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Abstract

We consider the coordinated search problem ,where the lost target
is located on one of the two intersection lines excipt the point of inter-
section of the lines ,and the the point of intersection lines is the origin
.We have four searchers who start together from the origin , where every
two searchers aim to detect the lost target on their line .The position of
the target is a random variable , which has unsymmetric distribution .
In this paper we will find the expected value of the first meeting time
for the searchers to return to starting point ( the origin ) after one of
them has found the target and the optimal search plan to find it. We
show that the previous studies are special cases from our studies.
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1. Introduction

The study of search plans for any lost target either located or move
is important and has recently various applications such searching for a faulty
unit in large linear system such as electrical power lines ,petrol or gas supply
under ground ,missing boats submarines and missing system, see [1], [2], [3],
[4], [5] and [6].
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In coordinated search problem we have two searchers s1and s2 start
together looking for the target from the point a0 = 0 on the line. The searcher
s1 searches to the right and the searcher s2 search to the left. They return
to a0 after searching successively common distance until the target is found.
The searchers wish to minimize the expected time to find the target and meet
back together at a0. The existence of our optimal search plan (o.s.p.) when
the searchers start together looking for the target from origin and the position
of the target has certain symmetric distribution has been studied, see [7] and
[8]. Also the existence of an o.s.p. when the searchers start together looking
for the target from some point a0 on the line and the position of the target
has a symmetric distribution has been studied see [9]. There is obviously some
similarly between this problem and the well known linear search plane see [5],
[6], [7] and [8].

In our case let X be a random variable which represented the position of
the target if it on the first line L1andY be a random variable which represented
the position of the target if it on the second line L2 .We have two searchers S1

and S2 on the first line L1,Also we have another two searchers S3 and S4 on
the second line L2 ,the four searchers S1 ,S2, S3 and S4 start together looking
for the target from the origin ,on the first line L1 the searcher S1 searches to
the right of the origin with speedV1and the the searcher S2 searches to the left
of the origin with speedV2, Also on the second line L2 the searcher S3 searches
to the right of the origin with speedV3and the searcher S4 searches to the left
of the origin with speedV4 ,whereV1 = V2 = V3 = V4 = 1 , the four searchers
start together looking for the target from the origin with equal speeds,when the
position of the lost target has unsymmetrical distribution it means that the two
searchers S1andS2,on the first line L1 moves with different distances according
to the probability of the position of the lost target on the first line ,and the
two searchersS3 and S4 on the second line L2 moves with different distances
according to the probability of the position of the lost target on the second
line, and the target is randomly located according to a known unsymmetrical
distribution on the first line L1 and the same this unsymmetrical distribution
on the second line L2 ,it means that the first searcher S1 moves on the first line
L1 with equal distance as the searcher S3 on the second line L2 ,and second
the searcher S2 moves on the first line L1 with equal distance as the searcherS4

on the second line L2.

They return to the origin after searching successively common distances
until the target is found.Our aim is to calculate the expected value of the time
for the searchers to return to the origin if one of them has found the target
.Also, we wish to find the minimum expected time for detecting the target.

2. Search plans

In this problem we have two intersection real lines L1 and L2 ,on the first
line L1 the two searchers S1 andS2 follow search paths a and b, respectively to
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detect the target. the search path a of S1is completely defined by a sequence
{ai, i ≥ 0} and the search bath b of S2 is completely defined by a sequence
{bi, i ≥ 0} where i is nonnegative integer,the set of search plans that available
to S1 andS2 is the set φ ∈ Φ1,where Φ1 is the set of all search plans such that

φ =
{
{aj ,bj}j ≥0 : · · · < b3 < b2 < b1 < b0 = a0 = 0 < a1 < a2 < a3 < · · ·

}
where,
d=limi →∞ ai and c= limi →−∞ bi

,and X is the position of a randomly located target which has a certain
unsymmetrical distributions on L1 , where F1 (x) is the distribution function
which from it we can caculate the existance of the target between (c, d), c is the
minimum value of bi andd is maximum value of ai .without loss of generality
we put v1 = v2 = 1.

