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Abstract

Using the symmetry group that was found in [1] and further studied
in [2], in this work we study the partial differential equation of the
Black-Scholes model [3] and relate such symmetries with the Mellin
transform to find the price of an european like investment option. We
also consider the Black-Schoes-Merton equation in the non-linear case
that models investments in which volatility is a function of transaction
cost.
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1 Introduction

Recently, the Black-Scholes equation has been studied from the point of view
of the Lie groups of symmetry [2] as well as with the Wei-Norman method in
the case where some parameters of the model are time dependent [4], in addi-
tion, some studies of the infinitesimal generator of the Black-Scholes equation
and the transform integrals in [5] and [6]; some works where the Black-Scholes
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470 O. González-Gaxiola and J. A. Santiago

equation has been studied from the point of view of quantum mechanics, see
e.g. [7], [8]. In this paper we use some of these results and following in partic-
ular the work presented in [9], we use the Mellin transform and its properties
to find a solution of the Black-Scholes equation (investment price), from its
symmetries and we will tackle a case of the non-linear Black-Scholes equation.
The rest of the paper is organized as follows. In Section 1 we exhibit the
Mellin transform and some of its properties. The Black-Scholes model and its
relation with the Mellin transform in the linear case is presented in Section 2.
The non-linear case of the Black-Scholes equation in the case of a market with
stochastic volatility and its solution is studied in Section 3.

1.1 The Mellin transform

In this section we define the Mellin transform and recall some of its main
properties, we see the way that we can obtain the inverse Mellin transform
through the classical Fourier transformation [10].

Definition 1.1. Let f be a complex-valued function defined over (0,∞),
locally integrable. To avoid further complication, we assume throughout that it
is continuous in (0,∞). The Mellin transform is defined as

M(f, a) = F (s) =

∫ ∞

0

f(t)ts−1dt. (1)

In general, the integral does exist only for complex values of s = a + ib, such
that a1 < a < a2, where a1 and a2 depend of the function f .

In the above definition a1 and a2 form the so-called strip of definition
S(a1, a2). In some cases, this strip may be extended to a half-plane (a1 =
−∞ or a2 = ∞) or to the whole complex s-plane (a1 = −∞ and a2 = ∞).
Let us see now the relation between the Laplace transform and the Mellin one.
By doing the change of variable t = e−x, dt = −e−xdx in eq. (1), we have

F (s) =

∫ ∞

−∞
f(e−x)e−sxdx, (2)

if we make g(x) = f(e−x), the integral

L(g, s) =

∫ ∞

−∞
g(x)e−sxdx,

can be seen as the two-side Laplace transform of g. This can be written
symbolically as:

M(f(t), s) = L(f(e−x), s), s = a + ib. (3)
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Let us consider now, s = a + 2πiβ in eq. (2)

F (s) = M(f(t)) =

∫ ∞

−∞
f(e−x)e−x(a+2πiβ)dx =

∫ ∞

−∞
f(e−x)e−axe−2πiβxdx, (4)

then we have

M(f(t), s = a + 2πiβ) = F(f(e−x)e−ax, β) (5)

where F represents the Fourier transformation defined in the usual way

f̂(β) = F(f, β) =

∫ ∞

−∞
f(x)e−2πiβxdx. (6)

Thus, for every real number given by a = �e(s), such that a ∈ S(a1, a2) in eq.
(5), we can see that the Mellin transformation of a function f can be expressed
as a certain Fourier transformation.
A directed way to obtain the inverse Mellin transformation is via the inverse
Fourier transformation. If f̂(β) = F(f, β), then we recover f through the
inverse Fourier transformation, that is

f(x) =

∫ ∞

−∞
f̂(β)e2πiβxdβ. (7)

Using now equation (4) with s = a + 2πβi and eq. (7) we have

f(e−x)e−ax =

∫ ∞

−∞
F (s)e2πiβxdβ, (8)

and taking again the change of variable t = e−x, we obtain

f(t)ta =

∫ ∞

−∞
F (s)t−2πiβdβ = t−a

∫ ∞

−∞
F (s)t−2πiβdβ.

