
Int. J. Contemp. Math. Sciences, Vol. 7, 2012, no. 6, 263 - 272

One Dimensional Differential Transform Method

for Some Higher Order Boundary Value Problems

in Finite Domain

Javed Ali

CECOS university of IT and Emerging Sciences Peshawar, Pakistan
razamyjan@yahoo.com

Abstract

In this work, we focus our study to fifth and sixth order boundary
value problems in a finite domain with two point boundary conditions.
The analysis is accompanied by testing the method both on linear and
nonlinear problems. The numerical results given by this method are
compared with the exact solutions and the results by other analytical
methods. The results are very accurate as compared to other methods
and reveal the complete reliability of the method in finite domains.
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1 Introduction

Physical phenomena are generally modeled as functional equations and for
most of these equations, exact solutions are very rear. Alternatively, purely
numerical or analytical methods are used to address such issues. The com-
monly used analytical methods are Adomian decomposition method (ADM)
[2], variational iteration (VIM) [3] , homotopy perturbation(HPM) [5], ho-
motopy analysis method (HAM) [6], optimal homotopy asymptotic method
(OHAM) [7]etc. Differential Transform Method (DTM) is one of the analyti-
cal methods for differential equations. The basic idea was initially introduced
by Zhou [8] in 1986. Its main application therein is to solve both linear and
nonlinear initial value problems in electrical circuit analysis. This method de-
velops a solution in the form of a polynomial. Though it is based on Taylor
series, still it is totally different from the traditional higher order Taylor series
method. The DTM is an alternative procedure for getting Taylor series solution
of the differential equations. This method reduces the size of computational
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domain and is easily applicable to many problems. Fifth-order boundary value
problems arise in the mathematical modeling of viscoelastic flows [9]. Sixth-
order boundary value problems are known to arise in astrophysics, the narrow
convicting layers bounded by stable layers which are believed to surround A-
type stars that may be modeled by sixth-order boundary value problems [10].
Glatzmaier [11] also studied that dynamo action in some stars may be modeled
by such equations. Fifth and sixth order linear and nonlinear problems were
solved by Wazwaz [13], while using decomposition method. Noor et al. [19]
investigated these type of problems using homotopy perturbation, variational
iteration, the iterative method and homotopy perturbation using He’s polyno-
mials. S.T. Mohyud-Din et al. [17]used an iterative algorithm for the solution
of fifth order boundary value problems. This work includes the solution of
fifth and sixth-order boundary value problems by DTM. The method is tested
on linear and non-linear problems from literature. The numerical results are
compared with the results obtained by decomposition method, homotopy per-
turbation methods, variational iteration method and the iterative method, to
show the effectiveness and accuracy of the method. The structure of this paper
is organized as follows. Section 2 is devoted to the basic idea of differential
transform method; section 3 is composed of analysis of the proposed method
for the problems under discussion. Some numerical examples are presented in
Section 4. In Section 5, we concluded by discussing results of the numerical
simulation by using Mathematica.5.2.

2 Differential Transform Method(DTM)

If φ(x) is a given function, its differential transform is defined as

Φ(r) =
drφ(x)

dxr

∣∣∣∣∣
x=0

(1)

The inverse transform of Φ(r) is defined by

φ(x) =
∞∑

r=0

xrΦ(r) (2)

For practical application, the function φ(x) is expressed by a finite series

φ(x) =

N∑
r=0

xrΦ(r) (3)

Equation (2) implies that, φ(x) =
∑∞

r=N+1 xrΦ(r), is negligibly small. The
fundamental operations of the DTM are given in table 1.
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Table 1: Fundamental operations
Function Transformed function
φ(x) = k1g(x) ± k2h(x) Φ(r) = k1G(r) ± k2H(r)

φ(x) = gm(x) Φ(r) = (m+r)!
r!

