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Abstract 

 

           In this paper the uniform exponential stablizability of the non-linear dynamic 

control systems of the form 

�∆��� � ����� � 	
��� � ������, 
���, ��						, � ∈ �, 

on a time scale � is investigated. Here � ∈ ����  and 	 ∈ ����  are constant 

matrices, �� � �� and ���, 
, �� ∶ 	�� ��� � � → ��  satisfies Lipschtiz condition 

with respect x. We find a suitable matrix  �, which leads to make the feedback non-

linear dynamic equation is uniformly exponentially stabilizable. An illustrative 

example is presented to show the effectiveness of the theoretical results. 
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1. Introduction 

 

Automatic dynamical control has played a vital role in the advance of engineering 

and science. In addition to its extreme systems, aircraft auto piloting systems, and the 

like, automatic control has become an important and integral part of modern 

manufacturing and industrial processes. It is also essential in such industrial 

operations as controlling pressure, temperature, viscosity and flow in process 

industries. 

        Stability of dynamical control systems is very important, because of its wide 

applications in different fields. Since the process of finding the general solution to a 

dynamical control system is almost impossible except for linear systems with 

constant coefficients. Therefore, theorems for determining the stability of the solution 

of a particular system without actually solving the system are established. Most 

physical systems encountered in engineering applications are inherently nonlinear. 

Thus, control of nonlinear systems if a subject of active research and increasing 

interest. However, most controller design techniques for nonlinear systems are not 

systematic and/or apply to very specific cases. 

       The theory of dynamic equations on time scales was introduced by Stefan Hilger 

in 1988 [12] in order to unify continuous and discrete calculus. We can study 

dynamical systems on an arbitrary time scale employing so called delta derivative. 

       Basic properties of linear control systems on arbitrary time scales were examined 

by Bartosiewicz and Pawłuszewicz [4] and Fausett and Murty [11]. Baylor time 

scales research Group is working on both theoretical and practical aspects of time 

scales models. In particular, they use time scales language for description of hybrid 

systems (see e.g. [10], [13]). 

       Exponential stability of systems on time scales is more complicated. It was 

studied by Aulbach and Hilger [2], P�tzsche, Siegmund and Wirth [21], J. J. 

DaCunha and J.M. Davis [9], A. Peterson and R.F. Raffoul in [20]. In [14], Kanit 

Mukdasai1 and Piyapong Niamsup obtained sufficient conditions for the uniform 

(exponential) stability for linear time-varying systems with nonlinear perturbation on 

time scales. Also many types of stability were investigated for abstract linear 

dynamic equations on time scales in [1]. 
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       Stability and stabilizability of linear control systems on time scales was studied 

by Zbigniew Bartosiewicz, Ewa  Piotrowska and Małgorzata Wyrwas [22]. 

       In this paper we develop Lyapunov stability theory to obtain sufficient conditions 

for the non-linear control dynamic system of the form 

�∆��� � ����� � 	
��� � ������, 
���, ��, � ∈ �,           (1) 

 to be uniformly exponentially stabilizable by a suitable control 
���. In Section 3, we 

prove the following result: 

If there is a positive definite symmetric solutionP ∈ ���� of the Riccati equation 

�� � ������ �  ����!		��!� � ��! � �2� � ������ �  ����!		�� !		�! �
2#! � 2$ � 0			,                                                                                                         (2)            

where 	 & 0	,  and $  is a positive definite symmetric matrix such that P satisfies 

certain   conditions, then Eq. (1) is uniformly exponentially stabilizable. This result 

coincides with Lemma 3.2.4 in [15] when � � �. In this case one can see easily that 

Riccati Equation (2) yields the classical Riccati Equation [15]. Finally, in Section 4, 

we give an illustrative example of a non-linear control dynamic system and we prove 

its uniform exponential stabilizability. 

 

 

2. Preliminaries 

 

Throughout this paper,  �� denotes the n-dimensional Euclidean vector space, ‖�‖ is 

the Euclidean norm of a vector � ∈ ��, � is a time scale and (�),∞�� � (�),∞� ∩ �. 

We begin by introducing some definitions which we need later on. 

Definition 2.1 [5]: A time scale � is a nonempty closed subset of the real numbers �. 

