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Abstract

The negative binomial (NB) distribution has provided a representa-

tion for count data in many areas of research. We propose a parametric

hierarchical empirical Bayes (EB) approach for estimating the param-

eters of negative binomial (NB) generalized linear regression models

(GLiM). We re-parametrize the NB in terms of dispersion and propor-

tion parameters and put a beta prior on the latter parameter. We link

the covariate information to the prior mean of the proportions wia a

parametric family of link functions. We estimate the hyperparameters

and the dispersion parameter from the beta-negative binomial marginal

likelihood and we define an EB estimator of the proportion parameters

as well as the mean responses (counts) at each value (or combination of

values) of the covariates. We construct EB confidence intervals for the

proportion as well as the mean response parameters by using the defi-

nition of Morris (1983). We apply our procedure to the environmental

toxicity data of Paul et al. (1997) to emphasis its utility. A simulation

study is then carried out to investigate the performance of the proposed

point and interval EB estimators as compared to the usual NB GLiM

estimates in terms of biases and MSEs.

Keywords: Empirical Bayes, Hierarchical model, Negative Binomial, Gen-

eralized Linear Model, Toxicity, Count data
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1 Introduction

Suppose that j = 1, 2, ..., ni, independent counts are observed at each level

of the i = 1, 2, ..., k distinct values of some predictor variable. To model the

hierarchical effect, we assume that the the parameter θi standing for probability

in the NB distribution is a random variable with density Π(θi|ξξξ) where ξξξ is a

vector of unknown parameters.

To characterize the parameters, two approaches can be used; one could ap-

ply fully Bayes hyperpriors for ξξξ (see Berger (1985)), whereas another approach

is to gather information about the unspecified prior distribution from the joint

marginal distribution of the data. The latter approach is the empirical Bayes

paradigm (see Casella (1992)). Santner and Duffy (1989) discussed paramet-

ric empirical Bayes methodology for a logistic regression to model proportion

over regressor variables xTi = [xi1 , xi2 , ..., xip ]. They applied a logit model

log{θij/(1− θij)} = xTi ξξξ assuming the multivariate normal prior on the hyper-

parameters [ξξξ ∼ N(0, σ2I)] and then estimated σ2 empirically. Piegorsch and

Casella (1996) applied parametric empirical Bayes methods to the generalized

linear regression models (GLiM) based on the binomial distribution by using

an extended link function. Tu and Piegorsch (2000, 2003) described a hierarchi-

cal Poisson regression model for count data through GLiM and estimated the

model parameters under various estimation schemes. More general EB estima-

tion for the so called natural exponential family with quadratic variance

function models (NE-QVF) is proposed in Ghosh and Maiti (2004). The

NEF-QVF models include the poisson-gamma and the beta-binomial models

as special cases.

In this paper, we present a parametric hierarchical empirical Bayes ap-

proach for estimating the mean responses from generalized linear regression

models in which the response is assumed to be from a negative binomial dis-

tribution. We use an extended link function which includes the usual log and

logit link functions as special cases. The hierarchical model, the extended link

function as well as the conditional posterior moments of the negative binomial

proportions and mean responses are described in Section 2. In Section 3 we

estimate the hyperparameters from the marginal likelihood and we derive the

empirical Bayes estimators of the proportion and the mean responses. In Sec-

tion 4 we approximate the conditional (given the data) variances of the EB

estimators and thus we provide approximate confidence intervals according to

the definition of Morris (1983). Finally, in Section 5 we carry out intensive

simulations to investigate the small sample behaviour of the estimators and

the approximate confidence intervals proposed in the paper. We compare the
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EB mean response estimators of this paper to the usual estimators based on

the NB GLiM. Also, in Section 5 we apply the methods to the MN toxicity

data of Paul et al. (1997). In Section 6 we give some conclusions and further

directions for improvement.

2 A Hierarchical Generalized Linear Regres-

sion Model

2.1 Conjugate Beta Prior for the Negative Binomial

Data

Suppose that yij is the jth count collected from the ith individual with covariate

vector xTi = [xi1 , xi2 , ..., xip ], for i = 1, 2, ..., k and j = 1, ..., ni, p > 1. We

assume that given a set of parameters θi, the counts yij are independent and

follow a negative binomial distribution.That is,

yij|θi ∼ NB(φi, θi), (1)

where NB(φ, θ) stands for the negative binomial distribution given by

P (Y = y) =

(
φ+ y − 1

y

)
(θ)φ(1− θ)y, φ > 0, y = 0, 1, 2, ... (2)

In this parameterization of the negative binomial density, 0 < θi < 1 is the

probability of success and φ > 1 is sometimes called dispersion parameter. In

passing, we note that the mean responses of the counts given the proportion

parameters can be computed as ηi = E[Yij|θi] = φ( 1
θi
− 1).