G(m + r)
φ(x) = g(x)h(x) Φ(r) =

∑r
k=0 G(k)H(r − k)

φ(x) = xm Φ(r) = δ(r − m), δ(p) =

{
1 : p = 0
0 : p �= 0

φ(x) = g1(x)g2(x) · · · gm(x)
Φ(r) =

∑r
km−1=0

∑km−1

km−2=0 · · ·
∑k3

k2=0∑k2

k1=0 G1(k1)G2(k2 − k1) · · ·Gm(r − km−1)

3 Analysis of the method

Consider an nth order boundary value problem of the form

yn(x) = f(x, y, y′, y′′, · · ·, yn−1), 0 < x < b, (4)

with the boundary conditions

B(y,
dy

dx
) = 0. (5)

The differential transform of (4) is,

Y (r + n) =
F (r)∏n

i=1(r + i)
, (6)

where F (r) is the differential transform of f(x, y, y′, y′′, · · ·, yn−1).
The transformed boundary conditions of (5) are given by,

Y (r) = α, Y (m) =

N∑
r=0

m−1∏
i=1

(r − i)Y (r) = βm, (m < n), (7)

where m is the order of the derivative in the boundary conditions and α, βm

are real constants.
Using equations (6) and (7), values of Y (i) : i = 1, 2, 3, · · · are obtained
and then using the inverse differential transform, the following approximate
solution upto O(xN+1) is obtained.

ỹ =
N∑

r=0

xrY (r).

The error, E∗ = y(x) − ỹ(x) can be approximated by the residual,

R = ỹn(x) − f(x, ỹ, ỹ′, · · · , ỹn−1), (8)
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whenever the exact solution is not available. We will compare E* and R in the
next section. One can insure the validity of the obtained solution by examining
R.

4 Numerical Examples

In this section, solutions of different fifth and sixth order boundary value prob-
lems are given by using DTM. These problems have been solved by different
methods, such as decomposition method, homotopy perturbation method, vari-
ational iteration method etc.

Fifth order boundary value problems

Example 1: Consider a linear fifth order boundary value problem

y(5)(x) = y(x) − 15ex − 10xex, 0 < x < 1, (9)

with the conditions:

y(0) = 0, y′(0) = 1, y′′(0) = 0, y(1) = 0, y′(1) = −e. (10)

Exact solution to this problem is: y(x) = x(1 − x)ex.
The differential transform of (9) is:

Y (r + 5) =
1∏5

i=1(r + i)

{
Y (r) − 15

r!
− 10

r∑
k=0

δ(r − k − 1)

k!

}
(11)

Differential transform of the boundary conditions (10) are:

Y (0) = 0, Y (1) = 1, Y (2) = 0,
N∑

r=0

Y (r) = 0,
N∑

r=0

rY (r) = −e. (12)

Using (11), (12) and the inverse differential transform, the following series
solution of the problem, upto O(x15), is obtained.

ỹ(x) = x − 0.5x3 − 0.333333335x4 − x5

8
− x6

30
− x7

144
− 0.001190476x8

− 0.000173611x9 − x10

45360
− x11

403200
− x12

3991680
− 2.29644 × 10−8x13 − 1.92708 × 10−9x14 + O(x15). (13)

Numerical results for solution (13) are given in tables 2 and 3.
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Table 2: It shows comparison of the solutions obtained by DTM (13), ADM[12],
HPM[14], VIM[16], ITM[17] and VIHPM[15]. From the numerical results it is
clear that the differential transform method is more efficient and accurate. By
increasing the order of approximation more accuracy can be obtained.

Table 2 for example 1
x Exact Sol. DTM Sol. E*(DTM) E*(Others)
0 0.00000 0.0000 0.0000 0.0000

0.1 0.099465383 0.099465383 -1.6E-12 -3.0E-11
0.2 0.195424441 0.195424441 -1.1E-11 -2.0E-10
0.3 0.28347035 0.28347035 -3.2E-11 -4.0E-10
0.4 0.358037927 0.358037927 -6.4E-11 -8.0E-10
0.5 0.412180318 0.412180318 -1.0E-10 -1.2E-9
0.6 0.437308512 0.437308512 -1.3E-10 -2.0E-9
0.7 0.422888068 0.422888068 -1.4E-10 -2.2E-9
0.8 0.356086548 0.356086548 -1.2E-10 -1.9E-9
0.9 0.221364280 0.221364280 -5.7E-11 -1.4E-9
1.0 0.0000 0.000 0.000 0.000

E*=Exact solution-analytical solution
Table 3 for example 1.
x E* R
0 0.0000 0.0000

0.1 -1.6E-12 7.7E-15
0.2 -1.1E-11 5.6E-12
0.3 -3.2E-11 3.3E-10
0.4 -6.4E-11 5.9E-09
0.5 -1.0E-10 5.5E-08
0.6 -1.3E-10 3.5E-07
0.7 -1.4E-10 1.6E-06
0.8 -1.2E-10 6.3E-06
0.9 -5.7E-11 2.1E-05
1.0 0.000 6.0E-05

Table 3: This table shows Comparison of E* and R where the exact error
E* and the residual R are calculated at different mesh points of the problem
domain.