Definition 2.2 [5]: The forward jump operator +: � → �  is defined by 

+��� 	� 	-��./	 & 	� ∶ 	/	 ∈ 	�0, �	 ∈ 	�  , 

while the backward jump operator 1: � → � is defined by 

1��� 	� 	2
3./	 4 	� ∶ 	/	 ∈ �	0, �	 ∈ 	� , 

 

and the graininess function is defined by 

�:	� → (0,∞�	 as ���� 	� 	+��� � �. 
We also define the set �5 as follows: if � has a left scattered maximum �, then 

�5 � � � .�0. Otherwise �5 � �. 

Definition 2.3[5]: A point t ∈ � is said to be: 

(i) Right-scattered if σ�t� 	& � 
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(ii) Right-dense if t 4 sup� and σ�t� � 	t 
(iii) Left-dense if  t & inf	�  and ρ�t� 	� 	t	

Definition2.4 [6]: Fix � ∈ �, and let �: � → ��. Define �∆��� to be the vector (if it 

exists)  

with the property that given = & 0, there is a neighborhood >of � with 

?(�@A+���B � �@�2�C � �@∆���(+��� � 2C? � =|+��� � 2|, ∀2 ∈ > and each i=1,2, …, n. 

It is said that x∆�t� is the (delta) derivative of  x�t� and that x is (delta) differentiable 

at t. 
Definition2.5 [6]: If G∆��� � H���, � ∈ �, then G is called an (delta) antiderivative 

of g and the Cauchy (delta)  integral is defined by 

K H�2�∆2 � G��� � G�L�M
N  . 

For a more general definition of the delta integral, see [5, 6]. 

Theorem2.6 [12]: Assume that H:� → �� and let � ∈ �. 

(i) If H is differentiable at �, then	H is continuous at �. 
(ii) If H is continuous at	t, and	µ�t� & 0, then H is differentiable at t with 

H∆��� � HA+���B � H���
+��� � �  

(iii) If H is differentiable and ���� � 0, then 

H∆��� � limQ→M
H��� � H�2�

� � 2  

(iv) If H is differentiable at �, then H�+���� 	� 	H��� � ����H∆���. 
 

Definition2.7 [5]: A function �: � → ��  is called rd-continuous provided it is 

continuous at right-dense points in � and its left-sided limits exist (finite) at left- 

dense points in �. The set of rd-continuous functions �: � → �� will be denoted by 

STU �	STU��� 	� 	STU��,���	
The set of functions �: � → ��  that are differentiable and whose derivative is rd-

continuous will be denoted by 

STUV � STUV ��� � STUV ��,��� 
  

Definition 2.8[5]: A function  3: � → � is regressive provided 1 � 	����3��� X 0 for 

all � ∈ � hold. The set of all regressive and rd-continuous functions �: � → � will be 

denoted by  

Y � Y��� � Y��,��. 
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The set YZ � YZ��,�� � .3 ∈ Y: 1 � 	����3��� & 0 for all � ∈ �} is the set of all 

positively regressive elements of Y. 

 

Definition 2.9 [5]: Let � be a time scale. A function �: � � �� → �� is called: 

(i) rd-continuous if H  define by H��� � ���, ����� is rd-continuous for any 

continuous function �: � → ��, 

(ii) regressive at � ∈ �5 , if the mapping � � �������, . �:�� → ��  is 

invertible, where � is the identity function and � is called regressive on �5 

, if � is regressive at each � ∈ �5, 

(iii) bounded on a set [ ⊂ � � ��, if there exist a constant ] & 0 such that 

‖���, ��	‖ � ],  for all ��, �� ∈ [, 

(iv) Lipschtiz continuous on a set [ ⊂ � � ��, if there exist a constant  ^ & 0 

such that 

‖���, �V� � ���, �_�‖ � ^‖�V � �_‖	for all ��, �V�, ��, �_� ∈ [. 

 

Definition 2.10[17]: A symmetric matrix-valued function � is said to be positive 

definite (denoted by� & 0) if ���� & 0 for any nonzero vector  � . A symmetric 

matrix-valued function �	 is said to positive semi-definite (denoted �	 ` 0 ) if 

���� ` 0 for any nonzero vector �. 

We need the following lemma in proving the main result.  

