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Abstract

In last paper we defined 2-frame in 2-pre-Hilbert spaces and charac-
terized them based on SO condition and also, we presented an applica-
tion of 2-frame in processing signals. In this paper we define the m− th
dual of 2-frames in 2-pre-Hilbert spaces.
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1 Introduction

In linear algebra, a frame of a vector space V can be seen as a generalization of
the basis to sets which may be linearly dependent. Frames were introduced by
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Duffin and Scaeffer in their study on nonharmonic Fourier series [3]. The use
of frames has greatly broadened a variety of fields including wavelets, time-
frequency analysis, and digital signal processing [2], [6].

In a real Hilbert space (H, (.|.)) a sequence s = {fn}n∈N is a frame for H
if there exist constants A and B such that

0 < A ≤ B and A‖f‖2 ≤
∑
n∈N

(f |fn)2 ≤ B‖f‖2

for all f in H [2], [8]. Also, in [2] O. Christensen characterized the frame in
(H, (.|.)) as the following: A sequence s = {fn}n∈N is a frame in (H, (.|.)) if
and only if for all sequence {cn}n∈N in `2(N),

∑
n∈N

cnfn is well-defined in H.

The concept of linear 2-normed spaces has been investigated by Gahler in
1965[5] and has been developed extensively in different subjects by others [1],
[4].

In [11], we introduce the concept of 2-frame in linear 2-normed spaces by
the conditions SO and 2-orthogonality and 2-bounded. Then we also examine
the properties of the 2-frames in the 2-normed space have covered and we offer
some equivalent conditions between them and we characterized the 2-frame in
2-pre-Hilbert spaces as the following:

Let s = {fn}n∈N satisfy in SO condition in 2-pre-Hilbert space X, then s
is 2-frame for V = span{s} if and only if s is 2-bounded and there exists an
integer K such that o([fn]) ≤ K for all n in N .

In the context of signal the overcompleteness of frames has a very useful
noise-suppressing effect. In [11], we gave a statistical argument regarding this
issue. In addition we show that if the transmitter and the receiver have the
knowledge of 2-frame, the noise-suppressing effect is more preferable than the
transmitter and the receiver having the knowledge of frame.

2 2-Frame and primary properties

In 2-pre-Hilbert space (X, (., .|.)) the orthogonality of two vectors x and y
is defined in many different ways, for instance Pythagorean, Isosceles, and
Birkhoff James orthogonality [7], [9], [10], [11].

In this section, we remind the definitions and some theorems have proven
in [11].

Let (X, (., .|.)) be a 2-pre-Hilbert space with 2-inner product (., .|.) and
2-norm ‖a, b‖2 = (a, a|b).

Definition 2.1 Let s = {fn}n∈N be a sequence in 2-pre-Hilbert space X.
We define the relation ∼ on s by fi ∼ fj if and only if ‖fi, fj‖ = 0 (fi and fj
are linearly dependent).
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It is clear that the relation ∼ is an equivalence relation on s. We denote
[fm] := {fi ∈ s : fi ∼ fm} for the equivalence class of element fm and Jm :=
{n ∈ N : fn ∈ [fm]} and C is the set of only one element of every equivalence

class and sm := s\[fm] and Im := {n ∈ N : fn ∈ sm} and [f, fn]m := (f,fn|fm)
‖fn,fm‖2

for all f in X and for all n in Im and Xm := X(sm). (X(sm) denotes the
linear subspace of X which is generated by sm and X(sm) denote the closure
of X(sm) relative to the natural topology of (X, (., .|.)) as mentioned page 11
in [1]).

Definition 2.2 We define a sequence s = {fn}n∈N in 2-pre-Hilbert space
X as a 2-frame for X if there exist constants A and B such that

0 < A ≤ B and A‖f, fm‖2 ≤
∑
n∈Im

[f, fn]2m ≤ B‖f, fm‖2

for all m in N and for all f in X.

Definition 2.3 A sequence s = {fn}n∈N satisfies in SO condition in 2-pre-
Hilbert space (X, (., .|.)) if

i) ∀n ∈ N, ∃m ∈ N such tath ‖fn, fm‖ 6= 0.
ii) If fi and fj are linearly independent, then (fi, fj|fm) = 0 for all m in

N .

Definition 2.4 A set E in 2-pre-Hilbert space X is positive-bounded if there
exist constants α and β in R such that 0 < α ≤ β and α ≤ ‖f, g‖ ≤ β for all
distinct f and g in E.