Example 2: Consider a nonlinear fifth order boundary value problem

y(5)(x) = e−xy2(x), 0 < x < 1, (14)

with the conditions:

y(0) = y′(0) = y′′(0) = 1, y(1) = y′(1) = e. (15)
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Exact solution to this problem is: y(x) = ex.
The differential transform of (14) is:

Y (r + 5) =
1∏5

i=1(r + i)

r∑
l=0

l∑
m=0

(−1)m

m!
Y (l − m)Y (r − l). (16)

Differential transformation of the boundary conditions (15) is:

Y (0) = Y (1) = 2Y (2) = 1,

N∑
r=0

Y (r) =

N∑
r=0

rY (r) = e. (17)

Using (16), (17) and the inverse differential transform, the following series
solution of the problem, upto O(x13), is obtained.

ỹ(x) = 1 + x +
x2

2!
+ 0.166667x3 + 0.0416667x4 +

x5

5!
− x6

6!

− x7

7!
+ 0.0000248016x8 + 2.75573 × 10−6x9 + 2.75573 × 10−7x10

+ 2.50521 × 10−8x11 + 2.08768 × 10−9x12 + O(x13). (18)

Numerical results for solution (18) are given in table 4.

Table 4: It shows comparison of the DTM solution (18) with the exact solution
and the error estimates. Last column of this table exhibits the errors in the
solutions by ADM[12], HPM[14], VIM[16], ITM[17] and VIHPM[15] for the
same problem. The accuracy of the proposed method can be improved further
by adding more terms of the Taylor’s series to ỹ(x).

Table for example 2
x Exact Sol. DTM Sol. E*(DTM) E*(Others)
0 0.00000 0.0000 0.0000 0.0000

0.1 1.105170918 1.105170918 1.4E-12 1.0E-9
0.2 1.221402758 1.221402758 9.8E-12 2.0E-9
0.3 1.349858808 1.349858808 2.8E-11 1.0E-8
0.4 1.491824698 1.491824698 5.6E-11 2.0E-8
0.5 1.648721271 1.648721271 8.7E-11 3.1E-8
0.6 1.822118800 1.822118800 1.1E-10 3.7E-8
0.7 2.013752707 2.013752707 1.2E-10 4.1E-8
0.8 2.225540928 2.225540928 9.9E-11 3.1E-8
0.9 2.459603111 2.459603111 4.4E-11 1.4E-8
1.0 2.718281828 2.718281828 0.000 0.000

E*=Exact solution-analytical solution
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Sixth order boundary value problems

Example 3: Consider a linear sixth order boundary value problem

y(6)(x) = y(x) − 6ex, 0 < x < 1, (19)

with the conditions:

y(0) = −y(2)(0) = −1

3
y4(0) = 1,

y(1) = 0, y(2)(0) =
1

2
y4(0) = −2e. (20)

Exact solution to this problem is: y(x) = (1 − x)ex.
The differential transform of (19) is:

Y (r + 6) =
1∏6

i=1(r + i)

{
Y (r) − 6

r!

}
(21)

Differential transformations of the boundary conditions (20) are:

N∑
r=0

Y (r) = 0,
N∑

r=0

r(r − 1)Y (r) = −2e,
N∑

r=0

3∏
i=0

Y (r) = −4e. (22)

Table 5: In this table we compare the exact solution with the DTM so-
lution (23) and the errors obtained by decomposition method(ADM)[13],
homotopy perturbation method(HPM)[18] and the variational iteration
method(VIM)[19].