on the second line L2 the two searchers S3 andS4 follow search paths k
and z, respectively to detect the target. the search path k of S3is completely
defined by a sequence {kj, j ≥ 0} and the search bath z of S4 is completely
defined by a sequence {zj , j ≥ 0} where j is nonnegative integer,the set of
search plans that available toS3 andS4is the set φ̄ ∈ Φ2,where Φ2 is the set of
all search plans such that

φ̄ =
{
{kj ,zj}j ≥0 : · · · < z3 < z2 < z1 < z0 = k0 = 0 < k1 < k2 < k3 < · · ·

}
where,
g=limj →−∞ kj and e= limj →∞ zj

,and Y is the position of a randomly located target which has a certain
unsymmetrical distributions on L2 , where F2 (y) is the distribution function
which from it we can caculate the existance of the target between (e, g), g is the
minimum value of zi and e is maximum value of ki .without loss of generality
we put v3 = v4 = 1.

The four searchers S1 ,S2, S3 and S4 start together looking for the target
from the intersection point (the origin) of the two lines L1and L2,the target
located on one of the two intersection real lines according to a known unsym-
metric distribution excipt the origin which the point of intersection lines , on
the first line L1 ,and the same unsymmetric distribution on the second line L2

,where ν1 [c, d] + ν2 [e, g] = 1. we find the distance which the first searcher S1

take it on the first line L1equal to the distance which the third searcher S3

take it on the second line L2 , also the distance which the second searcher S2

take it on the first line L1equal to the distance which the fourth searcher S4

take it on the second line L2 , they return to intersection point (the origin)
after searching.
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If the two searchers S1 and S3 return to a0 = 0 before the other two
searchers S2 and S4 they wait them at a0 = 0 untile the other searchers S2 and
S4 return to a0 = 0 and tell them if they detect the target or not . if the four
searchers Si , i = 1, 2, 3 and 4 did not detect the target they start the search
again from the origin to the right and the left and again they return to the
originand so on untile one of them detect the target.

let the search plan of the searchers represented by Φ =
(
φ, φ̄

) ∈ Φ0,where
Φ0 is the set of all search plans the four searchers S1 ,S2, S3 and S4 moves on
the real lines L1 and L2 as we discribe before , we assume that the probability
of the position of the target at each point between [c, d] can be calculated
from a givin distribution function F1 (x) with density function f1 (x) which is
unsymmetric about the origin of L1.Also, the position of the target at each
point between [e, g] can be calculated from a givin distribution function F2 (y)
with density function f2 (x) which is unsymmetric about the origin of L2,there
is a known probability measure ν = ν1 + ν2 on [c, d] and [e, g] which discribes
the location of the target , where ν1 is a probability measure induced by the
location of the target on [c, d], Also ν2 is a probability measure induced by the
location of the target on [e, g] ,and ν1 [c, d] + ν2 [e, g] = 1,where

ν1 [c, d] = F1 (d) − F1 (c) and ν2 [e, g] = F2 (g) − F2 (e)

Let Di , i = 1, 2, 3 and 4 be the time for the searcher Si to return to the
origin if one of the other searchers has found the target ,and D (Φ) be the time
for the searchers to return to the origin if one of them has found the target .

We assume that the time which the first searcher S1 take it on the first line
L1= the time which third searcher S3 take it on the second line L2 = D,and

the time which the second searcher S2 take it on the first line L1= the time
which the fourth searcher S4 take it on the second line L2 = D̄

In the following theorm we assume each cases when D > D̄ or D̄ > D
according to the unsymmetrical distribution of the lost target.

Theorm 1. The expected value of the time for the searchers to return
to the point a0 = 0 if one of them has found an unsymmetrically distributed
target is given by.

E [D (Φ)] = 2

∞∑
i=1

ai [1 − ν1 (bi−1, ai−1) − ν2 (zi−1, ki−1)]

−2

∞∑
i=1

bi [1 − ν1 (bi−1, ai−1) − ν2 (zi−1, ki−1)] (1.1)

proof

1)if D > D̄ in this case we use the greater time D as the time of finding
the target ,in the following we find

If the target lies in ]0, a1] ,then D = 2k1.

If the target lies in ]a1, a2] ,then D = 2 [k1 + k2] .

