
International Journal of Contemporary Mathematical Sciences
Vol. 10, 2015, no. 4, 179 - 183

HIKARI Ltd, www.m-hikari.com
http://dx.doi.org/10.12988/ijcms.2015.5316

Extended Operations and New Generalized Numbers

Corresponding to the Algebra A(S(R))

Sabra Ramadan

Department of Mathematics, Faculty of Science, Jazan University
P.O. Box 2097, Jazan, Kingdom of Saudi Arabia

Saleem Al-Ashhab

Al-albayt university
Mafraq, Jordan

Copyright c© 2015 Ramadan Sabra and Saleem Al-Ashhab. This article is distributed

under the Creative Commons Attribution License, which permits unrestricted use, distribu-

tion, and reproduction in any medium, provided the original work is properly cited.

Abstract

In this paper we define the algebra of new generalized functions
A(S(R)) , and the set of corresponding new generalized numbers C̃ .
Also we will define the extended differentiation D̃, extended Fourier
transform F̃ , and extended convolution D̃ on the algebra A(S(R)).
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1 Introduction

Let E be separated complete locally convex algebra. Following the Radyno-
Antonevich method [1] we define the algebra A(E) in the following way :

Let G(E) be the set of all sequences in E. On G(E) we define the coordi-
natewise multiplication in the following way:

◦ : G(E)×G(E)→ G(E).

Iff = (fk) ∈ G(E) , andg = (gk) ∈ G(E) , then f ◦ g = (fk · gk) ∈ G(E).
Define the following subsets of the set G(E) :
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Gθ1(E) = {(fk) ∈ G(E) : ∃ m ∈ N, ∀α ∈ I,∃ dα > 0, pα (fk) ≤ dαe
km ∀k}

Gθ2(E) = {(fk) ∈ G(E) : ∃ m ∈ N,∀α ∈ I,∃ dα > 0, pα (fk) ≤ dαe−km ∀k}
We state some of the basic known results :

Theorem 1.1 The space Gθ1(E) is an algebra, and Gθ2(E) is an ideal in
Gθ1(E) .

Now we set A(E) = Gθ1(E) \Gθ2(E) which is a factor algebra.
We define the mapping j : E → A(E) by

j : f ∈ E → (fk) +Gθ2(E) ∈ A(E) fk = f

Theorem 1.2 The mapping j is linear, and injective

Now let E = S(R) , and let S∗(R) be the dual space of S(R), then define

A(S(R)) = Gθ1(S(R))/Gθ2(S(R)).

By theorem 1.2 we conclude that S(R) ⊂ A(S(R)).
Now if D(R) the space of tests functions with compact support. Let f ∈

D(R), and

f =

{
0, | x |> 2
1, | x |≤ 1

then define fk = f(x
k
), and let gk = F (fk(x)) = kF (fk(kx)), where F is

the Fourier transform .
Define
Bf : u ∈ S∗(R)→ (2π)−1(fk.u ∗ gk) +Gθ2(S(R)) ∈ A(S(R))

Theorem 1.3 a) The operator Bf is linear, and injective,
b) If u ∈ S∗(R) , then(2π)−1(fk.u ∗ gk) ∈ Gθ1(S(R)),
c) If for each positive ε > 0 , and for each x ∈ R , if | u1(x)− u2(x) |< ε,

then | Bf u1 −Bf u2 |< ε ∀u1, u2 ∈ S(R)

Let B : E → E be a continuous linear operator, then [4,5] for each f ∈ E,
and for each α ∈ A , there is a constant dα > 0 and β ∈ A such that

pα(B(f)) ≤ dαpα(f) (1.1)

and if b : E × E → E be a bilinear continuous map , then for eachα ∈ A
there is β ∈ A, γ ∈ A and a constant Cα > 0 such that for each f, g ∈ E

pα(b(f, g)) ≤ Cαpβ(f)pγ(g) (1.2)
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Theorem 1.4 If f = (fk) ∈ Gθ1(E), then B(Gθ1(E)) ⊂ Gθ1(E), and
B(Gθ2(E)) ⊂ Gθ2(E). Moreover the operator β does not depend on repre-
sentative.

Now we can define

B̄ : A(E)→ A(E), where B̄[(fk) +Gθ1(S(R))] = (B(fk)) +Gθ1(S(R)

Similarly we define the bilinear map

b̄ : A(E)×A(E)→ A(E), where b̄[(fk) +Gθ1(S(R))] = (b(fk)) +Gθ1(S(R)

2 The Extended Operations D̃, F̃ ,
⊗
, ∗̃ in the

Algebra A(S(R))

Since differentiation D and the Fourier transformation F are continuous linear
operators in S(R) [2] and the multiplication (.) and convolution∗ are con-
tinuous bilinear maps [3], then they are lifted coordinate wise to operations
inA(S(R) ) , which we denote by

D̃, F̃ ,
⊗
, ∗̃ and defined in the following way :

D̃ : f ∈ A(S(R) )→ (D( fk) +Gθ2(S(R));

F̃ : f ∈ A(S(R) )→ (F ( fk) +Gθ2(S(R)) ;⊗
: (f, g) ∈ A(S(R) ×A(S(R)→ ( fk.gk) +Gθ2(S(R)) ;

∗̃ : (f, g) ∈ A(S(R) ×A(S(R)→ ( fk ∗ gk) +Gθ2(S(R)) .