Definition 2.5 A set E in 2-pre-Hilbert space X is 2-bounded if there exist
constants α and β in R such that 0 < α ≤ β and α ≤ ‖f, g‖ ≤ β for all
linearly independent f and g in E.

Definition 2.6 We define a set E in 2-pre-Hilbert space X is 2-orthogonal
system if (f, g|h) = 0 for all linearly independent f and g in E and for all h
in E.

Theorem 2.7 Let the sequence s = {fn}n∈N be a 2-frame for 2-pre-Hilbert
space X with upper bound B, then ‖fk, fm‖ ≥ 1√

B
for all linearly independent

fk and fm in s.

Corollary 2.8 If a sequence s = {fn}n∈N satisfies in SO condition and

f ∈ X(s) and f =
r∑
i=1

αifi, then

(f, fn|fm) =
∑

fi∈[fn] and fi=βifn and 1≤i≤r
αiβi‖fn, fm‖2.
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Theorem 2.9 Let s = {fi}i∈N satisfies in SO condition and fn ∈ s for
fixed n in N and fk, fm ∈ s such that ‖fn, fk‖ 6= 0 and ‖fn, fm‖ 6= 0, then

(f, fn|fm)

‖fn, fm‖2
=

(f, fn|fk)
‖fn, fk‖2

for all f in X(s).

Therefore if s = {fi}i∈N satisfies in SO condition, then [f, fn]m = (f,fn|fm)
‖fn,fm‖2

is independent of the choice of m for all m in In.

Theorem 2.10 Let s = {fn}n∈N satisfies in SO condition and fm ∈ C,
then ∑

fn∈C, n6=m
(
(f, fn|fm)

‖fn, fm‖
)2 ≤ ‖f, fm‖2 for all f in X(s).

Corollary 2.11 Let T be the set of only one element of every equivalence
class and T 6= C and m ∈ N , then

∑
fn∈C, n/∈Jm

(
(f, fn|fm)

‖fn, fm‖
)2 =

∑
fi∈T, i/∈Jm

(
(f, fi|fm)

‖fi, fm‖
)2 for all f in X(s).

Corollary 2.12 If s = {fn}n∈N satisfies in SO condition and f ∈ X(s),
then ∑

n∈Im
(
(f, fn|fm)

‖fn, fm‖
)2 =

∑
fn∈C, n/∈Jm

o([fn])(
(f, fn|fm)

‖fn, fm‖
)2

where o([fn]) is the number of elements of equivalence class [fn].

Theorem 2.13 Let s = {fn}n∈N be a 2-frame for 2-pre-Hilbert space X
and satisfies in SO condition, then (Xm, (.|.)m) is a Hilbert space for all m in
N .

Theorem 2.14 Let s = {fn}n∈N satisfies in SO condition in 2-pre-Hilbert
space X, then s is a 2-frame for X if and only if the set C of only one element
of every equivalence class is positive-bounded and basis for X and there are
constants a, b, M such that for all fn in C and fi ∈ [fn] and fi = αn,ifn, then

0 < a ≤ |αn,i| ≤ b and
∑o([fn])
i=1

1
α2
n,i
≤M.

Theorem 2.15 Let s = {fn}n∈N satisfies in SO condition in 2-pre-Hilbert
space X, then s is 2-frame for V = span{s} if and only if s is 2-bounded and
there exists an integer K such that o([fn]) ≤ K for all n in N .
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3 The m−th dual of 2-frames in 2-pre-Hilbert

spaces

In this section we define the m − th dual of 2-frames in 2-pre-Hilbert spaces
and discuss some their properties.

Definition 3.1 Let s = {fn}n∈N be a sequence in 2-pre-Hilbert space X
and f ∈ span{s} and f =

∑
i∈D αifi for finite subset D of N , we define

[f, fn]m := αn for all n in Jm.

Definition 3.2 Let s = {fn}n∈N be a 2-frame and t = {hn}n∈N be a se-
quence in 2-pre-Hilbert space X, we say that {hn}n∈N is the m− th dual of the
{fn}n∈N if

f =
∑
n∈N

[f, fn]mhn

for all f in X.

Theorem 3.3 Let s = {fn}n∈N be a 2-frame for 2-pre-Hilbert space X and
satisfies in SO condition, then the m− th dual of the its exists for all m in N .

Proof: Let s = {fn}n∈N satisfies in SO condition in 2-pre-Hilbert space X
and m ∈ N , then it is easily proven that

(.|.)m : Xm ×Xm → R , (f |g)m = (f, g|fm)

is an inner product on Xm, and

‖.‖m : Xm → R , ‖f‖m = ‖f, fm‖

is a norm on Xm such that ‖f‖2m = (f |f)m. Also theorem 2.13 show that
(Xm, (.|.)m) is a Hilbert space.