From the latter we can see that the inverse Mellin transform is given by

f(t) =
1

2πi

∫ a+i∞

a−i∞
F (s)t−sds. (9)

On the other hand, if in eq.(6) we take ω = 2πβ, i.e., in terms of the angular
frequency

f̂(ω) =
1√
2π

∫ ∞

−∞
f(x)e−iωxdx = F(f(x)),

and then

f(x) = F−1(f̂(ω)) =

∫ ∞

−∞
f̂(ω)e−iωxdω,

and therefore

M(f(t), s = a + iω) =
√

2πF(f(e−x)e−ax, ω), ∀a ∈ S(a1, a2). (10)
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2 The Black-Scholes equation and the Mellin

Transform

This model is a partial differential equation whose solution describes the value
of an European Option, see [3], [11]. Nowadays, it is widely used to estimate
the pricing of options other than the European ones. Let (Ω,F , P,Ft≥0) be
a filtered probability space and let Bt be a brownian motion in R. We will
consider the stochastic differential equation (SDE)

dX(t) = a(t,X(t))dt + σ(t, X(t))dB(t),

with a and σ continuous in (t, x) and Lipschitz continuous in x; i.e., there is
a constant M such that

|a(t, x) − a(t, y)| ≤ M |x − y|, |σ(t, x) − σ(t, y)| ≤ M |x − y| ∀ t, x, y.

The price processes given by the geometric brownian motion S(t), S(0) = x0,
solution of the SDE

dS(t) = μS(t)dt + σS(t)dB(t),

with μ and σ constants. It is well know that the solution of this SDE it is
given by:

dS(t) = x0 exp{σ(B(t) − B(t0)) + (r − 1

2
σ2)(t − t0)}

Let 0 ≤ t < T and h be a Borel measurable function, h(X(T )) denotes the
contingent claim, let Ex,th(X(T )) be the expectation of h(X(T )), with the
initial condition X(t) = x.
Now we recall the Feynman–Kac theorem [12]. Let v(t, x) = Ex,th(X(T )) be,
0 ≤ t < T , where dX(t) = a(X(t))dt + σ(X(t))dW (t). Then

vt(t, x) + a(x)vx(t, x) +
1

2
σ2(x)vxx(t, x) = 0, and v(T, x) = h(x). (11)

Now, if we consider the discounted value

u(t, x) = e−r(T−t)Ex,th(X(T )) = e−r(T−t)v(t, x). (12)

Then if at time t, S(t) = x, we proceed in a standard way,

v(t, x) = er(T−t)u(t, x),

vt(t, x) = −rer(T−t)u(t, x) + er(T−t)ut(t, x),

vx(t, x) = er(T−t)ux(t, x),

vxx(t, x) = er(T−t)uxx(t, x).
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The Black-Scholes equation is obtained substituting the above equalities in the
equation (11) and multiplying by the factor e−r(T−t):

−ru(t, x) + ut(t, x) + rxux(t, x) +
1

2
σ2x2uxx(t, x) = 0, (13)

where 0 ≤ t < T, and x ≥ 0; here the risk-free interest rate r and the
volatility σ are taken constants.
For geometric Brownian motion, the stochastic representation of (12) is given
by

u(t, x) = e−r(T−t)Ex,th(X(T )) = e−r(T−t)

∫ ∞

0

h(ξ)p(t, T ; x, ξ)dξ. (14)

On the other hand, consider us the linear partial differential equation

∂u

∂t
= G(x, u, u(1), . . . , u(n)), x ∈ R (15)

let Γ(eζYj )u(t, x) be the action on the solutions generated by the symmetry Yj,
then from (14),

u(t, x) =

∫ ∞

0

Γ(eζY )u0(y)p(t̂; x, y)dy = β(t, x; ζ)u0(a(t, x; ζ)), (16)

where for each symmetry Yj, the functions β and a are known.
Black Scholes equation’s symmetries (13), obtained in [1] and studied in [2]
from algebraic point of view, are given by the vector field

Y1 =
∂

∂t
, Y2 = x

∂

∂x
, Y3 = 2t

∂

∂t
+ (lnx − (r − 1

2
σ2)t)x

∂

∂x
− 2rtu

∂

∂u
,

Y4 = (ln x + (r − 1

2
σ2)t)u

∂

∂u
− σ2tx

∂

∂x
,

Y5 = σ2tx ln x2 ∂

∂x
+ 2σ2t2

∂

∂t
− [(ln x + (r − 1

2
σ2)t)2 + 2σ2rt2 + σ2t]u

∂

∂u
,

Y6 = u
∂

∂u
, Yg = g(t, x)

∂

∂u
,

where g(t, x) is an arbitrary solution of the Black Scholes equation (13); con-
sidering Y4, we have the action

Γ(eζY4)u(t, x) = x−ζe[ 1
2
σ2ζ2−(r− 1

2
σ2)ζ]tu(t, xe−ζσ2t).

Then, considering the stationary solution in (16), we identify

u(t, x; ζ) = x−ζe[ 1
2
σ2ζ2−(r− 1

2
σ2)ζ]t
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and thus u(0, y; ζ) = y−ζ, substituting this into (16) we obtain, by doing
ζ = 2 − s ∫ ∞

0

ys−1p(t̂; x, y)dy = e
1
2
(s−2)t̂[(s−1)σ2+2r]xs−1.