To define the hierachical model, we assume a conjugate beta prior for the

θi,

Π(θi|Ai,Bi) ∝ θAi−1
i (1− θi)Bi−1, (3)

where Ai > 0 and Bi > 0 are hyperparameters. Let the prior means of the

θi be µi = E (θi|Ai,Bi). The invertible monotone link function g(µi) = xTi βββ,

where βββ is a p × 1 vector of unknown regression parameters, controls the

association between the predictor variables and the prior means of the θi. Let

g−1
(
xTi βββ

)
= µi be the inverse link function. Then, following Albert (1988),

we introduce a second hyperparameter, λ > 0, into the hierarchy by using the

relationship Ai = λg−1
(
xTi βββ

)
and Bi = λ

[
1− g−1

(
xTi βββ

)]
. The prior on θi

becomes

Π(θi|βββ, λ) ∝ θ
λg−1(xT

i βββ)−1

i (1− θi)λ−λg
−1(xT

i βββ)−1. (4)
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The λ can be interpreted as a precision parameter that reflects the degree of

prior belief in the GLiM . Notice that as λ −→ ∞, the model in (4) collapses

to the classical GLiM . For binomial and poisson responses, similar models

were studied in Piegorsch and Casella (1996) and Tu and Piegorsch (2000),

respectively, both of which are particular cases of the more general EB treat-

ment of the natural exponential family quadratic variance function models

(NEF-QVF) of Ghosh and Maiti (2004). This family contains the six basic

distributions: binomial, Poisson, normal with known variance, gamma, nega-

tive binomial with known dispersion parameter and the generalized hyperbolic

secant. We notice, however, that our model here is not a special case of Ghosh

and Maiti (2004) as we assume that the dispersion parameter is unknown and

is to be estimated from the posterior marginal likelihood. Our model can be

accommodated under the same framework as that of Ghosh and Maiti (2004)

if one generalizes their results to two-parameter families.

2.2 Extended Parametric Link Function

For negative binomial data, one possible extended family of link functions

is the popular logit link function (see Morgan (1988)) such that

g(µi, γ) = log

(
(1− µi)−γ − 1

γ

)
, (5)

where µi is the prior mean under the link function and (γ ≥ 0) is used to

index the link functions in this extended family. At γ = 1, (5) is indeed, the

logit link. In the limit, as γ −→ 0, we find lim
γ→0

g(µi, γ) = log{− log(1 − µi)}
(a complementary log-log link). In our analysis, we apply the extended link in

(5) to the hierarchical GLiM . Denoting the extended inverse link function by

g−1
(
xTi βββ, γ

)
, we have

µi = g−1
(
xTi βββ, γ

)
= 1−

(
γex

T
i βββ + 1

)−1

γ , (6)

where xTi βββ > 0 satisfies the constraint µi > 0.

2.3 Conditional Posterior Moments

Under the hierarchy in (1) and in (3) and using the extended family of

link functions in (4), the posterior distribution of θi given Yij = yij, is beta dis-

tribution with parameters niφi+λg
−1
(
xTi βββ, γ

)
and niȳi+λ

(
1− g−1

(
xTi βββ, γ

))
.
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The conditional posterior expectation for θi can be written as a convex combi-

nation of the prior extended GLiM , g−1
(
xTi βββ, γ

)
and the observed proportion

θ̃i as

E [θi|yij, φi,βββ, λ, γ] = wiθ̃i + (1− wi)g−1
(
xTi βββ, γ

)
, (7)

where θ̃i =
niφi

niφi + niȳi
, g−1

(
xTi βββ, γ

)
is the prior mean and wi =

niφi + niȳi
niφi + λ+ niȳi

.

As mentioned earlier, the posterior mean in (7) approaches the GLiM

as λ −→ ∞ and approaches the observed proportion as λ −→ 0. Thus λ

can be considered as a precision parameter. That is, λ −→ ∞, (high prior

precision) implies that the posterior mean approaches the prior GLiM mean,

while λ −→ 0, (low prior precision) implies that the posterior mean approaches

the proportions estimated from the observed counts alone.

The measure of variability for the conditional expectation in (7) is the con-

ditional posterior variance (say V ar [θi|yij, φi,βββ, λ, γ]) of θi under the hierarchy

and is given by

V ar [θi|yij, φi,βββ, λ, γ] =

(
niφi + λg−1

(
xTi βββ, γ

)
niφi + niȳi + λ

)(
1−

niφi + λg−1
(
xTi βββ, γ

)
niφi + niȳi + λ

)
(niφi + niȳi + λ+ 1)

.

(8)

The conditional posterior moments for the mean responses of the counts

ηi = E[Yij|θi] can now be computed from the relationship ηi = φi(
1
θi

+ 1). To

this end, we note that the conditional posterior expectation of
1

θi
is

E

[
1

θi
|yij, φi,βββ, λ, γ

]
=

niφi + niȳi + λ− 1

niφi + λg−1 (xTi βββ, γ)− 1
, (9)

and, the conditional posterior variance is as follows

V ar

[
1

θi
|yij, φi,βββ, λ, γ

]
=

(
niȳi + λ

(
1− g−1

(
xTi βββ, γ

)))
(niφi + niȳi + λ− 1)

(niφi + λg−1 (xTi βββ, γ)− 1)
2

(niφi + λg−1 (xTi βββ, γ)− 2)
.

(10)

Using (9)-(10), we obtain the conditional posterior expectation of ηi as

E[ηi|yij, φi,βββ, λ, γ] =
φi
[
niȳi + λ

(
1− g−1

(
xTi βββ, γ

))]
niφi + λg−1 (xTi βββ, γ)− 1

, (11)
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and the conditional posterior variance of ηi as

V ar[ηi|yij, φi,βββ, λ, γ] =
φ2
i

(
niȳi + λ

(
1− g−1

(
xTi βββ, γ

)))
(niφi + niȳi + λ− 1)

(niφi + λg−1 (xTi βββ, γ)− 1)
2

(niφi + λg−1 (xTi βββ, γ)− 2)
.