These operations possess many good properties inS(R) and are very con-
venient for applications.These properties are also preserved in A(S(R)).

Theorem 2.1 Let (f, g) ∈ A(S(R), then

1) F̃ [Dnf ] = [+ix]n[F ˜f ] allf ∈ A(S(R));

2) Dn[F ˜f ] = F [(+ix)nf ] ; where the operators [+ix] act in A(S(R)) in
the following way :

[+ix] : A(S(R))→ A(S(R)) and

[ix] : ((fk)) +Gθ2(S(R))→ ((±ix.fk)) +Gθ2(S(R))

3) F̃ [f ∗ g] = F [f ]⊗ F [g] ∀ f, g ∈ A(S(R))

4) F̃ [f
⊗
g] = (2π)−1F̃ ∗̃F̃ [g] ∀ f, g ∈ A(S(R))

5) D̃n[f
⊗
g] =

n∑
i=0

Ci
nD

if
⊗

Dn−ig ∀ f, g ∈ A(S(R))

6) D̃n[f ∗̃g] = [D̃n[f ]∗̃g] = [f ∗̃D̃n[g]] ∀ f, g ∈ A(S(R))

Proof. the proof follows directly from the properties of ordinary operations
of differentiation, Fourier Transformation, convolution, and multiplication.
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3 New Generalized Numbers C̃ Correspond-

ing to the Algebra A(S(R))

In order to define mathematical systems in the algebra A(S(R)) we introduce
the set of new generalized numbers as follows:

Let G(C) be the set of all sequences of complex numbers. Define the set
GM(C) as the set of all sequences (zk) ∈ G(C) such that there are a natural
number m ∈ N and a constant λ1 > 0, such that | zk |≤ λ1e

km for each k.
Define N(C) as the set of all sequences(zk) ∈ G(C) such that for each natural
number m ∈ N there is a constantλ2 > 0, such that| zk |≤ λ1e

−km for each k.

Theorem 3.1 a) the sets G(C) , and GM(C) are algebras;
b) the set is an ideal in the algebra GM(C).

Proof. a) we prove thatGM(C) is algebra. Suppose c1, c2 ∈ GM(C),
thenc1 = (zk) ,and c2 = (ηk) and there are a natural number m1 ∈ N and
a constant λ1 > 0 , such that| zk |≤ λ1e

km for each k , and there are a natural
number m2 ∈ N and a constant λ2 > 0 , such that for each k.

Consider| c1c2 |= | (zkηk) |≤ λ1e
km1λ2e

km2 = λ1λ2e
k(m1+m2) which means

that c1c2 ∈ GM(C). The proof of (b) is similar.
Define the algebra of new generalized numbers corresponding to the algebra

A(S(R)) as a factor algebra

C̃ = GM(C)/N(C)

We define the embeddings of the set of all real numbers R , and the set of
complex numbers C in to the algebra C̃ in the following way :

l1 : x ∈ R→ (xk + 0i) +N(C) ∈ C̃, where xk = x ∀k;

l2 : z ∈ C → (zk) +N(C) ∈ C̃, where zk = z ∀k;

The following theorem explains the importance of the space of new gener-
alized numbers corresponding in A(S(R))

Theorem 3.2 a) if η = (ηk) ∈ Gθ1(S(R)) and z0 ∈ C, then η(z0) =
(ηk(z0)) ∈ GM(C);

b) if λ = (λk) ∈ Gθ2(S(R)) and z0 ∈ C, then λ(z0) = (λk(z0)) ∈ N(C).

Proof. The proof follows from the definition of the space, and the algebra.
The space of new generalized numbers Ĉ corresponding the algebraA(S(R))

gives us opportunity to define, and study many mathematical models, for ex-
ample we can consider and study the following system of equations:
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Du = δnu

u(a) = b , a, b ∈ C̃
u ∈ A(S(R))

Du = vu

u(0) = z0 , z0 ∈ C̃
u, v ∈ A(S(R))

Remark: Here δ− the Dirac function is an element of the algebra A(S(R)).
Finally in the future we can study and generalized bifurcations of quadratic
piece-wise defined recursive sequences in the space A(S(R)) [6].
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