If the target lies in ]a2, a3] ,then D = 2 [k1 + k2 + k3] ,
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and so on.
If the target lies in [b1, 0[ ,then D = 2a1..
If the target lies in [b2, b1[ ,then D = 2 [a1 + a2]
If the target lies in [b3, b2[ ,then D = 2 [a1 + a2 + a3] .
and so on.
If the target lies in ]0, k1] ,then D = 2a1.

If the target lies in ]k1, k2] ,then D = 2 [a1 + a2] .
If the target lies in ]k2, k3] ,then D = 2 [a1 + a2 + a3] ,
and so on.
If the target lies in [z1, 0[ ,then D = 2a1...
If the target lies in [z2, z1[ ,then D = 2 [a1 + a2]
If the target lies in [z3, z2[ ,then D = 2 [a1 + a2 + a3] .
and so on.
2) if D̄ > D in this case we use the greater time D̄ as the time of finding

the target ,in the following we find
If the target lies in ]0, a1] ,then D̄ = −2b1..
If the target lies in ]a1, a2] ,then D̄ = −2 [b1 + b2] .
If the target lies in ]a2, a3] ,then D̄ = −2 [b1 + b2 + b3] .
and so on.
If the target lies in [b1, 0[ ,then D̄ = −2z1.
If the target lies in [b2, b1[ ,then D̄ = −2 [z1 + z2] .
If the target lies in [b3, b2[ ,then D̄ = −2 [z1 + z2 + z3] ,
and so on.
If the target lies in ]0, k1] ,then D̄ = −2b1.
If the target lies in ]k1, k2] ,then D̄ = −2 [b1 + b2] .
If the target lies in ]k2, k3] ,then D̄ = −2 [b1 + b2 + b3] .
and so on.
If the target lies in [z1, 0[ ,then D̄ = −2b1.
If the target lies in [z2, z1[ ,then D̄ = −2 [b1 + b2] .
If the target lies in [z3, z2[ ,then D̄ = −2 [b1 + b2 + b3] ,
and so on.
According to our assumption that the position of the target has unsym-

metrical distribution, hence
E [D (Φ)] = 2a1ν1 (0, a1)+2 [a1 + a2] ν1 (a1, a2)+2 [a1 + a2 + a3] ν1 (a2, a3)+

. . .
+2a1ν1 (b1, 0)+2 [a1 + a2] ν1 (b2, b1)+2 [a1 + a2 + a3] ν1 (b3, b2)+. . .
+2a1ν2 (0, k1)+2 [a1 + a2] ν2 (k1, k2)+2 [a1 + a2 + a3] ν2 (k2, k3)+

. . .
+2a1ν2 (z1, 0)+2 [a1 + a2] ν2 (z2, z1)+2 [a1 + a2 + a3] ν2 (z3, z2)+

. . .
−2b1 ν1 (0, a1)−2 [b1 + b2] ν1 (a1, a2)−2 [b1 + b2 + b3] ν1 (a2, a3)−

. . .
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−2b1ν1 (b1, 0)−2 [b1 + b2] ν1 (b2, b1)−2 [b1 + b2 + b3] ν1 (b3, b2)−. . .

−2b1 ν2 (0, k1)−2 [b1 + b2] ν2 (k1, k2)−2 [b1 + b2 + b3] ν2 (k2, k3)−
. . .

−2b1ν2 (z1, 0)−2 [b1 + b2] ν2 (z2, z1)−2 [b1 + b2 + b3] ν2 (z3, z2)−
. . .

= 2a1

⎡
⎢⎢⎣

ν1 (0, a1) + ν1 (a1, a2) + ν1 (a2, a3) + . . .
+ν1 (b1, 0) + ν1 (b2, b1) + ν1 (b3, b2) + . . .
+ν2 (0, k1) + ν2 (k1, k2) + ν2 (k2, k3) + . . .
+ν2 (z1, 0) + ν2 (z2, z1) + ν2 (z3, z2) + . . .

⎤
⎥⎥⎦

+2a2

[
ν1 (a1, a2) + ν1 (a2, a3) + . . . + ν1 (b2, b1) + ν1 (b3, b2) + . . .
ν2 (k1, k2) + ν2 (k2, k3) + . . . + ν2 (z2, z1) + ν2 (z3, z2) + . . .

