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Abstract 

 

    The correlation dimension of the fractal attractor of the general two-dimensional 

iterated quadratic map is obtained by using the cell-count algorithm. However, the 

cell-size necessary to cover all points of the attractor object is determined. Also, an 

explicit criterion for the selection of the cell size in cell-count algorithm is presented. 

When the log-log graph is plotted by Matlab program, the result will be an 

approximate polynomial of degree one (straight line) that fits the data in a least 

squares method. The correlation dimension of the fractal attractor object is the slope 

of this straight line.   
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1. INTRODUCTION 

 

    Dimension is the number of degrees of freedom available for a movement in a 

space [11]. In common usage, the dimensions of an object are the measurements that 

define its shape and size. The dimension, in physics, an expression of the character of 

a derived quantity in relation to fundamental quantities, without regard to its 

numerical value [10], while in mathematics, the dimension measurements are used to 

quantify the space filling properties of a set [2]. The dimension of a dynamical 

system is the minimum number of state variables required to describe the dynamics 

of the system. The space in which the set is embedded, which also has an associated 

dimension, may be an abstract mathematical space or a real space. There are many  
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kinds of dimensions [3]. For example, the topological dimension of the space we 

inhabit is three-dimensional, a plane or surface is two-dimensional, a line or curve is 

one-dimensional, and a point is zero-dimensional, and so on. Importantly, the 

topological dimension is always an integer value. 

    The set is then deemed to be a fractal if its fractal dimension is greater than its 

topological dimension [8].  

    There are many different notions of fractal dimension measurements (examples of 

fractal dimensions include the Hausdorff dimension, information dimension, 

correlation dimension, see, e.g., [1, 4, 6]) were introduced from different points of 

view that may be performed on the reconstructed path and these different 

measurements may yield different values reflecting different types of correlations in 

the reconstruction. The correlation dimension is one of the fractal dimension 

measurements because it permits non-integer values. 

    The correlation dimension is well known in fractal geometry and it is used to 

calculate a fractal dimension from a time series. The time series is embedded in a n-

dimensional space which is done by forming vectors of length n. The embedding 

dimension of an attractor dataset is the dimension of its address space. In other 

words, it is the number of attributes of the attractor dataset. The attractor dataset can 

represent a spatial object that has a dimension lower than the space where it is 

embedded. For example, a line has an intrinsic dimensionality one, regardless if it is 

in a higher dimensional space. The intrinsic dimension of an attractor dataset is the 

dimension of the spatial object represented by the attractor dataset, regardless of the 

space where it is embedded. 

    One immediate method involves calculating the number of pairs of points within a 

given distance of each other, hence the name “pair-counting”. The average number 

of neighbors within a given radiusε , ( )C ε , is exactly twice the total number of pairs 
within distanceε of each other, divided by the number of points N in the attractor set. 
    The research paper is organized as follows. The second section describes the 

correlation dimension technique for approximating the fractal dimension of attractor. 

Section three describes the fundamentals of two-dimensional iterated quadratic map, 

followed by section four, which presents an algorithm to compute the correlation 

dimension of any attractor generated by an orbit of general two-dimensional iterated 

quadratic map. Section five presents the implementation, results conducted and the 

discussions made. Finally, the last section discusses the conclusion and future work 

derived.  

 

 

2. THE CORRELATION DIMENSION 
 

    A fractal objects like attractors of two-dimensional iterated quadratic map are 

typically characterized by fractal dimension. A series of “fractal dimensions” has 

been defined, of which we shall consider one: the correlation fractal dimension, 

CorrD  introduced by Grassberger and Procaccia [5, 6] to compute a fractal dimension 

measurement of an attractor relates to contraction rate of some fractal measure µ  
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from a given set of points randomly distributed according toµ . It is another 
probabilistic dimension, which represents one of the most popular forms to measure 

the attractor dimension. That is, the correlation fractal dimension, CorrD , measures 

the probability that two points randomly chosen will be within a certain distance of 

each other. It can explain the distribution of points contained in attractor to 

characterize the phase space filling properties of attractor. Changes in the correlation 

fractal dimension mean changes in the distribution of points in the data set of the 

attractor. Here we use CorrD as the intrinsic dimension of a data set, for the approach 

we proposed is to identify the correlated attributes and discard those uncorrelated. 

CorrD can be computed using correlation function (also termed the correlation integral 

function or correlation sum) by covering the set with cells of a given sizeε and then 
computing the probability ( )ip ε (equivalent to the relative frequency in sufficiently 
large data sets) of having a point of the set in the i-th such cell. The correlation 

dimension is defined by 
2
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p ε∑ is the probability of finding a pair of points in a cell of sizeε . 