Table for example 3
x Exact Sol. E*(DTM) Sol. E*(DTM) E*(ADM) E*(HPM) E*(VIM)
0 1 1 0 0 0 0

0.1 0.994653826 0.994653760 6.57E-8 -4.09E-4 -4.09E-4 -4.09E-4
0.2 0.977122206 0.977122081 1.26E-7 -7.78E-4 -7.78E-4 -7.78E-4
0.3 0.944901165 0.944900991 1.74E-7 -1.07E-3 -1.07E-3 -1.07E-3
0.4 0.895094818 0.895094611 2.08E-7 -1.26E-3 -1.26E-3 -1.26E-3
0.5 0.824360635 0.824360414 2.21E-7 -1.32E-3 -1.32E-3 -1.32E-3
0.6 0.728847520 0.728847306 2.14E-7 -1.26E-3 -1.26E-3 -1.26E-3
0.7 0.604125812 0.604125628 1.85E-7 -1.07E-3 -1.07E-3 -1.07E-3
0.8 0.445108186 0.44510805 1.36E-7 -4.09E-4 -4.09E-4 -4.09E-4
0.9 0.245960311 0.24596024 7.23E-8 -7.78E-4 -7.78E-4 -7.78E-4
1.0 0.0000 0 0 0 0 0

E*=Exact solution-analytical solution
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Using (21), (22) and the inverse differential transform, the following series
solution of the problem, upto O(x13), is obtained.

ỹ(x) = 1 − 6.66476 × 10−7x − x2

2
− 0.333332x3 − x4

8
− 0.0333336x5 − x6

144

− 0.00119048x7 − x8

5760
− 0.0000220458x9 − x10

403200

− 2.50522 × 10−7x11 − x12

43545600
+ O(x13). (23)

Numerical results for solution (23) are given in table 5.

Example 4: Now consider a nonlinear sixth order boundary value problem

y(6)(x) = e−xy2(x), 0 < x < 1, (24)

with the conditions:

y(2k)(0) = 1, y(2k)(1) = e, k = 0, 1, 2. (25)

Exact solution to this problem is: y(x) = ex.

Y (r + 6) =
1∏6

i=1(r + i)

r∑
l=0

l∑
m=0

(−1)m

m!
Y (l − m)Y (r − l). (26)

Differential transformations of the boundary conditions (25) are:

Y (k) =
1

k!
, k = 0, 2, 4.

N∑
r=0

Y (r) =

N∑
r=0

r(r − 1)Y (r) =

N∑
r=0

3∏
k=0

(r − k)Y (r) = e. (27)

Using (26), (27) and the inverse differential transform, the following series
solution of the problem, upto O(x13), is obtained.

ỹ(x) = 1 + x +
x2

2!
+ 0.166666586x3 +

x4

4!
+ 0.008333359x5 +

x6

6!
+ 0.000198413x7 + 0.000024802x8 + 2.75573 × 10−6x9 + 2.75573 × 10−7x10

+ 2.50523 × 10−8x11 + 2.08768 × 10−9x12 + O(x13). (28)

Numerical results for solution (28) are given in table 6.
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Table 6: It shows comparison of the DTM solution (28) with the exact solution
and the errors obtained by decomposition method(ADM)[13], homotopy per-
turbation method(HPM)[18] and the variational iteration method(VIM)[19].
It is clear from the results that the method we applied is more efficient and
accurate than the other methods.

Table for example 4
x Exact Sol. E*(DTM) Sol. E*(DTM) E*(ADM) E*(HPM) E*(VIM)
0 1 1 0 0 0 0

0.1 1.105170918 1.105170918 -5.4E-9 -1.2E-4 -1.2E-4 -1.2E-4
0.2 1.221402758 1.221402758 -1.0E-8 -2.3E-4 -2.3E-4 -2.3E-4
0.3 1.349858808 1.349858808 -1.4E-8 -3.2E-4 -3.2E-4 -3.2E-4
0.4 1.491824698 1.491824698 -1.7E-8 -3.8E-4 -3.8E-4 -3.8E-4
0.5 1.648721271 1.648721271 -1.8E-8 -4.0E-4 -4.0E-4 -4.0E-4
0.6 1.822118800 1.822118800 -1.8E-8 -3.9E-4 -3.9E-4 -3.9E-4
0.7 2.013752707 2.013752707 -1.5E-8 -3.3E-4 -3.3E-4 -3.3E-4
0.8 2.225540928 2.225540928 -1.1E-8 -2.4E-4 -2.4E-4 -2.4E-4
0.9 2.459603111 2.459603111 -6.0E-9 -1.2E-4 -1.2E-4 -1.2E-4
1.0 2.718281828 2.718281828 -1.0E-13 2.0E-9 2.0E-9 2.0E-9

E*=Exact solution-analytical solution
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