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Abstract

In this paper, we investigate spacelike maximal surface family pre-
scribed by a given spacelike curve in Minkowski three space. We derive
differential equation systems as necessary and sufficient condition for
spacelike maximal surface family prescribed by a spacelike curve. Also,
we signify the condition of a given spacelike curve is a geodesic curve or
asymptotic curve on spacelike maximal surface. We derive some space-
like maximal surfaces for different spacelike curves as examples.
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1 Introduction

In Minkowski three space R3
1 , a spacelike surface with vanishing mean cur-

vature is called spacelike maximal surface.Weierstrass type representation for-
mula for spacelike maximal surface derived by Kobayashi [6].

The problem of finding minimal surface prescribed a curve was proposed
by Björling in 1844 and it is known as Björling problem in Euclidean space.
Björling solved the problem which considered minimal surface prescribed one of
its geodesic curve or asymptotic curve. Björling problem for spacelike maximal
surface has been studied in several article via a complex representation formula
[1, 5]. In [2], utilizing the Frenet frame of a given curve, minimal surface family
was studied in Euclidean space.

In this paper, we investigate spacelike maximal surface family prescribed
a given spacelike curve without the complex representation formula. Utilizing
the Frenet frame of a given spacelike curve we derive differential equation
systems as necessary and sufficient conditions for spacelike maximal surface.
We point out that condition of a given spacelike curve is a geodesic curve or
asymptotic curve on spacelike maximal surface. Also, we solve the differential
equation systems for some spacelike curves.

2 Preliminaries

In this section we give some fundemental properties of Minkowski three-space.
Let R3

1 be Minkowski three space with metric 〈, 〉. The metric 〈, 〉 is ex-
pressed as 〈, 〉 = de21 + de22 − de23 in terms of natural coordinates. The vector
product of vectors X = (x1, x2, x3) and Y = (y1, y2, y3) in R3

1 defined by

X × Y =

∣∣∣∣∣∣
e1 e2 −e3
x1 x2 x3
y1 y2 y3

∣∣∣∣∣∣ .
Let r = r(u) be a unit speed curve in R3

1. The Frenet frame of the curve r is
defined by orthonormal basis {T,N,B} where T = r′, N = r′′

‖r′′‖ , B = T ×N ,
they are called tangent, normal and binormal of the curve r, respectively. The
curve r is called spacelike (timelike, null) if its tangent vector is spacelike (time-
like, null) in everywhere. Let the curve r = r(u) be a spacelike curve.Then,
Frenet equations of the spacelike curve r = r(u) are given byT ′N ′

B′

 =

 0 ηκ 0
−κ 0 −ητ
0 −ητ 0

TN
B
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where η = 〈N,N〉. The curvature and torsion functions of the spacelike curve
r are κ = 〈T ′, N〉, τ = 〈N ′, B〉. Full details can be found in [7, 8].

By utilizing the Frenet frame of the spacelike curve r, we express parametriza-
tion of the spacelike surface x ⊂ R3

1 as

x(u, v) = r(u) + f(u, v)T (u) + g(u, v)N(u) + h(u, v)B(u).

For v = v0, x(u, v0) = r(u) is a parameter curve on x and is called isoparametric
curve on the surface x. If we calculate the partial derivatives of x(u, v) then
we have,

xv = fvT + gvN + hvB

xvv = fvvT + gvvN + hvvB

xu = (1 + fu − κg)T + (gu + η(κf − τh))N + (hu − ητg)B

xuu = [(1 + fu − κg)u − κ(gu + η(κf − τh))]T

+ [(gu + η(κf − τh))u + ηκ(1 + fu − κg)− ητ(hu − ητg)]N

+ [(hu − ητg)u − ητ(gu + η(κf − τh))]B.