The so called Grassberger–Procaccia algorithm [5, 6] provides a computationally 

efficient way to implement this measurement. For small values ofε , the Euclidean 
separation (distance) between each pair of points in the set of N number of points, 
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and the probability of having a pair of points in a cell of sizeε is equal to the 
probability of having a pair of points with separation distance less thanε . For 
sufficiently large data sets, of numberN of points, this latter probability is 
approximated by the following correlation sum: 
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whereH is the Heaviside step function (or a discontinuous unit step function) which 
has a value of either 0 or 1 and may be defined as 
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which acts as a counter of the number of pairs of points with Euclidean separation 

distance ε<  when combined with 
2|||| i jx x−  (the Euclidean separation–distance  

between two points on the attractor, and  .i jx x The multiplier
2

1

N
is included to  
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normalize the count by the number of pairs of points on the attractor (without double 

counting). It is an unbiased estimator of the correlation integral. 

    Grassberger and Procaccia [5, 6] and Barnsley [1] established that for small values 

of the separation distanceε , the correlation function ( )C ε  has been found to follow 
a power law such that  

( ) CorrD
C Cε ε −

∼  
where ( )C ε is the number of cells with the edge sizeε necessary to cover all points of 
the attractor  object and C is a positive constant. (In Grassberger & Procaccia’s, [5, 

6], paper, lε = and CorrD ν= ). The " "∼ symbol in this expression is used to indicate 

that this is not an exact equality but is a scaling relation that is expected to be valid 

for sufficiently largeN and smallε . After taking logarithms of each side of the 
scaling relation and rearranging terms, so we define 
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To estimate this, 1 2 and ε ε are usually chosen from a grid where the log-log plot of 

( )C ε  versus ε  is almost constant, i.e. estimating the correlation dimension, CorrD  in 

practice, is deduced from the slope of the straight line scaling grid in a plot of 

og( ( ))l C ε versus og( ).l ε  
 

 

3. TWO-DIMENSIONAL ITERATED QUADRATIC MAP 
 

    The most general two-dimensional iterated quadratic map is 
 

 

2 2

1 1 2 3 4 5 6

2 2
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= + + + + +

= + + + + +
                                                 (1) 

with chaotic solutions. The two equations in (1) have 12 coefficients a1 through a12. 

    With some initial value of x0 and y0 at n=0, successive values of x and y are 

determined by repeatedly iterating equation (1). The iterates are plotted as points on 
2
� . After number of iterations, the solution will do one of four things: (a) It will be 

converge to a single fixed points; (b) it will take on a succession of values that 

eventually repeat, producing a limit cycle; (c) it will be unstable and diverge to 

infinity; and (d) it will exhibit chaos and gradually fill in some often complicated but 

bounded region of the 2
� [9]. 
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    The solutions are chaotic attractors and most of them are called strange attractors 

in that range of initial values of x and y, within the basin of attraction.  

    Now, if we put 

1 3 5 8 2 4 6 7 9 10 11 121,  ,  0.4,  ,   0a a a a a b and a a a a a a a a= =− = = = = = = = = = =  in equation 
(1), the resulting equation is 

                                     

2
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This leads to a family of maps defined from 22 RR →  and denoted by:  

                         

21 0.4
ab
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H
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 − + 
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                                                    (3)                                                                                    

where a and b are real numbers. As a whole, this family of maps is sometimes 

represented by the letter H, and is referred to collectively as just the Hénon map. 

Usually, a and b are taken to be not equal to 0, so that the map is always two-

dimensional. A very interesting observations can be made if one can choose to vary 

one of the parameters while keeping the other constant and iterating the Hénon map; 

the resulting is the Henon attractor AH, and is defined as the set of all points for 

which the iterates of every point in a certain quadrilateral Q surrounding AH  

approach a point in the set.   
     

 

4. COMPUTATION OF CORRELATION DIMENSION 

 

    This section presents an algorithm to compute the correlation dimension CorrD of 

any attractor generated by an orbit of general two-dimensional iterated quadratic 

map.  

    The correlation dimension CorrD will be calculated in real time as the attractor 

develops by taking each new point and calculating its separation distance from one or 

more randomly chosen previous points [2]. A counter 1( )C ε is incremented if the 

separation distance is less than 1ε and 2( )C ε is incremented if it is less than 2ε , where 

1ε and 2ε are chosen arbitrarily except that they should be much smaller than the size 
of the attractor, but large enough that 1( )C ε and 2( )C ε are statistically significant and 

1 2ε ε< . In this case the correlation dimension is  
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    The Pseudo-code for the algorithm is outlined as follows: 

Algorithm:  Compute correlation dimension CorrD of an attractor Aτ  (cell-counting 

algorithm) 

 

begin (algorithm) 

    input: normalized attractor Aτ , i.e. generate Euclidean distance (separation    
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    distance) matrix between two points (N rows, with 2- dimensions/attributes  

    each) 

    output: correlation dimension CorrD  

    begin 

        For each desirable cell-sizeε  
       

            ( )iC ε  is the element count in the i-th cell. 