Comparing with (1), the left hand side of the last equation proves to be the
Mellin transform of the transfer function of (14) with respect to y, i.e.

M(p(t̂, x, y)(s)) = e
1
2
(s−2)t̂[(s−1)σ2+2r]xs−1

from where
p(t̂, x, y) = M−1

{
e

1
2
(s−2)t̂[(s−1)σ2+2r]xs−1

}
(y)

= F−1
{
e

1
2
(−iω−2)t̂[(−iω−1)σ2+2r]x−iω−1

}
(− ln y)

=
e−rt̂

σy
√

2πt̂
exp

(
− [ln(y/x) − (r − 1

2
σ2)t̂]2

2t̂σ2

)

To find the last equality we have considered (10). Now, taking into account
that in (14) p is the transition probability density of the geometric Brownian
motion with t̂ = T − t, we see that the payoff function, solution of the Black-
Scholes equation (13) is given by

u(t, x) = e−r(T−t)Ex,th(X(T )) = e−r(T−t)

∫ ∞

0

h(ξ)p(t, T ; x, ξ)dξ

= e−rt̂

∫ ∞

0

h(ξ)
e−rt̂

σξ
√

2πt̂
exp

(
− [ln(ξ/x) − (r − 1

2
σ2)t̂]2

2t̂σ2

)
dξ.

In the case of an european option, the value of the like-call option can be
obtained from (13), with the boundary conditions:⎧⎨

⎩
uc(T, x) = max(x − K, 0) : t = T
uc(t, 0) = 0 : x = 0
uc(x, t) → x : x → ∞

we have that,

u(t, x) = xN

(
1

σ
√

T − t

[
ln(

x

K
) + (r +

1

2
σ2)(T − t)

])

−e−r(T−t)KN

(
1

σ
√

T − t

[
ln(

x

K
) + (r − 1

2
σ2)(T − t)

])
,

where N(η) = 1√
2π

∫ η

−∞ e−
x2

2 dx and K > 0 is the striking price.



Symmetries, Mellin transform and the Black-Scholes equation 475

3 The Nonlinear Case

In financial models, we usually assumed that the markets are competitive and
there is no friction of any kind, i.e. there are no transaction costs and there is
ample liquidity such that a trader can buy or sell any number of assets without
changing its price. In some financial models [13], [14], for very short periods of
time, the volatility σ can be a function that depends on the transaction cost or
the second derivative of the asset value while the interest rate r, is a constant.
The idea is that not only the asset price but also the volatility, is a stochastic
process [15]. If the volatility satisfies the Ornstein-Uhlenbeck process we have
the two equations

dS(t) = μS(t)dt + σ(t)S(t)dW1(t)

dσ(t) = −βσ(t)dt + δdW2(t),

the processes W1(t) and W2(t) are not independent and must be Corr(W1(t), W2(t)) =
ρ, where |ρ| << 1. Using the Itô’s lema, we can obtain an expression for the
stochastic differential of dσ2(t), which happens to be

dσ2(t) = [2δ2 − βσ2(t)]dt + 2δσ(t)dW2(t)

such that eq.(13) with β = 1 becomes the non-linear equation:

ut(t, x) +
1

2
σ2x2 · uxx(t, x)

(1 − ρxλ(x)uxx(t, x))2
= 0. (17)

If we consider the special case where the price of risk is unit, λ(x) = 1, the
equation (17) admits a non-trivial Lie algebra [16] generated by

X1 =
∂

∂t
, X2 = x

∂

∂u
, X3 =

∂

∂u
, X4 = x

∂

∂x
+ u

∂

∂u
.

In this case, if we further assume that ||ρxuxx|| < ε for some ε > 0 small
enough (low impact of hedging) and considering the functional approximation

1
(1−F )2

≈ 1 + 2F + O(F )3 we have that eq.(17) becomes

ut(t, x) +
1

2
σ2x2 · uxx(t, x)(1 + 2ρxuxx(t, x)) = 0. (18)

Now, considering the symmetries,

Γ(eζX4)u(t, x) = u(t, xeζ) + e−ζu(t, x)

with reference to [17] y a [18] , we obtain

4ρuxx(t, x) =
√

x0x
− 3

2 e
σ2

8
t
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and therefore, the solution to (18) is given by

u(t, x) = x −
√

x0

ρ

(√
xe

σ2

8
t +

√
x0

4
e

σ2

4
t
)
; (19)

where u(0, x) = x0.
Figure 1 shows that the solution of equation (17) is a good approximation by
the function (19)

0

1

2

3 0

1

2

3
20

10

0

Figure 1: Solution (numerical) of equation (17) versus function graph (19).
Above equation (17), below the function (19)
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