(12)

3 The empirical Bayes estimation

In this section, we describe the empirical Bayes estimation procedure for

θi as well as for ηi by using the maximum marginal likelihood estimates. Note

that the parametric Bayes approach utilizes information about the hyperpa-

rameters that is available in the data. We use the marginal distribution of the

responses conditional on the hyperparameters: fi (yij|φi,βββ, γ, λ,xi) to estimate

the unknown parameters φi (i = 1, ..., k), βββ, γ, and λ. In the next subsection

we derive the form of the marginal likelihood and we discuss the properties of

the maximum marginal likelihood estimates for the parameters.

3.1 The maximum marginal likelihood estimation

To find the marginal density fi (yij|φi,βββ, γ, λ,xi), we employ the independent

conjugate prior density from (4) and the negative binomial density defined in

(2). For simplicity, we assume from now on that φi = φ for all i = 1, 2, ..., k.

Therefore, the marginal density of the counts conditional on the parameters is

fi
(
yij|φ,βββ, γ, λ,xTi

)
=

B
(
φ+ λg−1

(
xTi βββ, γ

)
, yij + λ− λg−1

(
xTi βββ, γ

))
B (φ, yij)B (λg−1 (xTi βββ, γ) , λ− λg−1 (xTi βββ, γ))

.

(13)

where B (a, b) =
Γ(a)Γ(b)

Γ(a+ b)
. The marginal distribution in (13) is the beta-

negative binomial distribution with parameters φ, λ−λg−1
(
xTi βββ, γ

)
and λg−1

(
xTi βββ, γ

)
.

To estimate the parameters, we use the marginal log-likelihood

` (φ,βββ, λ, γ) ∝
k∑
i=1

ni∑
j=1

[
log Γ(φ+ yij) + log Γ(λ) + log Γ

(
φ+ λg−1

(
xTi βββ, γ

))
+ log Γ

(
yij + λ− λg−1

(
xTi βββ, γ

))
− log Γ(φ)− log Γ

(
λg−1

(
xTi βββ, γ

))
− log Γ

(
λ− λg−1

(
xTi βββ, γ

))
− log Γ(yij + λ+ φ)

]
, (14)
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and maximize it with respect to the unknown parameters (φ,βββ, λ, γ) via numer-

ical iterative methods such as the quasi-Newton method. Under standard reg-

ularity conditions (see Lehmann and Casella (2003), p.463) and the additional

condition that the partial derivatives of the extended inverse link function exist

and are bounded up to the third order, one can show the asymptotic consis-

tency and efficiency of the maximum marginal likelihood estimators. This is

summarized in the following theorem.

Theorem 3.1. Under standard assumptions (see Lehmann and Casella (2003),

p.463), there exists a sequence of solutions, {
(
β̂ββN , λ̂N , φ̂N , γ̂γγN

)
}, to the marginal

likelihood estimating equations such that, as N −→ ∞,
ni
N
−→ ci > 0, where

N =
∑k

i=1 ni, the following hold:(
β̂ββN , λ̂N , φ̂N , γ̂γγN

)
P−→ (βββ, λ, φ, γ) ,

√
N
(
ξ̂ξξN − ξξξ0

)
D−→ N

(
0,Σ−1

)
,

where ξξξ0 = (βββ, λ, φ,γγγ) are the true values of the parameters and Σ is the Fisher

information matrix of the marginal likelihood function.

The expressions for the elements of the Σ matrix are lengthy and not re-

ported in this paper, for details we refer to Al-Khasawneh (2006).

3.2 The empirical Bayes estimators of the proportions

and mean responses

The maximum marginal likelihood formulation leads to the following estimator

of θi based on the conditional posterior means in (7):

θEBi =
niφ̂+ niȳi

niφ̂+ niȳi + λ̂

niφ̂

niφ̂+ niȳi
+

λ̂

niφ̂+ niȳi + λ̂
g−1

(
xTi β̂ββ, γ̂

)
. (15)

Again, when λ̂ is large positive number, θEBi shrinks away from the observed

value of θi (θ̃i = niφ̂

niφ̂+niȳi
,) toward the estimated prior GLiM (g−1

(
xTi β̂ββ, γ̂)

)
.

By using the relationship between θi and ηi, namely, ηi = φ( 1
θi
−1), we can

define an EB estimator of the mean responses ηi as ηi = φ̂( 1
θEB
i
− 1).

4 Interval Estimation for the Parameters

According to Theorem 3.1,
√
N(ξ̂ξξN−ξξξ0)

D−→ N(0,Σ−1) where ξξξ0 = (βββ, λ, φ, γ)

are the true values of the parameters and Σ is the Fisher information matrix
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of the marginal likelihood function. Therfore, marginally, we have
√
N
(
β̂u − β0

)
D−→ N

(
0,
(
Σ−1

)
uu

)
, ∀ u = 0, 1, ..., p,

√
N
(
λ̂− λ0

)
D−→ N

(
0,
(
Σ−1

)
(p+1)(p+1)

)
,

√
N
(
φ̂− φ0

)
D−→ N

(
0,
(
Σ−1

)
(p+2)(p+2)

)
. (16)

The information matrix ΣΣΣ in (16) is usually unknown, since it depends on the

unknown parameters vector ξξξ. In practice, the observed Fisher information

matrix Σ̂ evaluated at ξξξ = ξ̂ξξ can be used in place of ΣΣΣ for inference purposes.

