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Abstract 
 

In this paper, we show that the Diophantine equation 219 2x y z+ =  has a unique 
non-negative integer solution. The solution ( ), ,x y z  is ( )0,3,3 . 
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1. Introduction  
 

There are lots of studies about the Diophantine equation of  type zyx cba =+ . 
In 1844, Catalan[1] conjectures that (3,2,2,3) is a unique solution ),,,( yxba  for 
the Diophantine equation 1=− yx ba  where xba ,,  and y  are integers which 
min{ yxba ,,, ,} >1. In 2004, Mihailescu[2] gave a proof of the conjecture. 
 

In 2011, Suvarnamani, Singta and Chotctisthit [3] proved that the two 
Diophantine equation 274 zyx =+  and 2114 zyx =+  have no non-negative 
integer solution. In 2012, Chotchaisthit [4] found all non-negative integer solution 
for the Diophantine equation of type 24 zpyx =+  Where p  is a positive prime 
number. In 2012, Sroysang[5] showed that (1,0,2) is a unique solution ( zyx ,, ) for 
the Diophantine equation 253 zyx =+  where yx,  and z are non-negative 
integers. 
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In 2013, Sroysang[6] showed that the Diophantine equation 23223 zyx =+  

has no non-negative integer solution. In the same year, Chotchaisthit[7] showed 
that (3,0,3) is the only non-negative integer solution of the Diophantine equation 

2112 zyx =+ . 
 
In this paper, we will show that the Diophantine equation 219 2x y z+ =  has 

a unique non-negative integer solution. The solution ( ), ,x y z  is ( )0,3,3 . 
 
2. Preliminaries  
 
   Proposition 2.1. [1] (Catalan’s conjecture) (3,2,2,3) is a unique solution 

),,,( yxba  for the Diophantine equation 1=− yx ba  where xba ,,  and y  are 
integers with min{ yxba ,,, }>1 
 
  Lemma 2.2. The Diophantine equation 2119 zx =+  has no non-negative 
integer solution. 
 Proof: Suppose that there are non-negative integers x and z  such that

2119 zx =+ . If 0=x , that 22 =z  which is impossible. If 1=x , then 202 =z  
which is impossible.  If 1>x , by Proposition 2.1, the Diophantine equation 

1192 =− xz  has no non-negative integer solution.               
 

 
  Lemma 2.3. (3,3) is a unique solution ),( zy  for the Diophantine equation 

221 zy =+  where y  and  z  are non-negative integer.  
 Proof: Let y  and z  be non-negative integers such that 221 zy =+ . If 

0=y , then 22 =z  which is impossible.  Hence, 1≥y . We can consider as 
follows:   
 Case 1=y : We have 32 =z  which is impossible.   
 Case 1>y : We have 122 =− yz . By Proposition 2.1, we have 3=y    
            and 3=z . 
Hence, the solution (3,3) is a unique solution ),( zy  for the Diophantine equation 

122 =− yz . 
 

 
3. Main Results 
 

Theorem 3.1 ( )0,3,3  is a unique solution ( ), ,x y z  for the Diophantine 

equation 219 2x y z+ =  where ,x y and z  are non-negative integer.  
Proof : Let yx,  and z  be non-negative integers such that 2219 zyx =+ . 
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We will consider as follows: 
Case 0=y : We have 2119 zx =+ . By Lemma 2.2, the Diophantine equation  
           2119 zx =+  has no non-negative integer solution. 
 
Case 1=y : We have 2219 zx =+ . Let us consider  z  as odd and even  
           numbers, it obvious that there is no solution.  
 
Case 1>y : If 0=x , we have 221 zy =+ . By lemma 2.3, the solution (3,3) is a  
          unique solution ),( zy  for the Diophantine equation 122 =− yz . 
          Hence, 1≥x . Note that z is odd. Then ( )4mod 12 ≡z . Since 2≥y ,  
          so ( )2 0 mod  4y ≡ . Thus ( )19 1 mod  4x ≡ . Since ( )19 3 mod  4≡   

          and ( )2 319 3  1 mod  4≡ ≡ , so  , but ( )4mod 319 12 ≡+n .          
          Hence, x  is even. Let kx 2=  where k  is a positive integer.     
          Then ykz 2 1922 =− . Then ( )( ) ykk zz 2 1919 =+− . So ukz 219 =−  
          and uykz −=+ 219  where u is a non-negative integer. Then  
          ( ) ( )12222 192 2 −=−= −− uyuuuyk  where uy 2> . It follows that 1=u .   
          Then 1219 2 −= − uyk . That is 1192 2 =−− kuy . Since uy 2> , so   
          12 ≥− uy . If 12 =− uy , we have 1192 =− k  or 119 =k  which  
          contradicts with k  is a positive integer. Thus 12 >− uy . Hence, by   
          Proposition 2.1, the Diophantine equation 1192 2 =−− kuy  where   
          12 >− uy  and 1>k  has no non-negative integer solution. Thus in  
          case 1=k , we have 202 2 =− uy  which is impossible. 
 
Therefore, the solution ( )0,3,3  is a unique solution ( ), ,x y z  for the 

Diophantine equation 219 2x y z+ =  where ,x y and z  are non-negative integer. 
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