The unit normal n(u, v) of the spacelike surface x is defined by

n(u, v) =
xu × xv
‖xu × xv‖

where
xu × xv = ϕ1(u, v)T (u) + ϕ2(u, v)N(u) + ϕ3(u, v)B(u)

and

ϕ1 = ((gu + η(κf − τh))hv − (hu − ητg)gv)

ϕ2 = η((hu − ητg)fv − (1 + fu − κg)hu)

ϕ3 = η((gu + η(κf − τh))fv − (1 + fu − κg)gv).

Kasap and Akyildiz [3] derive the condition the spacelike curve r is a
geodesic curve on the spacelike surface x as

ϕ1(u, v0) = 0,

ϕ2(u, v0) 6= 0, (1)

ϕ3(u, v0) = 0.

Saffak et al. [9] derive the condition the spacelike curve r is an asymptotic
curve on the spacelike surface x as

hv(u, v0) = 0. (2)



134 Sedat Kahyaoğlu and Emin Kasap

The mean curvature H of the spacelike surface x is

H =
1

2

eG− 2fF + gE

EG− F 2
(3)

where e = 〈xuu, n〉, f = 〈xuv, n〉, g = 〈xvv, n〉 , E = 〈xu, xu〉, F = 〈xu, xv〉,
G = 〈xv, xv〉 are the coefficient of the first and second fundemental forms.

3 Spacelike Maxial Surface Prescribed Space-

like Curve

In this section we derive necessary and sufficient condition of spacelike maximal
surfaces prescribed a spacelike curve.

Let x ⊂ R3
1 be a spacelike surface. We know that there exist a conformal

parameter x(u, v) on the surface x with

〈xu, xu〉 = 〈xv, xv〉 and 〈xu, xv〉 = 0 (4)

because the induced metric of a spacelike surface is positive definite Rieman-
nian metric [4].Then the mean curvature of x vanishes if and only if

xuu + xvv = 0. (5)

In this way, we obtain the following theorem.

Theorem 3.1. Let the spacelike curve r ⊂ R3
1 be an isoparametric curve on

the surface x ⊂ R3
1, then x is a spacelike maximal surface if and only if there

exist the functions f, g, h which are satisfiying the following conditions

(1 + fu − κg)2 + η(gu + η(κf − τh))2 − η(hu − ητg)2 = f 2
v + ηg2v − ηh2v (6)

(1 + fu − κg)fv + η(gu + η(κf − τh))gv − η(hu − ητg)hv = 0 (7)

(1 + fu − κg)u − κ(gu + η(κf − τh)) = −fvv (8)

(gu + η(κf − τh))u + ηκ(1 + fu − κg)− ητ(hu − ητg) = −gvv (9)

(hu − ητg)u − ητ(gu + η(κf − τh)) = −hvv (10)

Proof. Let the surface x be a spacelike maximal surface. From (4) we have (6)
and (7). Also, from (5) we have (8)-(10).

Conversely, let the equations (6)-(10) are satisfied. Thus, we have
H = 0.

Although there are five differential equations, from the following proposi-
tion, essantialy if we solve the equations (8)-(10) then the equations (6) and
(7) give us constants which are derived from (8)-(10) .
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Proposition 3.2. Let (5) is satisfied. Then 〈xu, xu〉 = 〈xv, xv〉 + c1 if and
only if 〈xu, xv〉 = c2 where c1, c2 are constant.

Proof. Let xuu = −xvv. Then

〈xu, xv〉u = 〈xuv, xu〉 − 〈xvv, xv〉

=
1

2
(〈xu, xu〉v − 〈xv, xv〉v),

〈xu, xv〉v = 〈xuv, xv〉 − 〈xuu, xu〉

=
1

2
(〈xv, xv〉u − 〈xu, xu〉u).

Thus proof is completed.

The following corollaries give us a simple method for inspection to whether
the curve r is geodesic curve or asymptotic curve on the spacelike maximal
surface x.

Corollary 3.3. Let the spacelike curve r be an isoparametric curve on the
spacelike maximal surface x. Then the spacelike curve r is a geodesic curve on
the surface x if and only if

hv(u, v0) = ±1 (11)

〈N,N〉 = −1. (12)

Proof. From isoparametric condition, we have

f(u, v0) = g(u, v0) = h(u, v0) = 0

fu(u, v0) = gu(u, v0) = hu(u, v0) = 0.