Let σ̂uv be the (u, v)th element of Σ̂−1 evaluated at the maximum marginal

likelihood estimates ξ̂ξξ. Based on (16) and the observed Fisher information

matrix, we construct the following approximate (1-a)100% confidence intervals

for the parameters βu, λ and φ, respectively

β̂u ± za/2
√
σ̂uu/N, ∀u = 0, 1, ..., p,

λ̂ ± za/2

√
σ̂p+1,p+1/N,

φ̂ ± za/2

√
σ̂p+2,p+2/N. (17)

4.1 Empirical Bayes variance estimators for θi

Following Kass and Steffey (1989), we write the unconditional posterior vari-

ance as

V ar(θEBi |y) = Eξξξ{V ar(θEBi |y, ξξξ)}+ V arξξξ{E(θEBi |y, ξξξ)}. (18)

Hence, the first order approximation of the posterior variance based on ξ̂ξξ is

V ar(θEBi |y) =

(
V ar(θEBi |y, ξ̂ξξ) +

p+3∑
u=0

p+3∑
v=0

σ̂uv δ̂
(i)
u δ̂

(i)
v

)
× {1 +O

(
N−1

)
},

(19)

where δ̂
(i)
u is

∂

∂ξξξu

(
E(θEBi |y, ξξξ)

)
evaluated at ξ̂ξξ and σ̂uv are the elements of

Σ̂ΣΣ
−1

, the inverse of the negative Hessian matrix of `(βββ, λ, γ, φ) evaluated at ξ̂ξξ

(Elements of Σ̂ΣΣ
−1

are given in the appendix).

Finally, from the conditional posterior variance in (8), we obtain

V̂ ar
(
θEBi |y, ξ̂ξξ

)
=

[
niφ̂+ λ̂g−1

(
xTi β̂, γ̂

)] [
niȳi + λ̂

(
1− g−1

(
xTi β̂, γ̂

))]
(
niφ̂+ niȳi + λ̂

)2 (
niφ̂+ niȳi + λ̂+ 1

) ,
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so that the first order approximation of the empirical Bayes variance in (19)

can be estimated by

V̂ ar
(
θEBi |y

)
≈

[
niφ̂+ λ̂g−1

(
xTi β̂, γ̂

)] [
niȳi + λ̂

(
1− g−1

(
xTi β̂, γ̂

))]
(niφ̂+ niȳi + λ̂)2(niφ̂+ niȳi + λ̂+ 1)

+

p+3∑
u=0

p+3∑
v=0

σ̂uv δ̂
(i)
u δ̂

(i)
v . (20)

Using θEBi and the approximate standard error

√
V̂ ar(θEBi |y), inference on

the mean proportion at each level of xxx can be carried out.

4.2 Estimating Empirical Bayes Variance for ηi

Computations to those carried out in the previous subsection can also be done

to derive an approximate variance estimator for the EB of the mean counts.

We write the unconditional posterior expectation of ηEBi

E(ηEBi |y) = Eξξξ|y{E(ηEBi |y, ξξξ)},

and its unconditional posterior variance as

V ar(ηEBi |y) = Eξξξ{V ar(ηEBi |y, ξξξ)}+ V arξξξ{E(ηEBi |y, ξξξ)}. (21)

Finally, the first order approximation of the posterior variance based on ξ̂ξξ is

V ar(ηEBi |y) =

(
V ar(ηEBi |y, ξ̂ξξ) +

p+3∑
u=0

p+3∑
v=0

σ̂uv δ̂
?(i)
u δ̂?(i)v

)
× {1 +O

(
N−1

)
},

(22)

where δ̂
?(i)
u is

∂

∂ξξξu

(
E(ηEBi |y, ξξξ)

)
evaluated at ξ̂ξξ and σ̂uv are the elements of Σ̂ΣΣ

−1
,

the inverse negative Hessian matrix of `(βββ, λ, γ,m) evaluated at ξ̂ξξ (Elements

of δ̂
?(i)
u are given in the appendix).

Now, from the conditional posterior variance in (12), we write

V̂ ar
(
ηi|y, ξ̂ξξ

)
=

φ̂2
(
niȳi + λ̂

(
1− g−1

(
xTi β̂, γ̂

)))(
niφ̂+ niȳi + λ̂− 1

)
(
niφ̂+ λ̂g−1

(
xTi β̂, γ̂

)
− 1
)2 (

niφ̂+ λ̂g−1
(
xTi β̂, γ̂

)
− 2
) ,
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so that the first order approximation of the empirical Bayes variance in (22)

can be estimated by

V̂ ar
(
ηEBi |y

)
≈

φ̂2
(
niȳi + λ̂

(
1− g−1

(
xTi β̂, γ̂

)))(
niφ̂+ niȳi + λ̂− 1

)
(
niφ̂+ λ̂g−1

(
xTi β̂, γ̂

)
− 1
)2 (

niφ̂+ λ̂g−1
(
xTi β̂, γ̂

)
− 2
)

+

p+3∑
u=0

p+3∑
v=0

σ̂uv δ̂
?(i)
u δ̂?(i)v . (23)

Finally, using θEBi and the approximate standard error

√
V̂ ar(θEBi |y), in-

ference on the mean response at each level of xxx can then be carried out.