Lemma 2.11[7]: Let � be a symmetric matrix and let a�@�and a�Nbbe the smallest 

and largest Eigen-values of 	�, respectively, then: 

a�@����	‖�‖_ � ����	 � a�Nb���	‖�‖_,� ∈ ��, 

where ‖�‖_ � ∑ |�@|_�@dV , 		�@ is the --th component of �. 

Definition 2.12[22]: A system   �∆��� 	� 	����� � 	
��), is called controllable if for 

any two states �V, �_ ∈ ��  there exist �V, �_ ∈ �, �V 4 �_ , and a piecewise rd-

continuous control 
���, � ∈ (�V, �_C ∩ � such that for �V � ���V� one has ���_� � �_. 

Theorem 2.13[3]: The System �∆��� 	� 	����� � 	
���is controllable if and only if 

the following condition holds: 

eL�f(	, �	, �_	,… , ��hV	C � � 

Definition 2.14[16, 19]: Consider a dynamic equation on the time scale 		�, 

�∆��� � ���, ��, � ∈ (�),∞��                      (3) 

where 	���, ��: �� � (�),∞�� → ��  is rd-continuous with  ��0, �� � 0, � ∈ (�),∞�� 

such that (3) has a unique solution ���� with ���)� � �) on (�),∞�� 
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(i) Equation (3) is said to be stable if, for  any initial point �) and for each 

= & 0  there exists i � i�=� & 0  such that, for any solution ���� �
���, �), �)� of equation (3) , the inequality‖�)‖ 4 i  implies 	‖����‖ 4 =, 

for all � ` �), � ∈ �. 

(ii) Equation (3) is said to be uniformly stable if, for each = & 0 there exists a 

i � i�=� & 0   independent  on any initial point �)  such that, for any 

solution ���� � ���, �), �)�  of equation (3) , the inequality ‖�)‖ 4 i  

implies 	‖����‖ 4 =, for all � ` �), � ∈ �. 

(iii) Equation (3) is said to be exponentially stable if there exists a positive 

constant α  with �α ∈ YZ such that for every τ ∈ (t),∞� , there exists 

N	 � 	N�τ� 	` 1  such that the solution of equation through �τ, ��τ	�� 
satisfies 

‖����‖ � k‖��/�‖lhm��, /�, for all t` / ,� ∈ (�),∞��, 

(iv) Equation (3) is said to be uniformly exponentially stable if it is 

exponentially stable and the constant N can be chosen independently of  

τ ∈ (�),∞��, 

Definition 2.15: The non-linear dynamic control system: 

�∆���	=	H�����, 
���, ��, 
is called (uniformly) exponentially stabilizable if there is a feedback control 


���	=	�����  sush that the closed loop system �∆���	=	H�����, �����, ��  is 

(uniformly) exponentially stable. 

As a special case the system �∆��� � ����� � 	
���  is called (uniformly) 

exponentially stabilizable if there is a feedback 
��� � �����, for � ∈ ����, such 

that the closed loop system 

 �∆��� � �� � 	������ is (uniformly) exponentially stable [4]. 

 

 

3. Problem formulation 

 

Consider the non-linear dynamic control equation: 

�∆��� � ����� � 	
��� � ������, 
���, �� , � ∈ (0,∞��                   (4)          

where � ∈ ���� and 	 ∈ ���� are constant matrices, �� � ��. 
Besides, assume 	���, 
, �� ∶ 	�� � �� � � → �� satisfies 

‖���, 
, ��‖ � η‖�‖	,									η & 0 ,                                                     (5) 

Suppose that the control is defined by:  
��� � ����� 
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The aim of this work is to find a suitable matrix 	�, such that the feedback non-linear 

dynamic equation (4) is uniformly exponentially stabilizable. In the following result 

we establish sufficient conditions for equation (4) to be uniformly exponentially 

stabilizable. 

 

Theorem 3.1: 

If there is a positive definite symmetric solutionP ∈ ���� of the Riccati equation 

�� � ������ �  ����!		��!� � ��! � �2� � ������ �  ����!		�� !		�! �
2#! � 2$ � 0			, � ∈ (0,∞��			,                                                                      (6)                                             

where 	 & 0	, and $ is a positive definite symmetric matrix such that the following 

conditions 

(C1) # & n‖o‖
pqrs�o�    , 

(C2) ���� � mpqrs�o�	hn‖o‖
n‖o‖�‖t‖Zu‖v‖w‖o‖Zx

wn�
 

hold. 

