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Abstract
Properties, monotonicity results and inequalities for the functions

Γq,k(t), ψq,k(t) and Bq,k(t, s), for t, s, k > 0 and 0 < q < 1 are derived.
The obtained results are new and the monotonicity results of the func-
tions Γq,k(t) and ψq,k(t) generalize known results for the functions Γq(t),
ψq(t) and Γk(t), ψk(t).
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1 Introduction

In [5] the authors introduced the q, k-generalized Pochhammer symbol as

[t]n,k = [t][t+ k]...[t+ (n− 1)k] =
n−1∏
j=0

[t+ jk] (1)

where

[t] =
1− qt

1− q
, t ∈ R, 0 < q < 1, (2)

and using this generalization they constructed Γq,k(t) and Bq,k(t, s) the q, k
generalized gamma and beta functions as follows:

Γq,k(t) =
(1− qk)

t
k
−1

q,k

(1− q) tk−1
, t > 0 (3)
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and

Bq,k(t, s) =
Γq,k(t)Γq,k(s)

Γq,k(t+ s)
, t, s > 0. (4)

By using the relations

(x+ y)nq,k =
n−1∏
j=0

(x+ qjky) (5)

and

(1 + x)tq,k =
(1 + x)∞q,k

(1 + qktx)∞q,k
(6)

in (3) the function Γq,k(t) becomes:

Γq,k(t) =
1

(1− q) tk−1
∞∏
j=0

1− q(j+1)k

1− qjk+t
. (7)

From (7) it is obvious that for k → 1 then Γq,k(t) → Γq(t) and for q → 1− it
becomes Γk(t).

According to the definition of ψ(t) , ψq(t) and ψk(t) we define ψq,k(t) as
follows:

ψq,k(t) =
d
dt

Γq,k(t)

Γq,k(t)
. (8)

We mention that the functions Γq,k(t) and Bq,k(t, s) generalize both Γk(t)
and Bk(t, s) defined in [6] and Γq(t) and Bq(t, s) defined in [4]. They are
also used in [7] in order to define the k-gamma q-distribution and k-beta q-
distribution.

In the next section we’ll give some properties, monotonicity results and
inequalities for the functions Γq,k(t), ψq,k(t) and Bq,k(t, s). The results gener-
alize known results [1, 2, 6, 8, 9, 10] for the functions Γq(t), ψq(t), Bq(t, s) and
Γk(t), ψk(t), Bk(t, s). The obtained results are new and for their proof have
been used simple methods of analysis. The inequalities (13), (14)and (36) have
been proved in [3] using more complicated methods.

2 Main results

Theorem 2.1 The function ψq,k(t) is a completely monotonic function of
t, for t > 0, k > 0 and 0 < q < 1.

Proof Taking into account that the relation dqat

dt
= alnqqat holds, the derivative

of Γq,k(t) with respect to t is:

d

dt
Γq,k(t) =

d

dt
{ 1

(1− q) tk−1
∞∏
j=0

1− q(j+1)k

1− qqk+t
}
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= −1

k
ln(1− q)Γq,k(t)− Γq,k(t)

1∏∞
j=0(1− qjk+t)

d

dt

∞∏
j=0

(1− qjk+t)

= Γq,k(t)[−
1

k
ln(1− q) + lnq

∞∑
j=0

qjk+t

1− qjk+t
]. (9)

Using (8) we obtain

ψq,k(t) = −1

k
ln(1− q) + lnq

∞∑
j=0

qjk+t

1− qjk+t
. (10)

From (10) taking the first and second derivative of ψq,k(t) with respect to t,
we obtain correspondingly:

d

dt
ψq,k(t) = ln2q

∞∑
j=0

qjk+t

(1− qjk+t)2
(11)

and
d2

dt2
ψq,k(t) = ln3q

∞∑
j=0

[
qjk+t

(1− qjk+t)2
+

2q2(jk+t)

(1− qjk+t)3
]. (12)

Since lnq < 0, from (11) and (12)it follows that the function ψq,k(t) is an
increasing and concave function of of t, for t > 0, k > 0 and 0 < q < 1.