Let the conditions (11), (12) are satisfied. From (6) and (7) we have
gv(u, v0) = 0. Then, the conditions (1) are satisifed. Thus, the spacelike
curve r be a geodesic curve on the spacelike maximal surface x.

Conversely, let the spacelike curve r be a geodesic curve on the spacelike
maximal surface x. From (1) we have gv(u, v0) = 0. Thus, from (6),(7) we
have (11),(12).

Corollary 3.4. Let the spacelike curve r be an isoparametric curve on the
spacelike maximal surface x. Then the spacelike curve r is an asymptotic curve
on the surface x if and only if

gv(u, v0) = ±1 (13)

〈N,N〉 = 1. (14)
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Figure 1: Spacelike maximal surfaces x1(u, v; 1), x1(u, v;
√

2) and the spacelike
curve r1.

Proof. From (6),(7) and (2) we derive (13) and (14)

Eventually, we derive the following examples. We take v0 = 0 in the all
examples.

Example 3.5. Let the curve r1 be a spacelike curve that r1(u) = (0, a sinh u
a
, a cosh u

a
).

The Frenet vectors of the spacelike curve r1 are

T (u) = (0, cosh
u

a
, sinh

u

a
)

N(u) = (0, sinh
u

a
, cosh

u

a
)

B(u) = (1, 0, 0).

Thus we have η = −1, κ = −1
a

and τ = 0. If we choose f(u, v) = 0, then from
(8) and (9) we have

g(u, v) = c1 sin
v

a
+ a cos

v

a
− a,

from (7) and (8) we have h(u, v) = cv where c and c1 are constant. From (6)
c1 = ±a

√
c2 − 1.

Thus we have the spacelike maximal surface family as

x1(u, v; |c|) = (cv, a(±
√
c2 − 1 sin(

v

a
) + cos(

v

a
))(sinh

u

a
, cosh

u

a
)).
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Figure 2: Spacelike maximal surfaces x2(u, v; 1), x2(u, v; 2) and the spacelike
curve r2.

This is a family of catenoid 2nd kind. For c = ±1, the curve r is a geodesic
curve on the spacelike maximal surface x1(u, v; 1). For a=2, we show some
members of the spacelike maximal surface family in Figure (1).

Example 3.6. Let the curve r2 be a spacelike curve that r2(u) = (a sin u
a
, a cos u

a
, 0).

The Frenet vectors of the spacelike curve r2 are

T (u) = (cos
u

a
,− sin

u

a
, 0)

N(u) = (− sin
u

a
,− cos

u

a
, 0)

B(u) = (0, 0, 1).

Thus we have η = 1, κ = 1
a

and τ = 0.
If we choose f(u, v) = f(v), g(u, v) = g(v) and h(u, v) = h(v), then from

(9) and (10)

g(v) = c1e
v
a + c2e

−v
a +

1

a
and h(v) = cv where c, c1and c2 are constant . From (8) and (7) f(v) = 0.

From (6) c1 = a(−1±
√
1+c2

2
) and c2 = a(−1∓

√
1+c2

2
).

Thus we have a catenoid family prescribed the spacelike curve r2 as

x2(u, v; |c|) = (a((
−1±

√
1 + c2

2
)e

v
a +
−1∓

√
1 + c2

2
e
−v
a )(− sin

u

a
,− cos

u

a
), cv).

We show some members of the spacelike maximal surface family x2(u, v; |c|)
for a=4 in Figure (2).



138 Sedat Kahyaoğlu and Emin Kasap

4 Conclusion

We derive necessary and sufficient condition for spacelike maximal surface fam-
ily prescribed a given spacelike curve as differential equation systems without
the complex representation formula. We point out that condition of a given
curve is a geodesic curve or asymptotic curve on spacelike maximal surface.
Also, we show solutions of the differential equation systems for some given
spacelike curves.
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