4.3 Empirical Bayes Confidence Interval Estimation

Morris (1983) proposed a definition of EB confidence interval. Roughly speak-

ing, it is a subset in the parameter space with high probability measure under

all distributions in the prior family. Following this definition, we can construct

confidence intervals for θi as well as the mean responses θi. These (1 − α?)%
intervals are computed by using the first order variance estimators derived in

the previous section and are given by

θEBi ± Zα?/2

√
V̂ ar(θEBi |y), (24)

and

ηEBi ± Zα?/2

√
V̂ ar(ηEBi |y), (25)

respectively, for θi and ηi. These intervals correct the usual conditional poste-

rior variance for not taking into account the variation brought by estimating

parameters from the marginal likelihood.

Morris’ definition requires the same minimum converge probability for all

members of the prior family; and the definition itself does not suggest how

such interval should be achieved in practice. Whether or not the asymptotic

empirical Bayes confidence intervals given above guarantee the same coverage

probability for all possible hyperparameter values, will be addressed in the

simulations of the next section.
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5 Numerical studies

5.1 Example: Micronucleus (MN) Data

Paul et al. (1997) described an experiment where human lymphocytes are

exposed in vitro to various doses of γ−radiation and analyzed via a novel,

synchronized culturing system to study the potential damage to cellular com-

ponents caused by γ−radiation. A special form of genetic damage known as

micronucleus induction is recorded to represent possible chromosomal disrup-

tion due to the exposure. A micronucleus is a small portion of the original

cell nucleus that has become detached due to some intracellular damage. By

studying micronucleus formation, investigators learn more about the nature

and origin of geotaxis effects in cells exposed to harmful environmental stimuli

such as radiation. The MN are thought to form when chromosomal material

is broken or disrupted by the environmental cases to clumps or clusters of MN

is the lymphocytes. This clustering effect provides an excellent candidate for

hierarchical modeling. The data was also used by Tu and Piegorsch (2000)

who applied a generalized linear model, based on a Poisson distribution.

We are interested in estimating the expected numbers of MN per-cell at

the given dose levels by modeling the per-cell MN coverts as a function of the

γ−radiation dose. To account for differential effects due to radiation exposure,

let xi be the γ-radiation dose at each i(i = 1, ..., 9). Since Micronuclei induction

is seen to respond in a super linear fashion with dose, we consider a simple

quadratic predictor xTi βββ = β0 + β1xi + β2x
2
i . For the first eight dose levels,

we have 1000 observed counts and we have 2000 observed counts for the ninth

dose level. Thus, the large-sample results derived in this chapter should be in

strong correspondence with these data. We estimate the mean response at each

dose level using empirical Bayes estimators for θi and then we calculate the

variance of the estimated mean responses per dose levels η̂i. We first maximize

the marginal likelihood function to find parameter estimates. We use the

software R to maximize the marginal likelihood function. After estimating

the parameters, we compute the EB estimates for each ηi via the empirical

Bayes estimators of θi. The parameter estimates and the mean responses are

reported in Tables 1-2.

From the results in Table 1 one can see that the estimated shrinkage coeffi-

cients, niφ̂+nȳi
niφ̂+λ̂+niȳi

, are close to one. For instance, the coefficient is .9838 for

the first dose level. This is the reason why the EB estimates for the mean

responses are very close to the maximum likelihood estimates (ȳi), and differ

from the prior means. Therefore, we conclude that our model, under a nega-
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Table 1: MML Hyperparameter estimates for MN counts.

Parameter MML Estimates

λ 935.3590818

φ 56.87045643

γ 0.001245

β0 2.05714671

β1 -0.29598891

β2 0.03357234

Table 2: EB Estimates of µi at dose level xi, based on MMLE for MN counts.

Dose MLE Prior Means NB EB
Level (ȳ) Estimate Std. Error

0.00 0.0080 0.02365 0.00825 0.00285
0.05 0.0210 0.02648 0.02109 0.00456
0.10 0.0260 0.02957 0.02606 0.00506
0.25 0.0440 0.04050 0.04394 0.00658
0.50 0.0770 0.06498 0.07681 0.00870
1.00 0.1910 0.14197 0.19021 0.01372
2.00 0.4030 0.41182 0.40314 0.02013
3.00 0.6870 0.74870 0.68799 0.02664
4.00 0.9875 0.97116 0.98737 0.02270

tive binomial assumption, seems more appropriate for the MN data. When the

precision of the prior information is low (λ → 0), the posterior concentrates

around the data.