]

+2a3

[
ν1 (a2, a3) + ν1 (a3, a4) + . . . + ν1 (b3, b2) + ν1 (b4, b3) + . . .
ν2 (k2, k3) + ν2 (k3, k4) + . . . + ν2 (z3, z2) + ν2 (z4, z3) . . .

]
+

. . .

−2b1

⎡
⎢⎢⎣

ν1 (0, a1) + ν1 (a1, a2) + ν1 (a2, a3) + . . .
+ν1 (b1, 0) + ν1 (b2, b1) + ν1 (b3, b2) + . . .
+ν2 (0, k1) + ν2 (k1, k2) + ν2 (k2, k3) + . . .
+ν2 (z1, 0) + ν2 (z2, z1) + ν2 (z3, z2) + . . .

⎤
⎥⎥⎦

−2b2

[
ν1 (a1, a2) + ν1 (a2, a3) + . . . + ν1 (b2, b1) + ν1 (b3, b2) + . . .
ν2 (k1, k2) + ν2 (k2, k3) + . . . + ν2 (z2, z1) + ν2 (z3, z2) + . . .

]

−2b3

[
ν1 (a2, a3) + ν1 (a3, a4) + . . . + ν1 (b3, b2) + ν1 (b4, b3) + . . .
ν2 (k2, k3) + ν2 (k3, k4) + . . . + ν2 (z3, z2) + ν2 (z4, z3) . . .

]
−

. . .

= 2a1+2a2 [1 − ν1 (b1, a1) − ν2 (z1, k1)]+2a3 [1 − ν1 (b2, a2) − ν2 (z2, k2)]+
. . .

−2b1−2b2 [1 − ν1 (b1, a1) − ν2 (z1, k1)]−2b3 [1 − ν1 (b2, a2) − ν2 (z2, k2)]−
. . .

= 2
∞∑
i=1

ai [1 − ν1 (bi−1, ai−1) − ν2 (zi−1, ki−1)]

−2
∞∑
i=1

bi [1 − ν1 (bi−1, ai−1) − ν2 (zi−1, ki−1)]

Defention1.let ϕ∗ ∈ Φ be a search plan, then ϕ∗ is an optimal search plan
if

E (D (ϕ∗)) = inf {E (D (ϕ)) , ϕ ∈ Φ}

,where Φ is the set of all search plans.

Theorm 2.Let F1 (x) be a continuous distribution function which from
it we can caculate the existance of the target between [c, d], with a density
function f 1(x) and F2(y)be a continuous distribution function which from
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it we can caculate the existance of the target between [e, g] with a density
function f 2(y). if Φ =

(
φ, φ̄

)
is an optimal search plan, then

ai+1 =
1 − ν1 (bi−1, ai−1) − ν2 (zj−1, kj−1)

f1 (ai)
, (1.2)

bi+1 =
1 − ν1 (bi−1, ai−1) − ν2 (zj−1, kj−1)

−f1 (bi)
, (1.3)

kj+1 =
1 − ν1 (bi−1, ai−1) − ν2 (zj−1, kj−1)

f 2 (kj)
, (1.4)

and

zj+1 =
1 − ν1 (bi−1, ai−1) − ν2 (zj−1, kj−1)

−f 2 (zj)
, i , j ≥ 1 (1.5)

proof
from (1.1) we have
E [D (Φ)] = 2a1 + 2a2 [1 − ν1 (b1, a1) − ν2 (z1, k1)]

+2a3 [1 − ν1 (b2, a2) − ν2 (z2, k2)] + . . .
−2b1 − 2b2 [1 − ν1 (b1, a1) − ν2 (z1, k1)]
−2b3 [1 − ν1 (b2, a2) − ν2 (z2, k2)] − . . .

then
∂E [D (Φ)]

∂a1
= 2 − 2a2f1 (a1) = 0

which leads to

a2 =
1

f1 (a1)
also

∂E [D (Φ)]

∂a2
= [1 − ν1 (b1, a1) − ν2 (z1, k1)] − 2a3f1 (a2) = 0

due to

a3 =
[1 − ν1 (b1, a1) − ν2 (z1, k1)]

f1 (a2)
similary
∂E [D (Φ)]