Then Equation (4) is uniformly exponentially stabilizable by the control 


��� � �����,  where  � � � 	�!,  & 0                                                   (7)                                                                              

 

Proof:  

Let x(t) be a solution of Equation (4) and let  y��� � �����!����. According to 

Lemma 2.11, we have 

a�@��!�‖�‖_ � y��� � a�Nb�!�‖�‖_.                                               (8) 

Then, 

y∆��� � z�∆���{� !���� � �������|!�∆��� 
            � z�∆���{� !���� � ����� � �����∆�����!�∆��� 
												� (����� � 	
��� � ���, 
, ��C�!����

� (���� � ����A����� � 	
��� � ���, 
, ��BC�!(����� � 	
���
� ���, 
, ��C 

Setting  
��� � � 	�!����, we obtain  

y∆��� � (����� �  		�!���� � ���, 
, ��C�!����
� (���� � ����A����� �  		�!���� � ���, 
, ��BC�!(�����
�  		�!���� � ���, 
, ��C 
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												� �����(��! � �� � ������ �  ����!		��!�
� �2� � ������ �  ����!		�� !		�!C����
� �����(� � ������ �  ����!		�C!���, 
, ��
� ����, 
, ��!(� � ����� �  ����		�!C����
� ��������, 
, ��!���, 
, �� 

 The Riccati equation implies that 

y∆��� � �����(�2#! � 2$C���� � �����(� � ������ �  ����!		�C!���, 
, ��
� ����, 
, ��!(� � ����� �  ����		�!C����
� ��������, 
, ��!���, 
, �� 

In view of inequality (5), we obtain that 

y∆��� � �����(�2#! � 2$C����
� ‖��‖(1 � ����‖��‖ � γ����‖!‖‖		�‖C}‖!‖‖�‖
� η‖��‖‖!‖(1 � ����‖�‖ � γ����‖		�‖‖!‖C‖�‖
� η_����‖��‖‖!‖‖�‖ 

� �����(�2#! � 2$C� � 2η‖!‖‖�‖_ ~1 � ����‖�‖ � γ����‖	‖_‖!‖ � 1
2 }����� 

																				� �2#y��� � 2η‖!‖‖�‖_ ~1 � ����‖�‖ � γ����‖	‖_‖!‖ � 1
2 }����� 

From inequality (8), we have 

y∆��� � �2#a�@��!�‖�‖_
� 2η‖!‖‖�‖_ ~1 � ����‖�‖ � γ����‖	‖_‖!‖ � 1

2 }����� 
													� 2‖�‖_ �η‖!‖ �1 � ���� z‖�‖ � γ‖	‖_‖!‖ � V

_ }{� � #a�@��!��					�9�                  
Using conditions (C1) and (C2), we get 

y∆��� � 0. 

Now, consider any initial time �) ` 0	 and define the function � by:  

���, �� � y���l���, �)�,                                                                            (10)                                                                             

where � is given by 

� � h_(η‖o‖�VZ��M��‖t‖Z	γ‖v‖w‖o‖Zx
wn��hmpqrs�o�C

pq���o�   .                                                (11) 

                                   

Condition (C2) with simple calculations show that 	�� ∈ YZ. Inequality (9) yields  

y∆��� � ��a�Nb�!�‖�‖_. Now, we have 

�∆��, �� � y∆���l��+���, �)� � �y���l���, �)� 																� ��a�Nb�!�‖�‖_l��+���, �)� � 	�y���l���, �)� 
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															� ��a�Nb�!�‖�‖_�1 � ������l���, �)� � 	�y���l���, �)� 
Again using inequality (8), we get 

�∆��, �� � ��a�Nb�!�‖�‖_l���, �)� � �_����a�Nb�!�‖�‖_l���, �)�� �a�Nb�!�‖�‖_l���, �)� 																	� ��_����a�Nb�!�‖�‖_l���, �)� 																	� 0. 

From which we deduce that ���, �� � ���), �)� � 0 and thereby 

���, �� � ���), �)� � y��)� � a�Nb�!�	‖�)‖_. 

