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Abstract

Let Ω ⊂ Rn be a bounded domain with smooth boundary ∂Ω ∈
C∞. In this paper, we study the asymptotic distribution of eigenval-
ues of a non- selfadjoint elliptic differential operator A defined on the
space H� = L2(Ω)� by: (Au)(x) = −∑n

i,j=1

(
ρ2α(x)aij(x)q(x)u′

xi
(x)
)′

xj

,

where ρ(x) = dist{x, ∂Ω}, α ∈ [1, 0), aij(x) = aji(x) (i, j = 1, 2, . . . , n),
aij(x) ∈ C2(Ω), |s|2 ≤ M

∑n
i,j=1 aij(x)sisj, (x ∈ Ω, there exist M >

0, s = (s1, . . . , sn) ∈ Cn), q(x) ∈ C2(Ω, EndC�). Furthermore, let for
∀x ∈ Ω, the matrix function q(x) has simple eigenvalues μ1(x), . . . , μ�(x)
lie on the complex plane outside of the sector S ⊂ Φ\R+ where Φ =
{z ∈ C : |arg z| < ϕ}, ϕ ∈ (0, π).
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1 Introduction

Let Ω be a bounded domain with smooth boundary ∂Ω ∈ C∞. We introduced
the space H� = W 2

2,α(Ω)� = W 2
2,α(Ω) × · · · × W 2

2,α(Ω) (�-times) as the space of
vector functions u(x) = (u1(x), . . . , u�(x)) defined on Ω with the finite norm:

|u, W 2
2,α(Ω)| =

(
n∑

i=1

∫
ρ2α(x)|u′

xi
(x)|2C�dx +

∫
Ω
|u(x)|2C�

)1/2

.

By
◦H� we denote the closure of C∞

0 (Ω)� in H�,
where C∞

0 (Ω) denote the space of infinitely differentiable with compact

support in Ω. If � = 1, then we have H = H1 and
◦H=

◦H1.
To get a feeling for the history of the subject under study, refer to our

earlier papers [7,8]. Indeed as we see in the above this note was written in
continuing with earlier our papers, the paper is sufficiently more general than
earlier our papers.

In this article, we investigate the asymptotic formula for distribution of the
eigenvalues of a non- selfadjoint elliptic differential operator A defined by:

(Au)(x) = −
n∑

i,j=1

(ρ2α(x)aij(x)q(x)u′
xi

(x))′xj
in space H� = L2(Ω)� here,

ρ(x) = dist{x, ∂Ω}, α ∈ [1, 0), aij(x) = aji(x) (i, j = 1, 2, . . . , n),

aij(x) ∈ C2(Ω) (i, j = 1, 2, . . . , n), q(x) ∈ C2(Ω, End C�).

Furthermore assume that for ∀x ∈ Ω, the matrix function q(x) has simple
eigenvalues μ1(x), . . . , μ�(x) arranged in the complex plane in the following
way:

μi(x) ∈ C2(Ω) and so μi(x) ∈ C\Φ (i = 1, 2, . . . , n) where Φ = {z ∈
C : |arg z| < ϕ}, ϕ ∈ (0, π). (i.e., exactly, we can say that the eigenvalues
μ1(x), . . . , μ�(x) of the matrix function q(x) lie outside of the angle Φ in the
complex plane. We also assume that the function aij(x) satisfies the uniformly
elliptic condition: i.e., there exist M > 0 such that for every s = (s1, . . . , sn) ∈
Cn, x ∈ Ω we have |s|2 ≤ M

∑n
i,j=1 aij(x)sisj.

Now for a closed extension of the operator A we need to extend its domain
to the:

D(A) = {u ∈ ◦H� ∩W 2
2,loc(Ω)� :

n∑
i,j=1

(ρ2αaiju
′
xi

)′xj
∈ H�},
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where W 2
2,loc(Ω) = {u :

∑2
i=0

∫
J |u(i)(x)|2dx < ∞ J is open set in Ω}

Let Φ ⊂ C be some closed sector with vertex at 0, such that S ⊂ Φ\R+

where R+ denotes the positive real numbers, and S is a closed sector with
vertex at 0 inside Φ without R+. Furthermore, suppose that the eigenvalues
μ1(x), . . . , μ�(x) of the matrix function q(x) satisfying μi(x) ∈ C2(Ω), (i, j =
1, 2, . . . , n), and suppose that the oscillation of the values of their argument
dose not exceed π/16.