∂a3

= [1 − ν1 (b2, a2) − ν2 (z2, k2)] − 2a4f1 (a3) = 0

due to

a4 =
[1 − ν1 (b2, a2) − ν2 (z2, k2)]

f1 (a3)
And so on,we can get :

ai+1 =
1 − ν1 (bi−1, ai−1) − ν2 (zj−1, kj−1)

f1 (ai)
, i , j ≥ 1

by similar way we can prove(1.3) , (1.4) and (1.5) .
from our assumption that the lost target has unsymmetric distribution we

find every searcher moves on the line L1 with diffrenet distances according
to the probability of the position of the lost target on L1 .Also, we find ev-
ery searcher moves on the line L2 with diffrenet distances according to the
probability of the position of the lost target on L2 which is the same with L1..
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There exist a relation between the distances which the first searcher moves
it according to the the distances which the second searcher moves it on the
first line L1which follows in the following theorem.

Theorm 3.Let X be the position of the target which has unsymmetric
distribution on the first line L1 and Y be the position of the target which has
the same unsymmetric distribution on the second line L2 ,the four searchers
S1 ,S2, S3 and S4 start looking for the target from the intersection point a0 = 0
under the condition that

bi+1 =
ai+1f1 (ai)

−f1 (bi)
, i ≥ 1 (1.6)

and

zj+1 =
ki+1f1 (kj)

−f1 (zj)
, j ≥ 1 (1.7)

proof

We have from (1.2)

1−ν1 (bi−1, ai−1)−ν2 (zi−1, ki−1) = ai+1f1 (ai) (1.8)

and from (1.3)

1−ν1 (bi−1, ai−1)−ν2 (zi−1, ki−1) = −bi+1 f1 (bi) (1.9)

from (1.7)and (1.8) we deduce

ai+1f1 (ai) = −bi+1 f1 (bi)

Hence,

bi+1 =
ai+1f1 (ai)

−f1 (bi)
, i ≥ 1 ,

by similar way we can prove (1.7) .

Example1

let X be a random variable representing to the position of a target
on the first line L1 follows truncated exponential distribution,with probability
denisty function

f 1 (x) = μe−µ(x−R) , x ≥ R , R < 0

and distribution function

F1 (x) =

{
1 − e−µ(x−R) , x ≥ R
0 , x < R

and let Y be a random variable representing to the position of a target on
the second line L2 follows truncated exponential distribution,with probability

denisty function

f2 (y) = μe−µ(y−S) , x ≥ S , S < 0

and distribution function

F2 (y) =

{
1 − e−µ(y−S) , Y ≥ S
0 , Y < S

hence,
d∫
c

f 1 (x) dx +

g∫
e

f2 (y)dy = 1
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and,
d∫
c

f 1 (x) dx =

g∫
e

f2 (y)dy = 1
2

Assume that a0 = b0 = k0 = z0 = 0 , μ = 1, c = e = −2, d = g = 5 and
b1 = z1 = −0.3

On the first line L1we find
5∫
−2

f 1 (x) dx = 1
2

=

5∫
−2

μe−µ(x−R) = 1
2

=
[
e(2+R) − e(−5+R)

]
= 1

2

= [e2 − e−5] = 1
2
e−R

hence,
R = −14
with the same manner on the second line L2we get

S = −14
Let a1 = k1 = 0.5 and b1 = z1 = −0.3
from(1.2) we have

a2 =
1 − ν1 (b0, a0) − ν2 (z0, k0)

f1 (a1)
then

a2 =
1

f 1 (0.5)
f1 (0.5) = e−(14.5) = 5.043476626 ∗ 10−7

hence,
a2 = 1.982759
and since from(1.3) we have

b2 =
1 − ν1 (b0, a0) − ν2 (z0, k0)

−f1 (bi)
,

b2 =
1

−f1 (−0.3)
f1 (−0.3) = e−(13.7) = 1.122446 ∗ 10−6

b2 = −8.90911455
From the last result we find the value of b2< c and it is impossible .i.e,we

have a1, a2and b1 ∈ [d, c] on the first lineL1, and .k1 , z1and z2 ∈ [e, g] on the
second line L2.