5.2 Simulations study

In this section, Monte Carlo simulations are carried out to study the

properties of the procedures proposed in this paper. We are interested in

the performance of the estimators, particularly, the performance of the EB

estimates for θi discussed in Sections 3 and 4 and the performance of the ap-

proximate empirical Bayes confidence interval estimation scheme. We also

compare the efficiency of the mean responses ηi based on the EB estima-

tion method of this paper to the ones obtained from the usual negative bi-

nomial GLiM models. For simplicity, we limit our attention to a simple linear

predictor, xTi βββ = β0 + β1xi. A series of different parameter configurations
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are considered to generate the simulated data sets: k was set equal to 5,

with equally spaced levels of x at x1 = 0, x2 = 25, x3 = 50, x4 = 75 and

x5 = 100. The sample sizes were set equal across levels of xi, and ranged

over n = 50, 150. The parameters were taken as all possible combinations of

β0 = −4.0, β1 = 0.079, λ = 100, 200, φ = 5, 10, 20 and γ = 1, 3, 7.

Figures 1-2 illustrate an example of the simulated behavior of the

MML parameter estimators, under the parameter configuration β0 = −4, β1 =

0.079, φ = 5, γ = 7 and λ = 100.

Each figure contains four graphs, a histogram of the MML estimates, box-

plot, an empirical density plot of the MML estimates and a normal probability

plot. For small n = 50, by examining the behavior of the parameter estimates,

we see nearly perfect bell-shaped curves centered very close to the true values

of the parameter estimates β̂0, β̂1 and γ̂ indicating good normal approxima-

tions. The behavior of λ̂ and φ̂, however, are less stable. In general, while the

curves of λ̂ and φ̂, respectively, are still demonstrating the normal character-

istics with the mode close to the true value of λ and φ, their curves have long

tails on the right. Numerically, this skewness is caused by occasional large

values of λ̂ and φ̂ for some simulated samples. This suggests the need for a

larger sample size in order to get more stable behavior of λ̂ and φ̂. It is clear

that, as the sample size increases, nearly perfect bell-shaped curves centered

very close to the true values of the parameters are obtained indicating good

normal approximation. simulation results suggest that, a sample size n = 150

is enough to indicate obtain fairly good normal approximations for λ̂.

For estimation of φ, it can be noted that a larger sample size (about 200)

is needed. We have noticed, however, that large values of the estimators of λ

and φ occur only in about 5% of the simulated samples, which suggests that

the use of the EB model is appropriate even for small sample sizes (n = 50).

The effect of the large estimates of λ or φ on θ̂i is negligible as shown in the

simulation results.

In the remaining part of the simulation, we compute the EB means ηi
from θi and their MSE’s to compare our results with the results coming from

the usual negative binomial GLiM . The mean biases of the mean responses

based on our empirical Bayes hierarchical negative binomial generalized linear

model (EBNBGLiM) and the mean biases of the mean responses based on the

usual negative binomial GLiM (NBGLiM) are conducted in the simulation

study. The relative efficiency results are presented in Table 3, where RE(η̂i) =
MSE(η̂i

NBGLiM)

MSE(η̂i
EBNBGLiM)

. Table 4 reports the mean bias, the MSE and the relative
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efficiency RE of the dispersion parameters of both, our EBNBGLiM and the

usual negative binomial GLiM where RE(φ̂EB) = MSE(φ̂)

MSE(φ̂EB)
.

By comparing the results from the mean biases results and the results in

Tables 3-4, we drew the following conclusions:

1. The EBNBGLiM has less bias for most of the parameter configurations.

2. The EBNBGLiM is more efficient than the usual negative binomial

GLiM in most of the parameter configurations considered. (Table 3).

3. The proposed EBNBGLiM estimators for the dispersion parameters

are always reasonable and have less bias and smaller MSE’s than their

counterparts based on the usual negative binomial GLiM for most of the

parameter configurations (Table 4).

4. The usual negative binomial GLiM estimators are better than our es-

timators for γ = 1 (Tables 3-4). This is expected since γ had to be

estimated under our model, while the usual negative binomial GLiM

assumed the true value of γ = 1. When the sample size is large, our

estimation procedure is always better than the usual negative binomial

GLiM . For example, the relative efficiency results for the first set of

parameters in Table 3 become, 2.487284, 2.878857, 1.262565, 1.871465

and 1.908541, respectively for sample sizes n = 500.

5. From the simulation study, we notice that, while the convergence is

achieved in the EBNBGLiM for all samples under all different param-

eter configurations, there is a convergence problem in the usual negative

binomial GLiM for some samples; such samples had to be discarded to

avoid this problem.

The average length (AL) of the EB confidence intervals for θi, (i = 1, ..., k)

and the componentwise, coverage probabilities of the EB confidence intervals

for θ1 through θ5 using the maximum marginal likelihood estimates were com-

puted. The target coverage probability is 0.95. We plot the coverage proba-

bilities against the different sample sizes in Figures 3. The graphical analysis

based on simulated data indicates that the empirical coverage probabilities of

the confidence intervals are sometimes slightly lower than the nominal cov-

erage level 95% at the smaller sample sizes. Also, this effect is mitigated as

n increases. This is not unusual in PEB. The PEB methods can sometimes

overshrink, which here would be evidenced as over estimated λ and φ values.

This tends to shorten the confidence intervals and drive down the coverage for
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smaller sample sizes. One can conclude that when the sample size is large, one

can expect satisfactory performance from the EB point and interval estimates

proposed in this paper. Based on our simulation study, a per-condition sam-

ple size of 50 is usually good enough to ensure reasonable pointwise coverage.