            Compute the sum of occupancies ( )C ε  (the number of cells with the edge   

            sizeε necessary to cover all points of the attractor object), i.e. construct   

            correlation function ( )C ε  that is the probability that two arbitrary points  

            on the orbit are closer together than epsilon.  

        end; 

    end; 

    Print the values of log( )ε  versus log( ( ))C ε  generating a plot; 

    Return the slope of the linear part of the plot as the correlation  

    dimension CorrD of the attractor object Aτ . 

end (algorithm) 

 

 

5. IMPLEMENTATION AND RESULTS 
     

      The proposed algorithm is implemented under Matlab 7.6.0.324 (R2008a) 

environment, which is optimized for matrix operations, and where the attractor 

dataset is regarded as a matrix. We insert the 12 parameters a1 through a12 of the 

general two-dimensional iterated quadratic map, choose initial conditions for x and y 

and iterate the equations for the maps while calculating the correlation dimension

CorrD .  

    A computer Matlab program that repetitively performs these operations is listed in 

the Appendix. It generates the attractor by an orbit of general two-dimensional 

iterated quadratic map. Next, it generates Euclidean distance (separation distance) 

matrix between two points and construct correlation function ( )C ε that is the 
probability that two arbitrary points on the orbit are closer together thanε . Finally, it 
fits a polynomial of degree one (straight line) using least-squares method to compute 

the correlation dimension CorrD .  

    Figure 1a through Figure 3a show samples of the attractors Aτ that arise from the 

iteration of such general two-dimensional iterated quadratic map. It is remarkable 

that such attractors generated from the same iterated formula of the general two-

dimensional quadratic map with only different numerical values of the parameters a1 

through a12. The slope of the linear part of the log-log plot is the correlation 

dimension CorrD of the attractor objects Aτ shown in Figure 1b through Figure 3b for 

the attractors Aτ in Figure 1a through Figure 3a respectively.  
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Figure 1a 

 

 
Figure 1b 
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Figure 2a 

 

 
Figure 2b 
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Figure 3a 

 

 
Figure 3b 

    Figure 1a shows the Hénon attractor AH. It constructed by repeated iteration of 

iterated formula of the general two-dimensional quadratic map. We calculate the 

correlation dimension of the Hénon attractor AH with the algorithm proposed in 

Section 4. The Hénon map produces the attractor when the parameters a =1.4 and b 

= 0.3 and the correlation dimension of the Hénon attractor AH is 1.1784CorrD =  as 

shown in Figure 1b.  
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    Figure 2a shows the plot of the attractor AH generated by repeated iteration of 

iterated formula of the general two-dimensional quadratic map, for which the 12 

coefficients a1 through a12 in the iterated formula of the general two-dimensional 

quadratic map were chosen from the interval in increments of 0.1 over the closed and 

bounded interval [-1.2,1.2]. Certainly,  

1 2 3 4 5 6

7 8 9 10 11 12

-0.5,  -0.6, 0.8, -0.5, -0.9, 0.3, 

-0.5, 0.1, 0.6, -0.6, 0.2, -0.5.

a a a a a a

a a a a a a

= = = = = =

= = = = = =
 

The correlation dimension of the attractor in Figure 2a is 1.4813CorrD = as shown in 

Figure 2b.  

    Figure 3a presents the attractor AH similar to Figure 2a. It was produced in which 

the 12 coefficients a1 through a12 in the iterated formula of the general two-

dimensional quadratic map are also chosen from the interval in increments of 0.1 

over [-1.2, 1.2]. That is,     

1 2 3 4 5 6

7 8 9 10 11 12

-0.7,  0.4 , 0.5 , -1, -0.9, 0.8, 

0.5, 0.5, 0.3, 0.8, 0.1, -0.9.

a a a a a a

a a a a a a

= = − = = = = −

= = = = = − =
 

The correlation dimension of the attractor in Figure 3a is 1.0974CorrD = as shown in 

Figure 3b. 

    It has been noticed that, correlation dimension calculations are fast because they 

involve determining the spatial separation distance between two arbitrary pair of 

points that constitute the fractal attractor.  