Set N(t) = card{j : |λj| ≤ t}, t > 0. i.e., N(t) denotes the number of
eigenvalues of the operator A located inside the angle Φ and does not exceeding
the number t.

2 Main Results

These are the main results of the paper.
Theorem 2.1. Let S ⊂ Φ\R+ be some closed sector with vertex at 0, and

let for ∀x ∈ Ω, the matrix function q(x) has simple eigenvalues μ1(x), . . . , μ�(x)
arranged in the complex plane outside of the closed sector S ⊂ Φ\R+ where
μj(x) 	∈ S for j = 1, . . . , �, then, for sufficiently large in modules λ ∈ S the
inverse operator (A−λI)−1 exists and is continuous, and the following estimate
is valid:

‖(A − λI)−1‖ ≤ MS|λ|−1 (λ ∈ S, |λ| ≥ CS),

where MS, CS are sufficiently large numbers. Here, and in the sequel, the value
of the function arg z ∈ (−π, π], and ‖T‖ denotes the norm of the bounded
operator T on H�.
Theorem 2.2. Let A be defined as above, then the operator A has a discrete
spectrum, and let the sequence of eigenvalues of the operator A in the angle
Φ = {z ∈ C : |arg z| ≤ ϕ}, ϕ ∈ (0, π), be denoted by λ1, λ2, . . . enumerated
in the nondecreasing order of their absolute values (taking account of the
algebraic multiplicities of eigenvalues), then implies that

lim
j→∞

arg λj = 0.

Proof From the definition of the operator A and from the closed extension
of its domain to the closed set

D(A) = {u ∈ ◦H� ∩W 2
2,loc(Ω)

�
:

n∑
i,j=1

∂

∂xj

(ρ2αaij
∂u

∂xi

∈ H�},

we note that D(P ) is a closed set in the compact space H�, which this implies
that the imbedding D(P ) ⊂ H� is a compact operator (for the definition
see [1]), and since the imbedding D(A) �→ H� is a compact operator on the
Hilbert space, and compact operators on Hilbert space have discrete spectrum,
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it follows that the operator A has discrete spectrum. Consequently, the the
first part of the theorem follows.

Let λ1, λ2, . . . be the eigenvalues of A belonging to the following angle;

Φ = {z ∈ C : |argz| < ϕ} ; ϕ ∈ (0, π).

And assume that λj → ∞ (j → ∞). From Theorem 2.1. it is readily implies
that for every closed sector S ⊂ Φ̄ \ R+ with origin at zero, there exists a
number C(S) > 0, such that for ∀λ ∈ S; |λ| ≥ C(S) the inverse operator
(A − λI)−1 exists and is continuous, by the above observations we want to
prove

arg λj → 0 (j → ∞).

Let the latter relation is not true, therefore implies that the set K = {arg λj :
j = 1, 2, . . .} has a non-zero limit point ϕ1 ∈ [−ϕ, ϕ], then there exists a
subsequence {λjk

} such that

limk→∞ arg λjk
= ϕ1.

We consider the closed sector S ⊂ Φ \ R+ such that the ray

Γ = {z ∈ C; arg z = ϕ1} ⊂ S.

By the definition of the latter limit and from our assumption ; ∃N1 ∈ N,
such that ∀k > N1, λjk

∈ S. Since λn → ∞ (n → ∞), for C(S) > 0,
∃N2 ∈ N, such that if k > N2 then |λjk

| ≥ C(S).
Now if k > max(N1, N2), we would have λjk

∈ S and |λjk
| ≥ C(S), so that

based on Theorem 2.1, the latter condition implies that (A − λjk
I)−1 exists

and is continuous which in turn by the definition of resolvent implies that λjk

is the resolution of A, i.e., it is not an eigenvalue of A, i.e., λjk
	∈ Φ which is a

contradiction. Hence we must have

arg λj → 0 (j → ∞).

This complete the proof of Theorem 2.2.
Theorem 2.3. Let α ∈ [0, 1), then when t → ∞ we will have the asymptotic
formula for the distribution function N(t)

N(t) ∼ (2π)−nvntn/2
�∑

k=1

∫
Ω

ρ−nα(x)μ
−n

2
k (x)(det(a(x))−

1
2 dx,

where vn denotes the volume of the unit ball in Rn and α(x) = (aij(x))n
i,j=1.

Proof By using the paper A. Sameripour and K. Seddigh [7] and so by
applying the paper A. A. Shkalikov [9] and I.L. Vulis and M. Z. Solomyak [10],
we obtain the proof of Theorem 2.3.
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