The coverage probabilities for individual confidence intervals approach the true

coverage probability of 0.95 as sample size increases. When the sample size

is small, however, the coverage is sometimes lower than the target value. For

any fixed sample size, the coverage probabilities appear to slightly differ as

the values of the parameters differ. In other words, the sample size is not the

only factor affecting the coverage of the proposed EB interval estimates. The

coverage probabilities seem to suggest that the coverage tends to be better

when the prior (or the marginal mean) is large and precision is low. As we

have discussed in Section 4.3 that Morris’ (1983) definition of the EB confi-

dence interval requires the coverage probabilities to be at least (1 − α?), for

all distributions in the prior family. Here we see that as sample size increases,

the coverage probabilities under different parameter settings do become more

homogeneous. This supports the validity of our EB confidence intervals based

on Morris’ definition.

In summary, when sample size is large, one can expect satisfactory per-

formance from the EB point and interval estimates proposed in this paper.

Based on our simulation study, a per-condition sample size of 50 is usually

good enough to ensure reasonable results.

6 Conclusion

In this paper, we have proposed parametric empirical Bayed estimators for

the parameters of negative binomial distribution in the context of count data

with covariate information. We used the parameterization of the negative bi-

nomial in terms of probability and dispersion parameters. We imposed a beta

prior on the probability parameter and linked its prior mean to the covariate

information via an extended link function which includes the logit and the

log links as special cases. We estimated the hyperparameters as well as the

nuisance dispersion parameter from the marginal likelihood and we used these

to define empirical Bayes estimators for the probability parameters. We also

defined the EB estimators for the mean responses of the counts. We provided

EB confidence intervals for the probability and mean response parameters by

using first order EB variance approximations. Finally, we conducted intensive

simulations to examine the performance of the proposed estimators as com-
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pared to the usual negative binomial generalized linear model estimators. We

concluded that in most of the situations, the EB estimators are more efficient

than the usual NBGLiM estimators and the EB approximate confidence inter-

vals give reasonable coverage. One could extend this methodology along the

lines of Ghosh and Maiti (2004) and define a family of two-parameter distri-

butions in parallel to the one-parameter natural exponential family quadratic

variance function models (NEF-QVF). Such models would include the negative

binomial with unknown dispersion parameter. A possible avenue for obtaining

EB estimators would then be the quasi-likelihood estimating equations used

by Ghosh and Maiti (2004), which may simplify the computations.
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Figure 1: Empirical distribution of β̂1 for n = 50.

(a)

beta 1

Fr
eq

ue
nc

y

0.06 0.08 0.10 0.12 0.14

0
10

0
30

0
50

0

0.
06

0.
10

0.
14

(b)

0.04 0.06 0.08 0.10 0.12 0.14

0
10

20
30

40

(c)

beta 1

f(b
et

a 
1)

−3 −2 −1 0 1 2 3

0.
06

0.
10

0.
14

(d)

Theoretical Quantiles
Sa

m
pl

e 
Q

ua
nt

ile
s

Figure 2: Empirical distribution of γ̂ for n = 50.
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Table 3: Relative efficiencies (RE) of the mean estimators η̂i based on the

EBNBGLiM with respect to the usual NBGLiM .

λ φ γ n RE(η̂1) RE(η̂2) RE(η̂3) RE(η̂4) RE(η̂5)

