 0, C0,j = 1

For j > 0 at y =∞:

Z∞,j = 0, θ∞,j = 0, C∞,j = 0

Z0,j = 1, θ0,j = 0

For j > 0 at y =∞:

Z∞,j = 0, θ∞,j = 0

The velocity at the end of time step ∆t, viz. Z(i, j+1), i = 1, 2, ..., 100 is computed
from equation (29) in terms of velocities and temperatures at points on earlier time step.
Similarly, θ(i, j + 1) is computed from equation (30). This procedure is continued until
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j = 1200. i.e. up to time t = 0.048. Computations are carried out for water (Pr = 7.0).
To test for convergence of the algorithm used in the present study, the program was run
with smaller values of ∆t, viz., ∆t = 0.000005, 0.00001 and it was observed that, there
were no significant changes in the results, which ensures that the finite difference tech-
nique used in this problem converges and is stable.

4. Results and discussion
To come up with the results, numerical computations have been performed for different
flow fields and the results are represented by use of graphs
Figures 2-9 represent graphs of velocity distribution with span-wise coordinate y for dif-
ferent values of thermophysical parameters. It is evident that for Gr = 0.2 (figures 2-7),
velocity starts from initial value of one at the plate surface and increases gradually until
it attains its peak value a way from the plate surface then gradually decreases to zero
far away from the plate surface. It is observed from Figure 2 that an increase in Hall
parameter, βm, leads to an a decrease in the velocity profiles. Figure 3 shows that ve-
locity profiles rise with an increase in ion slip parameter, βn. It is noted from Figure
4 that an increase in squared magnetic parameter, m2, leads to an decrease in velocity
profiles. Figure 5 shows that an increase in modified Grashof number, Gc, results in an
increase in the velocity profiles. Surprisingly, Figure 6 reveals that at first, withdrawal
of suction velocity, u0, results in a decrease in the velocity from the plate surface to near
the mid stream region then later on the velocity profiles rises with the withdrawal of
suction velocity as the distance increases past the free stream. It is observed from Figure
7 that an increase in time, t, results in a large increase in the velocity profiles for the
flow. For Gr = −0.2, (figures 8 and 9) the velocity from its initial value of unity, drops to
steady value approximately 0.2 near the boundary region before gradually attaining its
minimum zero value far away from the plate surface. Figure 8 displays that the velocity
profiles decrease as the Hall parameter, βm, falls. Figure 9 reveals that the velocity
profiles increase as the ion slip parameter βn increases. It is clear from Figure 10 that
an increase in mass diffusion parameter, Sc, leads to a decrease in the concentration of
the injected materials. However, the mass diffusion parameter is seen to have no effect
on the concentration near the boundary. The effect of Sc is only noticed as the distance
from the plate increases. Figure 11 shows that withdrawal of suction velocity, u0, has no
effect on the concentration right from the plate surface to mid stream region. However,
as the distance from the free stream region increases, the concentration increases with the
withdrawal of suction velocity. Figure 12 reveals that the concentration of the injected
materials increases with an increase in the time, t, far away from the distance from the
plate surface. For the temperature distribution, it is noted from Figures 13 and 14 that
the temperature profiles increase with an increase in ion slip parameter, βn and Grashof
number, Gr.

5. Conclusion
In this paper, we presented an analysis of the effects thermo-physical parameters such
as Hall currents and ion-slip, magnetic interaction parameter, Grashof number, modi-
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Figure 2: Velocity profiles for βm when Sc = 0.4, u0 = 0.5, Gr = 0.2, Gc = 1.0,Pr = 7.0,
Ec = 0.01, t = 0.032, βn = 0.2, m2 = 5.0, Bi = 1.0

.

Figure 3: Velocity profiles for βn when Sc = 0.4, u0 = 0.5, Gr = 0.2, Gc = 1.0, Pr = 7.0,
Ec = 0.01, t = 0.032, βm = 1.0, m2 = 5.0, Bi = 1.0

.
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Figure 4: Velocity profiles for m2 when Sc = 0.4, u0 = 0.5, Gr = 0.2, Gc = 1.0, Pr = 7.0,
Ec = 0.01, t = 0.032, βm = 1.0, βn = 0.2, Bi = 1.0

.

Figure 5: Velocity profiles for Gc when Sc = 0.4, u0 = 0.5, Gr = 0.2, m2 = 5.0, Pr = 7.0,
Ec = 0.01, t = 0.032, βm = 1.0, βn = 0.2, Bi = 1.0

.
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Figure 6: Velocity profiles for u0 when Sc = 0.4, Gc = 1.0, Gr = 0.2, m2 = 5.0, Pr = 7.0,
Ec = 0.01, t = 0.032, βm = 1.0, βn = 0.2, Bi = 1.0

.

Figure 7: Velocity profiles for t when Sc = 0.4, Gc = 1.0, Gr = 0.2, m2 = 5.0, Pr = 7.0,
Ec = 0.01, u0 = 0.5, βm = 1.0, βn = 0.2, Bi = 1.0

.
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Figure 8: Velocity profiles for βm when Sc = 0.4, u0 = 0.5, Gr = −0.2, Gc = 1.0,
Pr = 7.0, Ec = 0.01, t = 0.032, βn = 0.2, m2 = 5.0, Bi = 1.0

.

Figure 9: Velocity profiles for βn when Sc = 0.4, u0 = 0.5, Gr = −0.2, Gc = 1.0,
Pr = 7.0, Ec = 0.01, t = 0.032, βm = 1.0, m2 = 5.0, Bi = 1.0

.

Figure 10: Concentration profiles for Sc when u0 = 0.5 and t = 0.032.
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Figure 11: Concentration profiles for u0 when Sc = 0.4 and t = 0.32.

Figure 12: Concentration profiles for t when Sc = 0.4 and u0 = 0.5.

Figure 13: Temperature profiles for βn when u0 = 0.5, Gr = 0.2, Pr = 7.0, Ec = 0.01,
t = 0.032, βm = 1.0, m2 = 5.0, Bi = 1.0

.
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Figure 14: Temperature profiles for Gr when u0 = 0.5, βn = 0.2,Pr = 7.0, Ec = 0.01,
t = 0.032, βm = 1.0, m2 = 5.0, Bi = 1.0

.

fied Grashof number, suction velocity and time on the flow fields of an incompressible
and viscous fluid in the presence of cooling and heating of the plate by free convection
currents. From the present numerical investigations, we established that for Prandtl num-
ber, Pr = 7.0, which corresponds to water, cooling of the plate by free convection currents
(Gr = 0.2) and presence of constant heat flux, an increase in ion-slip parameter, time,
modified Grashof number, hall parameter and a decrease in magnetic parameter leads
to an increase velocity boundary layer thickness. However, for Gr = −0.2, which corre-
sponds to heating of the plate by free convection currents and presence of constant heat
flux, increase in ion-slip parameter and Hall parameter results in an increased velocity
boundary layer thickness but of lower mgnitude compared to those of Gr = 0.2. For
Gr = 0.2, it is surprising to realize that the solutal boundary layer thickness remains
fairly constant even with variation in time, t, or mass diffusion parameter, Sc, within
the boundary region. However, the concentration of the fluid increases fairly well with
increase in Sc values. Also increase in time, t, and Gc results in a thick boundary layer
for velocity as compared to the effects of other parameters. It is observed that using a
strong magnetic field intensity(increasing magnetic parameter, m2) degrades rather than
enhance the momentum change efficiency. Both Grashof number and ion slip parameters
tend to enhance the heat transfer efficiency of the fluid.
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