We notice that the derivative of each positive function of the form qλ(jk+t)

(1−qjk+t)m ,

for λ = 1, 2, ... and m = 2, 3, ... is a sum of two positive functions λqλ(jk+t)

(1−qjk+t)m +
mq(λ+1)(jk+t)

(1−qjk+t)m+1 multiplying with lnq. So the n−th derivative with respect to t, of

ψq,k(t) is equal to the product of lnn+1q and a series with positive terms. That
means that the function ψ′q,k(t) is completely monotonic.

Remark 2.2 The monotonicity results for the ψq,k(t) are analogous with
the results proved in [1, 2, 6, 8, 9, 10] concerning the functions ψ(t), ψq(t) and
ψk(t).

Corollary 2.3 The function Γq,k(t) is a logarithmically convex function of
t for t > 0, k > 0 and 0 < q < 1 so it satisfies the inequality:

Γq,k(λx+ (1− λ)y) ≤ [Γq,k(x)]λ[Γq,k(y)]1−λ, 0 < λ < 1. (13)

The equality holds for x = y.

Proof Since the right part of the equation (11) is positive and taking into
account (8) we easily obtain that the function Γq,k(t) is logarithmically convex
in (0,∞). Due to this property the inequality (13) follows immediately.
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Corollary 2.4 The inequality

Γq,k(
x+ y

2
) ≤

√
Γq,k(x)Γq,k(y) (14)

is true for x, y > 0, k > 0 and 0 < q < 1. The equality holds for x = y.

Proof It follows from (13) for λ = 1
2
.

Remark 2.5 The results of corollary 2.3 and corollary 2.4 have been also
proved in [3] using a more complicated method.

Theorem 2.6 For t > 0, k > 0, 0 < q < 1 and n ∈ N the inequality

Γq,k(nt) ≤
Γq,k(t)

(1− q)
(n−1)t
k

(15)

holds true. The equality holds for n = 1.

Proof We use the definition (7) for t and nt, n ∈ N so we get

Γq,k(nt)

Γq,k(t)
=

1

(1− q)
(n−1)t
k

∞∏
j=0

1− qjk+t

1− qjk+nt
(16)

Since jk + t < jk + nt for k, j, t > 0 and n ≥ 1, the desired inequality follows
from (16).

Corollary 2.7 The inequality

Γq,k(x+ y) ≤ 1

(1− q)x+y2k

√
Γq,k(x)Γq,k(y) (17)

is true for x, y > 0, k > 0 and 0 < q < 1. The equality holds for x = y.

Proof The equality (14) becomes

Γq,k(x+ y) ≤
√

Γq,k(2x)Γq,k(2y). (18)

From (18) and using (15) for n = 2 we obtain the desired inequality.

Proposition 2.8 For k > 0, t > 0 and 0 < q < 1 the function ψq,k(t)
satisfies the equation:

ψq,k(t+ k) = ψq,k(t)− lnq
qt

1− qt
. (19)
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Proof Using the definition (7) of Γq,k(t), for t + k we can easily derive the
equation:

Γq,k(t+ k) = [t]Γq,k(t) or Γq,k(t+ k) =
1− qt

1− q
Γq,k(t) (20)

Differentiating with respect to t both parts of (20), it follows:

d

dt
Γq,k(t+ k) = −lnq qt

1− q
Γq,k(t) +

1− qt

1− q
d

dt
Γq,k(t). (21)

By dividing both parts of (21) by Γq,k(t+ k), taking in mind the definition of
ψq,k(t) and (20) we obtain the desired equation (19).

Remark 2.9 By induction and using (20) we can easily prove the known
[5] relation

Γq,k(t+ nk) = [t]n,kΓq,k(t) (22)

for t > 0, k > 0, 0 < q < 1 and n ∈ N .

Theorem 2.10 The function ψq,k(t) satisfies the equality

ψq,k(t+ nk) = ψq,k(t)− lnq
n−1∑
j=0

qt+jk

1− qt+jk
, n ∈ N (23)

for t > 0, k > 0 and 0 < q < 1.