200 5 1 50 7.78E-01 1.08E-01 3.20E-02 1.32E-01 2.66E-01
150 1.13E+00 4.04E-01 5.20E-02 3.83E-01 6.14E-01

3 50 3.70E+00 1.11E+00 1.60E+00 4.99E-01 1.61E+00
150 9.79E+00 5.12E+00 7.72E+00 7.93E-01 7.44E+00

7 50 4.83E+00 5.50E+01 9.67E+01 4.40E+00 2.13E+01
150 1.62E+01 1.52E+02 2.62E+02 9.22E+00 5.33E+01

10 1 50 8.32E-01 2.63E-01 4.95E-02 1.77E-01 3.75E-01
150 1.24E+00 1.04E+00 9.90E-02 6.26E-01 9.76E-01

3 50 4.42E+00 2.35E+00 3.92E+00 8.71E-02 2.78E+00
150 1.49E+01 1.29E+01 2.23E+01 3.97E-01 1.43E+01

7 50 6.44E+00 8.72E+01 1.66E+02 8.67E+00 3.05E+01
150 1.85E+01 2.67E+02 4.61E+02 2.35E+01 8.52E+01

20 1 50 7.53E-01 5.92E-01 9.80E-02 2.94E-01 5.55E-01
150 9.00E-01 6.20E-01 1.58E-01 3.30E-01 5.93E-01

3 50 6.36E+00 7.22E+01 1.71E+02 4.69E+00 2.81E+01
150 1.74E+01 3.76E+01 7.39E+01 2.88E+00 3.10E+01

7 50 7.93E+00 1.24E+02 2.91E+02 2.08E+01 4.38E+01
150 2.09E+01 3.60E+02 8.58E+02 5.34E+01 1.42E+02

300 5 1 50 7.55E-01 3.04E-02 1.89E-02 6.20E-02 1.28E-01
150 1.03E+00 8.99E-02 2.72E-02 1.41E-01 2.67E-01

3 50 4.84E+00 2.15E+01 3.78E+01 1.07E+00 1.64E+01
150 1.37E+01 1.90E+00 3.27E+00 4.73E-02 4.09E+00

7 50 8.70E+00 4.22E+01 1.04E+02 3.67E+00 2.14E+01
150 2.34E+01 1.28E+02 2.27E+02 7.41E+00 5.48E+01

10 1 50 7.81E-01 5.20E-02 1.95E-02 7.02E-02 1.68E-01
150 1.14E+00 2.08E-01 3.48E-02 2.28E-01 4.23E-01

3 50 6.95E+00 8.85E-01 1.80E+00 4.35E-02 1.64E+00
150 2.05E+01 4.61E+00 9.51E+00 8.85E-02 8.09E+00

7 50 9.85E+00 7.78E+01 1.64E+02 7.88E+00 3.23E+01
150 2.80E+01 2.33E+02 4.54E+02 2.15E+01 9.22E+01

20 1 50 8.04E-01 1.14E-01 2.77E-02 1.12E-01 2.42E-01
150 1.21E+00 6.86E-01 7.87E-01 6.99E-01 7.64E-01

3 50 9.96E+00 5.37E+01 1.40E+02 3.76E+00 3.17E+01
150 1.75E+01 3.84E+01 7.70E+01 2.73E+00 2.96E+01

7 50 7.39E+00 1.23E+02 3.14E+02 2.02E+01 5.26E+01
150 4.00E+01 3.37E+02 7.17E+02 5.05E+01 1.33E+02
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Table 4: Mean biases, MSE, and RE of φ̂.

λ φ γ n MB(φ̂EB) MSE(φ̂EB) MB(φ̂) MSE(φ̂) RE(φ̂EB)

200 5 1 50 8.42E-01 1.54E+01 -2.20E+00 5.02E+00 3.25E-01
150 6.12E-01 1.25E+01 -2.28E+00 5.25E+00 4.21E-01

3 50 8.20E-01 4.42E+00 -2.64E+00 7.12E+00 1.61E+00
150 5.10E-01 5.02E+00 -2.71E+00 7.39E+00 1.47E+00

7 50 5.36E-01 4.76E+00 -2.85E+00 8.21E+00 1.73E+00
150 1.20E-01 7.03E-01 -2.90E+00 8.43E+00 1.20E+01

10 1 50 4.14E+00 2.43E+01 -6.04E+00 3.69E+01 1.52E+00
150 3.91E+00 2.18E+01 -6.18E+00 3.84E+01 1.76E+00

3 50 3.82E+00 2.09E+01 -6.94E+00 4.85E+01 2.31E+00
150 3.75E+00 2.14E+01 -7.00E+00 4.91E+01 2.29E+00

7 50 1.44E+00 2.55E+01 -7.25E+00 5.27E+01 2.07E+00
150 5.37E-01 7.42E+00 -7.31E+00 5.34E+01 7.19E+00

20 1 50 3.65E+00 2.96E+01 -1.49E+01 2.24E+02 7.57E+00
150 3.03E+00 1.84E+01 -1.49E+01 2.23E+02 1.21E+01

3 50 1.15E+00 3.96E+01 -1.64E+01 2.69E+02 6.79E+00
150 8.72E-01 1.12E+01 -1.65E+01 2.72E+02 2.42E+01

7 50 1.30E+00 4.84E+01 -1.68E+01 2.82E+02 5.83E+00
150 8.19E-01 2.29E+01 -1.69E+01 2.84E+02 1.24E+01

300 5 1 50 6.92E-01 1.44E+01 -1.65E+00 2.96E+00 2.05E-01
150 5.12E-01 6.89E+00 -1.73E+00 3.07E+00 4.46E-01

3 50 4.50E-01 4.06E+00 -2.20E+00 5.00E+00 1.23E+00
150 4.10E-01 3.99E+00 -2.27E+00 5.21E+00 1.31E+00

7 50 4.34E-01 4.39E+00 -2.52E+00 6.45E+00 1.47E+00
150 7.84E-02 3.13E-01 -2.56E+00 6.59E+00 2.11E+01

10 1 50 2.13E+00 2.50E+01 -4.91E+00 2.47E+01 9.91E-01
150 1.94E+00 1.95E+01 -5.08E+00 2.60E+01 1.33E+00

3 50 2.92E+00 2.16E+01 -6.21E+00 3.89E+01 1.80E+00
150 1.24E+00 1.93E+01 -6.30E+00 3.98E+01 2.07E+00

7 50 8.45E-01 1.53E+01 -6.74E+00 4.56E+01 2.98E+00
150 3.48E-01 3.91E+00 -6.78E+00 4.60E+01 1.18E+01

20 1 50 2.10E+00 1.50E+01 -1.30E+01 1.71E+02 1.14E+01
150 1.75E+00 6.13E+00 -1.02E+01 1.35E+02 2.21E+01

3 50 9.75E-01 3.01E+01 -1.54E+01 2.38E+02 7.91E+00
150 7.25E-01 1.94E+01 -1.65E+01 2.72E+02 1.40E+01

7 50 1.09E+00 4.54E+01 -1.68E+01 2.81E+02 6.20E+00
150 6.93E-01 2.05E+01 -1.61E+01 2.60E+02 1.27E+01
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Figure 3: Empirical Bayes coverage probability based on MMLE.
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