Example2
If X is a continuous random variable that has a traingular distribution with

a probability density function
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f1 (x) = 1
4
− 1

16
| x| ,−4 < −4 + 2

√
3 ≤ x ≤ 2 < 4

,where x representing the position of the located target on the first line
L1, c = −4 + 2

√
3and d = 2,

andY be a continuous random variable has a traingular distribution with
a probability density function

f2 (y) = 1
4
− 1

16
| y | ,−4 < −4+2

√
3 ≤ y ≤ 2 < 4

,where y representing the position of the located target on the second line
L2, g = 2and e = −4+2

√
3,,and the two lines L1 and L2 are intersected in the

origin.

we have

F1 (x) =

{
X2+8X+4

32
, x < 0

−X2+8X+4
32

, x ≥ 0
and

F2 (y) =

{
y2+8y+4

32
, y < 0

−y2+8y+4
32

, y ≥ 0

Let a1 = k1 = 0.5 and b1 = z1 = −0.1

from(1.2) we have

a2 =
1 − ν1 (b0, a0) − ν2 (z0, k0)

f1 (a1)
then

a2 =
1

f 1 (−0.1)
f1 (−0.1) = 0.24375

hence,

a2 = 4.102564

and since from(1.3) we have

b2 =
1 − ν1 (b0, a0) − ν2 (z0, k0)

−f1 (bi)
then

b2 =
1

f1 (0.5)
f1 (0.5) = 7

32

hence,

b2 = −4.57142857

From the last result we find the value of b2< c and the value of a2 > d and
it is impossible .i.e,we have a1and b1 ∈ [d, c] on the first lineL1, and .k1 , z1 ∈
[e, g] on the second line L2.

Special cases:

Case 1:

In relation (1.2) if we put ν2 (zi−1, ki−1) = 0 , f 1 (ai) = f1 (bi)we find

ai+1 =
1 − ν1 (bi−1, ai−1)

f1 (ai)
=

1 − F1 (ai−1)

f 1 (ai)
, i ≥ 1
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in relation (1.1) if we put ν2 (zi−1, ki−1) = 0 , ai−1 = |bi−1| and f1 (ai) = f1

(bi) we find

E [D (Φ)] = 4

∞∑
i=1

ai (1 − F1 (ai−1))

it is the same results which Diana J has obtained see [7] and [8], when the
target lost on the real line has asymmetric distribution and a0 = b0 = 0.

Case 2:
In relations (1.2) and (1.3)if we put ν2 (zi−1, ki−1) = 0 we find

ai+1 =
1 − ν1 (bi−1, ai−1)

f1 (ai)
, i ≥ 1 (1.2)

bi+1 =
1 − ν1 (bi−1, ai−1)

−f1 (bi)
,and in relation (1.1) if we put ν2 (zi−1, ki−1) = 0 we find

E [D (Φ)] = 2
∞∑
i=1

ai [1 − ν1 (bi−1, ai−1)]

−2
∞∑
i=1

bi [1 − ν1 (bi−1, ai−1)]

Also,

bi+1 =
ai+1f1 (ai)

−f1 (bi)
,and all the previous results obtained before see[10],when the target lost on

the real line has unsymmetric distribution and a0 = b0 = 0.
Case 3:
In relations (1.2) and (1.3) if we put ν2 (zi−1, ki−1) = 0 and f1 (ai) = f

1 (bi) and a0 �= 0 and |bi − bi+1| = |ai+1 − ai| , i ≥ 0 we find

ai+1 =
1 − ν1 (bi−1, ai−1)

f1 (ai)
+ a0

bi+1 = b0 − 1 − ν1 (bi−1, ai−1)

f 1 (bi)
,and in relation (1.1)if we putν2 (zi−1, ki−1) = 0 and a0 = b0 �= 0 and

|bi − bi+1| = |ai+1 − ai| , i ≥ 0 we find

E [D (Φ)] = 2

∞∑
i=1

(ai − a0) (1 − ν1 (bi−1, ai−1))

and all the previous results obtained before see[9],when the target lost
on the real line has a symmetric distribution and a0 = b0 �= 0.
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