Proof The equality will be proved by induction. For n = 1 it holds, because
of (20). We suppose that (23) holds for n and we’ll prove that it holds also for
n+ 1. That is we have to prove the equation:

ψq,k(t+ (n+ 1)k) = ψq,k(t)− lnq
n∑
j=0

qt+jk

1− qt+jk
. (24)

But

ψq,k(t+ (n+ 1)k) = ψq,k((t+ nk) + k) = ψq,k(t+ nk)− lnq qt+nk

1− qt+nk

= ψq,k(t)− lnq
n−1∑
j=0

qt+jk

1− qt+jk
− lnq qt+nk

1− qt+nk

= ψq,k(t)− lnq
n∑
j=0

qt+jk

1− qt+jk
(25)

which is the desired result. So the equality (23) holds for every n ∈ N .
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Theorem 2.11 The function ψq,k(t) satisfies the inequalities:

1

k
ln[t] +

qt

1− qt
lnq < ψq,k(t) <

1

k
ln[t] (26)

for t > 0, k > 0 and 0 < q < 1.

Proof We apply the mean value theorem of differential calculus on the function
f(t) = lnΓq,k(t) in the interval (t, t + k). So there is t0 ∈ (t, t + k) such that
the equality

f(t+ k)− f(t) = f ′(t0)(t+ k − t) (27)

holds, or

lnΓq,k(t+ k)− lnΓq,k(t) = ψq,k(t0)k (28)

and using (20) we obtain

ψq,k(t0) =
1

k
ln[t]. (29)

Since the function ψq,k(t) increases with respect to t > 0, the inequalities
ψq,k(t) < ψq,k(t0) < ψq,k(t + k) hold and using (29) and (19) we obtain the
inequalities (26).

Corollary 2.12 For n ∈ N , 0 < q < 1 the following inequalities hold:

1

k
ln[k] +

qk

1− qk
lnq < ψq,k(nk) <

1

k
ln[nk], if k > 1 (30)

and
1

k
ln[nk] < ψq,k(nk) <

1

k
ln[k] +

qnk

1− qnk
lnq, if 0 < k < 1. (31)

Proof By putting k and nk instead of t in (26) and taking into account that
if k > 1 then nk > k so ψq,k(k) < ψq,k(nk) and if 0 < k < 1 then k >
nk so ψq,k(k) > ψq,k(nk) we obtain the desired inequalities (30) and (31)
correspondingly.

Theorem 2.13 The equality

Bq,k(t+ nk, s+ nk) =
[t]n,k[s]n,k
[t+ s]2n,k

Bq,k(t, s) (32)

holds true, for t, s > 0, k > 0 and n ∈ N .

Proof It follows immediately using (4) and (22).
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Theorem 2.14 The function Bq,k(t, s) satisfies the inequalities

√
Bq,k(t, t)Bq,k(s, s) ≤ Bq,k(t, s) ≤

Bq,k(t, t)Bq,k(s, s)

Γq,k(t+ s)(1− q) t+sk
(33)

Proof According to the definition (4) we obtain

Bq,k(t, t) =
(Γq,k(t))

2

Γq,k(2t)
or Γq,k(t) =

√
Bq,k(t, t)Γq,k(2t) (34)

Hence Bq,k(t, s) can be written

Bq,k(t, s) =

√
Bq,k(t, t)Bq,k(s, s)Γq,k(2t)Γq,k(2s)

Γq,k(t+ s)
. (35)

Because of the inequalities (18) and (15) for n = 2, the last equality becomes

Bq,k(t, s) ≥
√
Bq,k(t, t)Bq,k(s, s) (36)

and

Bq,k(t, s) ≤

√√√√Bq,k(t, t)Bq,k(s, s)

Γq,k(t+ s)

√√√√Γq,k(t)Γq,k(s)

(1− q) t+sk
(37)

or

Bq,k(t, s) ≤
√√√√Bq,k(t, t)Bq,k(s, s)Bq,k(t, s)

Γq,k(t+ s)(1− q) t+sk
. (38)

The inequalities (36) and (38) prove (33).

Remark 2.15 The inequality (36) has been proved in [3] using a more com-
plicated method.
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