Let s = {fn}n∈N satisfies in SO condition in 2-pre-Hilbert space X and

m ∈ N and we define gmn := fn
‖fn,fm‖2 for all n ∈ Im, then

∑
n∈Im

(f |gmn )2m =
∑
n∈Im

(f,
fn

‖fn, fm‖2
|fm)2 =

∑
n∈Im

(
(f, fn|fm)

‖fn, fm‖2
)2 =

∑
n∈Im

[f, fn]2m.

Since s = {fn}n∈N is a 2-frame, then

A‖f‖2m = A‖f, fm‖2 ≤
∑
n∈Im

[f, fn]2m =
∑
n∈Im

(f |gmn )2m =
∑
n∈Im

[f, fn]2m

≤ B‖f, fm‖2 = B‖f‖2m.
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for all f ∈ Xm then {gmn }n∈Im is a frame for (Xm, (.|.)m). Let

Tm : `2(N)→ Xm , Tm{cn}∞n=1 =
∑
n∈Im

cng
m
n =

∑
n∈Im

cn
‖fn, fm‖2

fn.

It is easily proven that, Tm is bounded and so the adjoint operator T ∗m of Tm
exists and it is

T ∗m : Xm → `2(N) , T ∗mf = {tn}∞n=1

where

tn = { 0 ,

(f |gm)m = [f, fn]m ,

n /∈ Im
n ∈ Im

.

If the operator Sm which define as

Sm : Xm → Xm , Smf = TmT
∗
mf

then

Smf = Tm{tn}∞n=1 =
∑
n∈Im

[f, fn]m
‖fn, fm‖2

fn

so
(Smf |f)m =

∑
n∈Im

[f, fn]2m.

Since {fn}n∈N is a 2-frame, then AI ≤ Sm ≤ BI. So Sm is bounded,
invertible, self-adjoint and positive. Also for all f in Xm

f = S−1m Smf = S−1m (
∑
n∈Im

[f, fn]m
‖fn, fm‖2

fn) =
∑
n∈Im

[f, fn]m
‖fn, fm‖2

S−1m fn.

=
∑
n∈Im

[f, fn]mS
−1
m

fn
‖fn, fm‖2

=
∑
n∈Im

[f, fn]mS
−1
m gmn .

Let f ∈ span{s}, it is clear that f = g + h and g ∈ Xm and h = βfm thus
[f, fn]m = [g, fn]m for all n in Im and [f, fn]m = [h, fn]m for all n in Jm. So for
all f in X

f =
∑
n∈N

[f, fn]mhn

where

hn = {S
−1
m gmn ,

fn ,

n ∈ Im
n ∈ Jm

. ∗

Theorem 3.4 Let {fn}n∈N be a 2-frame for 2-pre-Hilbert space X and sat-
isfies in SO condition and the sequence {hn}n∈N be the m− th dual of its, then
[fm] = [hm].
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Proof: Let fk ∈ [fm], then k ∈ Jm and so [fk, fk]m = 1 and [fk, fn]m = 0
for all n in Im. Thus

fk =
∑
n∈N

[fk, fn]mhn = hk

so [fm] ⊆ [hm]. Let ht ∈ [hm], then ht = αthk = αtfk for some k ∈ Jm so
ht ∈ [fk] = [fm] thus [hm] ⊆ [fm] therefore [fm] = [hm]. ∗

Assume that {fn}n∈N be a 2-frame for 2-pre-Hilbert space X and satisfies
in SO condition and the sequence {hn}n∈N be the m− th dual of its based on
Theorem 3.3, since Sm is bounded, invertible, self-adjoint and positive for all
f in Xm

f = SmS
−1
m f =

∑
n∈Im

[S−1m f, fn]m
‖fn, fm‖2

fn =
∑
n∈Im

[f, S−1m fn]m
‖fn, fm‖2

fn

=
∑
n∈Im

[f, S−1m
fn

‖fn, fm‖2
]mfn =

∑
n∈Im

[f, S−1m gmn ]mfn =
∑
n∈Im

[f, hn]mfn.

The above relation and Theorem 3.4 imply the following corollary

Corollary 3.5 Let {fn}n∈N be a 2-frame for 2-pre-Hilbert space X and
satisfies in SO condition and the sequence {hn}n∈N be the m − th dual of its
based on Theorem 3.3 then for all f in X

f =
∑
n∈N

[f, hn]mfn.
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