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Abstract

In this paper, the problem of synchronization of some class of chaotic
systems in discrete-time is investegated. Based on Lyapunov stability
theory and new linear control method, a new criterion for chaos syn-
chronization in 2-D discrete sinusoidal maps is derived . Numerical
simulation validate the main result of this paper.
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1 Introduction

Synchronization in chaotic systems has been received a great deal of atten-
tion among scientists from various research fields, due to the variety of impor-
tant applications [1, 2, 3]. Many types of synchronization have been presented
[4, 5, 6] and various methods and techniques have been developed for chaos
synchronization [7, 8], their main attention was focused on the synchronization
in continuous-time chaotic systems. However, many models mathematics of
physical processes, chemical processes and biological processes are given by dis-
crete chaotic dynamical systems. For this reason there are demand to develop
methods, and effective techniques for chaos synchronization in discrete-time.
Recently, more and more attention has been paid to the synchronization of
chaos in discrete-time dynamical systems [9, 10], due it’s applications in se-
cure communication [11, 12].
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The main aim of this paper, is to develop a simple criterion for the synchro-
nization of two coupled general chaotic systems given by sinusoidal terms in
discrete-time. Using Lyapunov stability theory and new synchronization con-
trollers given in linear form, a new criterion for discrete chaos synchronization
is derived.

This paper is organized as follows. In section 2, the drive-response chaotic
systems addressed in this paper are provided. In section 3, our synchroniza-
tion control mathod is introduced and a new chaos synchronization criterion
is derived. In section 4, the proposed criterion is applied to achieve global
synchronization between two identical modified Hénon maps [13]. In section
5, conclusion is given.

2 Identical drive-response chaotic maps

We consider the drive and the response chaotic systems are in the following
forms

xi (k + 1) =
∑2

j=1 aijxj (k) +
∑2

j=1

(
αij cosxj (k) + βij sinxj (k)

)
+ γi, i = 1, 2. (1)

yi (k + 1) =
∑2

j=1 aijyj (k) +
∑2

j=1

(
αij cos yj (k) + βij sin yj (k)

)
+ γi + ui, i = 1, 2.(2)

where X(k) = (x1(k), x2(k))T , Y (k) = (y1(k), y2(k))T are the state vectors of
the drive and the response systems,respectively, (aij) ∈ R2×2, (αij) ∈ R2×2,(
βij

)
∈ R2×2, (γi)1≤i≤2 are real numbers and ui, (i = 1, 2) , are controllers to

be determined.

The synchronization errors are defined as

ei (k) = yi (k)− xi (k) , (i = 1, 2) , (3)

then the synchronization problem is to find ui, (i = 1, 2), which stabilize the
synchronization errors (3), then the aim of synchronization is to make limk−→+∞ ei(k) =
0, (i = 1, 2) .

3 Synchronization Criterion

The synchronization errors between the drive system (1) and the response
system (2), can be derived as

ei (k + 1) =
2∑

j=1

bijej +Ri + ui, i = 1, 2, (4)



A synchronization criterion for a class of sinusoidal chaotic maps 679

where

Ri =
2∑

j=1

γij (cos yj (k)− cosxj (k)) +
2∑

j=1

δij (sin yj (k)− sinxj (k)) , i = 1, 2.

(5)
Now, we have the following result.

Theorem 1 The drive system (1) and the response system (2) are globally
synchronized under the following controllers

ui = −
2∑

j=1

lijej, i = 1, 2, (6)

if the control canstants (lij)1≤i, j≤2 are chosen such that
lij = bij +

∣∣γij∣∣+
∣∣βij

∣∣ , i 6= j, i, j = 1, 2.
and

0 < bii + |γii|+ |δii| − lii < 1, i = 1, 2.
(7)

Proof. By substituting the control law (6) into Eq. (4), the synchronization
errors can be written

ei (k + 1) =
2∑

j=1

(bij − lij) ej (k) +Ri, i = 1, 2. (8)

By using the mean value theorem, we can obtain the following formulas:

2∑
j=1

γij (cos yj (k)− cosxj (k)) =
2∑

j=1

γijcijej (k) , (9)

and
2∑

j=1

δij (sin yj (k)− sinxj (k)) =
2∑

j=1

δijsijej (k) , (10)

where |cij| < 1 and |sij| < 1, (1 ≤ i, j ≤ 2) .
Substituting Eqs. (9) and (10) into Eq. (8), one can get the following

formula for synchronization errors:

ei (k + 1) =
2∑

j=1

(
bij − lij + γijcij + δijsij

)
ej (k) , i = 1, 2. (11)
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Now, to prove the zero stability of synchronization errors (11), we consider
the following quadratic Lyapunov function

V (e (k)) =
2∑

i=1

e2i (k) , (12)

then, we obtain

∆V (e(k)) =
∑2

i=1 [e2i (k + 1)− e2i (k)]

=
∑2

i=1

[(∑2
j=1

(
bij + γijcij + δijsij − lij

)
ej

)2
− e2i (k)

]
,

and by using (7), we get

∆V (e(k)) =
∑2

i=1

[
(bii − lii + γiicii + βiisii)

2 − 1
]
e2i (k)

<
∑2

i=1

(
(bii + |γii| |cii|+ |δii| |sii| − lii)

2 − 1
)
e2i (k)

<
∑2

i=1

(
(bii + |γii|+ |δii| − lii)

2 − 1
)
e2i (k) < 0.

Thus, by Lyapunov stability it is immediate that limk→∞ ei(k) = 0, (i = 1, 2) ,
we conclude that the two systems (1) and (2) are globally synchronized.

Remark 2 We can extend our approach to different drive-response chaotic
maps but in this case the controller is taken in sinusoidal form.

4 Numerical Example

In this section, to observe the efficacy of our proposed method, we consider
two identical sinusoidal discrete chaotic maps. In Ref. [13], Zeraoulia and
Sprott proposed a new modified Hénon map{

x1 (k + 1) = 1− a sinx1 (k) + bx2 (k) ,
x2 (k + 1) = x1 (k) ,

(13)

where the quadratic term x2 in the Hénon map is replaced by the nonlinear
term sinx. Chaotic attractors of the modified Hénon map (13) are shown in
Fig. 1.

The modified Hénon map (13) is considered as the drive system, as the
response system we consider the following controlled modified Hénon map{

y1 (k + 1) = 1− a sin y1 (k) + by2 (k) + u1,
y2 (k + 1) = y1 (k) + u2,

(14)

where (u1, u2)
T is the controller.
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Figure 1: Chaotic multifold attractors of the map (3) obtained for (a) a = 3.4,
b = -0.8. (b) a = 3.6, b = -0.8. (c) a = 4, b = 0.5. (d) a = 4, b = 0.9

Theorem 3 If (li)1≤i≤2 are chosen such that: −1−a < l1 < −a+1 and −1 <
l2 < 1. Then, the drive system (13) and the response system (14) are globally
synchronized under the synchronization controllers: u1 = l1e1 (k)− be2 (k) and
u2 = −e1 (k) + l2e2 (k) .

By using Matlab, we get the numeric result that is showed in Fig.2.

Figure 2: Time evolution of synchronization errors between the drive system
(13) and the response system (14)
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5 Conclusion

In this paper, using Lyapunov stability theory and new controllers, a new syn-
chronization criterion was derived for some class of sinusoidal discrete chaotic
maps in 2D. Numerical example was provided to illustrate the effectiveness of
the proposed method.
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