 

 

6. CONCLUSIONS AND FUTURE WORKS 

 

    In this research paper we have presented an algorithm for computing correlation 

dimension CorrD of attractor generated by an orbit of general two-dimensional iterated 

quadratic map. The algorithm is primarily meant to boost up the use of correlation 

dimension, which provides dimension closest to the actual dimension of a system 

compared to others. However, it can easily be extended to the computation of other 

dimensions, such as capacity dimension, information dimension etc. with little 

modifications. 

 

APPENDIX 
 

% Matlab Code (see[7]) to compute correlation dimension for 
attractor  
  generated by an orbit of general 2D quadratic map. 
clear all; clc 
Ntrans=1000;                     % Number of transients points  
                                   Number of points 
N_pts=2000;                                                            
x0=0.1; y0=0.1;                  % Initial Conditions                 
a=[1.2 0 -1 0 0.4 0 0 1 0 0 0 0];% Parameters of general 2D  
                                   iterated quadratic map  
px=x0;py=y0; 
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for j=1:Ntrans                   % Iterated formula of general 2D     
                                   quadratic map 
    newx=a(1)+a(2)*px+a(3)*px.^2+a(4)*px*py+a(5)*py+a(6)*py.^2; 
    newy=a(7)+a(8)*px+a(9)*px.^2+a(10)*px*py+a(11)*py+a(12)*py.^2;  
    px=newx;py=newy; 
end 
  
x=zeros(N_pts,1);y=zeros(N_pts,1); 
x(1)=newx;y(1)=newy; 
  
for j=1:N_pts-1                   % Generating orbit 
    
x(j+1)=a(1)+a(2)*x(j)+a(3)*(x(j))^2+a(4)*x(j)*y(j)+a(5)*y(j)+a(6)*(y(j))^2; 
    
y(j+1)=a(7)+a(8)*x(j)+a(9)*(x(j))^2+a(10)*x(j)*y(j)+a(11)*y(j)+a(12)*(y(j))^
2; 
end 
  
figure(1); 
axis tight 
plot(x(1:N_pts),y(1:N_pts),'.b','MarkerSize',3); 
xlabel('\itx_n') 
ylabel('\ity_n') 
title(' Attractor generated by an orbit of general 2D quadratic map.'); 
grid 
figure(2); 
ED = sparse(N_pts,N_pts);        % Generating Euclidean distance  
                                  (separation distance)matrix  
                                   between two points. 
for j=1:N_pts 
 for i=j+1:N_pts 
  d=(x(i)-x(j))^2+(y(i)-y(j))^2; 
  ED(i,j)=d; 
 end 
end 
ED=sqrt(ED); 
min_eps = double(min(min(ED+(1000*ED==0)))); 
max_eps = double(max(max(ED))); 
max_eps = 2^ceil(log(max_eps)/log(2)); 
n_div = floor(double(log(max_eps/min_eps)/log(2))); 
n_eps = n_div+1; 
eps_vec=max_eps*2.^(-((1:n_eps)'-1)); 
Npairs=N_pts*(N_pts-1)/2; 
  
C_eps=[];                          % Construct correlation   
                                     function C_eps that is the  
                                     probability that two  
                                     arbitrary points on the  
                                     orbit are closer together 
                                     than epsilon 
for i=1:n_eps 
 eps = eps_vec(i); 
 N = (ED<eps & ED>0); 
 S = double(sum(sum(N))); 
 C_eps = [C_eps; S/Npairs]; 
end 
  
omit_pts=3;                        % Ignore a few points on either ends 
k1=omit_pts+1;k2=n_eps-omit_pts; 
in_grid=k1:k2; 
xd=log(eps_vec)/log(2); 
yd=log(C_eps)/log(2); 
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xp=xd(in_grid);yp=yd(in_grid); 
                                  % Fit a line to compute D_Corr,  
                                    that is fit a polynomial of  
                                    degree one to that fits the  
                                    data yp best in a least  
                                    squares method.                                 
[coeff,temp]=polyfit(xp,yp,1);   
D_Corr=coeff(1); 
poly=D_Corr*xd+coeff(2); 
plot(xd,yd,'s-');                  % Plot results 
hold on 
plot(xd,poly,'r-'); 
axis tight                         % Sets the axis limits to the  
                                     range of the data 
plot([xd(k1),xd(k1)],[-30,30],'m--'); 
plot([xd(k2),xd(k2)],[-30,30],'c--'); 
xlabel('log_2(\epsilon)'); 
ylabel('log_2(C(\epsilon))'); 
title({'Correlation dimension for an attractor generated by an orbit'; [' of 
general 2D iterated quadratic map, i.e. D_{Corr}=',num2str(D_Corr)]}); 
grid 
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