Setting  ��‖�)‖� � a�Nb�!�	‖�)‖_ , we obtain 

���, �� � ��‖�)‖�                                                                                      (12) 

Inequalities (8) and (12) imply that 

‖�‖ � � ���, ��a�@��!� lh���, �)��
x
w
 

								� ���‖b�‖�pqrs�o��
x
w lhq

w
��, �)�.                                                                               (13) 

Therefore, Equation (4) is uniformly exponentially stabilizable. 

Remark 3.2:  

When � � (0,∞�, then the Riccati equation (6) yields the following classical Riccati 

equation:   

!� � ��! � 2 !		�! � 2#! � 2$ � 0																																					             (14) 

   The solution of Eq. (14) exists for any positive definite symmetric matrix � ∈ ���� 

and positive constants #,    and has the property that P is positive definite symmetric 

matrix. The existence of a unique positive definite solution ! to (14) is guaranteed by 

the controllability of 	��, 	�. For more details, see [8]. 

 

 

4. Numerical Example 

 

Let		� ∈ .�, �0.Consider the following non-linear control dynamic equation:  

�∆��� � ����� � 	
��� � ������, 
���, �� , � ∈ (0,∞�� , 

where 	� � z1 00 2{ ,				 � z1 00 �1{	 and  ���, 
, �� � z)._	bx ����w).V	bw ����x{. 

Here � � zbxbw{ and   
 � z�x�w{. 

 First we find an upper bound η of the function ���, 
, ��. We have 
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‖���, 
, ��‖ � (|�V��, 
, ��|_ � |�_��, 
, ��|_CV _⁄  

� ((|0.2	�V sin 
_|_ � |0.1	�_ sin 
V|_CV _⁄  

� (|0.04	�V_ sin_ 
_| � |0.01	�__ sin_ 
V|CV _⁄  

� (|0.04	�V_| � |0.01	�__|CV _⁄  

� (0.04|�V|_ � 0.01|�_|_CV _⁄  

� (0.04�|�V|_ � |�_|_�CV _⁄  

� 0.2(�|�V|_ � |�_|_�CV _⁄  

=0.2‖�‖. 

Takeη=	0.2. Let   � � 	z2 00 1{. According to Sylvester’s criteria [18], � is positive 

definite. 

Assume		α=	2.5 and  γ= 1. Let  ! � 	z3VV 3V_3_V 3__{ . Now we solve the Riccati equation 

(6) in the following two cases: 

Case 1: � � �. We can easily see that the solution of Riccati equation is given by  

! � 	z	4 	0	0 	4.71221{.	
Since 3VV & 	0  and 	|!|	=	18.8489 & 	0 , then by Sylvester’s criteria, !  is positive 

definite. 

We can see that   �=−γ	�! � z�4 		0		0 4.71221{, 	y���=��!� � 4�V_ � 4.71221�__,  

a�@��!� � 	4					and						a�Nb�!� � 4.71221. 
It is clear that # & n‖o‖

pqrs�o� � 0.23561	, ���� � 0 � mpqrs�o�–n‖o‖
n‖o‖z‖t‖Zu‖v‖w‖o‖Zx

wn{
�

1.41081 

Then the system is uniformly exponentially stabilizable. Substituting in (11), we find 

that � � 3.84429 and 	��‖�)‖� � a�Nb�!�‖�)‖_ � 	4.71221	‖�)‖_. 

Inequality (13) yields ‖�‖ � 1.08538	‖�)‖lhV.�__V���, �)� 
Case 2: � � � 

! � 	z		3.09717 	0	0 			2.74568{	
Since 3VV & 	0 and 		|!|	=			8.50384 & 	0, then by Sylvester’s criteria, ! is positive 

definite. 

We can see that	�=	−γ	�! � z�3.09717 		0		0 	2.74568{, 

y���=	��!� � 3.09717�V_ � 2.74568�__  , 	a�@��!� � 2.74568	 and 	a�Nb�!� �3.09717. 
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It is clear that 

 # & n‖o‖
pqrs�o� � 0.28931	, ���� � 1 � mpqrs�o�–n‖o‖

n‖o‖z‖t‖Zu‖v‖w‖o‖Zx
wn{

� 1.934788. 

Then the system is uniformly exponentially stabilizable. Substituting in (11), we find 

that � � 1.95369 and ��‖�)‖� � a�Nb�!�‖�)‖_ � 	4.71221	‖�)‖_. 

From (13), we have	‖�‖ � 1.23347	‖�)‖lh).��� ���, �)�. 
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