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Abstract

We show that every GDRS/GTRS codes have systematic generator matrices of
the form [1/A]/[1/ A], where A is a GC (Generalised Cauchy) matrix, A is

GEC (Generalised Extended Cauchy) matrix , and A is GDC (Generalised
Doubly Extended Cauchy) matrix ; and conversely every systematic generator
matrix of that form generates GDRS/GTRS codes.
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I. Introduction

An [nk,d] linear code over the finite field F=GF(q) is called MDS if
d=n-k+1, where q is a positive power of a prime number. MDS codes can be
characterized in terms of their systematic generator matrices. If C be an [n,k,d]
code, whose systematic generator matrix G is given by G=[I|A], where I is the
identity matrix of order k, A is k x (n-k) matrix, then code C is MDS if and only if
every square submatrix of A is non-singular. There may be many systematic ways
of building matrices with the property that every square submarix is non-singular.
One systematic way of doing this, is the Cauchy matrix construction. A matrix
A=[ajjlmxn 1s called a Cauchy matrix, if a;=1/ xity; , where Xi,Xo,....Xm ;
Y1,Y2,-..,yn belong to field F=GF(q). Therefore, Cauchy matrix A¢=[ajj]lmxn aij
=1/xit+y; , will be as:

1 1 1
X +Y, X +Y, X, + Y,
1 1 1
Ag= . (1)
X2+yl X2+y2 X2+yn
1 1 1
X Yy X+ Yy XY, |

Further, a matrix A=[ajjJmxn 1s called an Extended Cauchy matrix, if A has a
row(column) of 1’s, and, deleting this row(column) of 1’s changes matrix A to

another matrix A, which is a Cauchy matrix. Therefore, this Extended Cauchy
matrix A (having one row of 1’s) may be as:

1 1 .. 1
1 1 1
X+Y, X+Y, X+,
A=| 1 1 1 , (2)
Y XN +Y, X+,
1 1 1
Ko Y X+ s Xey Yo
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Similarly Extended Cauchy matrix A=[ajj]lmxn , having one column of 1’s can be
displayed. Every square submatrix of an Extended Cauchy matrix A is non-

singular if and only if every square submatrix of the underlying Cauchy matrix A
(obtained by deleting row (column) of 1’s from A) is non-singular.

I1. Relation Between GC Matrices and GRS Codes

Let any vector z be: z=(z;,25,....,Z:). Let D(z) denote the diagonal matrix
of order r with diagonal entries D; = z;. Then an mxm matrix A is called a
Generalized Cauchy matrix(GC), if A is of the form:
A=D(c).A;.D(d), (3)
where A; is an mxn Cauchy matrix, c¢=(c;,Ca, ... Cm), d=(d;,ds,.....d,) are vectors
of non-zero elements of field F=GF(q).Therefore,

[ cidj ]
A= —— ; 4)
Xi +yj

where c; d; ,x;,y;belong to field F=GF(q),1<i<m, 1<j<n.

If all square submatrices of Cauchy matrix A, are non-singular, then all square
submatrices of A are also non-singular. Therefore, we can construct a systematic
generator matrix for an [n,k] MDS code by linking the identity matrix Iy with a
suitably defined kx(n-k) Generalised Cauchy(GC) matrix.

Let a=(a,00,...,0n) be a vector of distinct elements of field F=GF(q).
Let v=(v1,v2,...,vy) be a vector of non-zero, but not necessarily distinct elements
of field F=GF(q). Then code C is called GRS, denoted by GRS(n,k,a,v), if it has a
generator matrix of the form: G=[G; G; ...G,], where the G;’s are columns of the
form: Gi:[Vi,Vi(li,ViOLiz,. . ..Viaik'l]/kxl .

Roth and Seroussi (1985) proved that GRS code has a systematic
generator matrix of the form [I|A], where A is a Generalised Cauchy(GC) matrix,

and conversely every systematic matrix of that form generates a Generalised Reed
Solomon(GRS) code.

Theorem 1: Let C be a GRS(n+1,k,a,v) code defined by a=(oy,0s,...,0,
On+1),V=(V1,V2,...,Vn ,Vn+1).Then code C has a systematic generator matrix of the

cd.
form [|A], where A is a kx(n+1-k) GC matrix such that A, =——— with:
X+,

Xi=-0j, lflfk (5)
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Yi= 0+, 1Sj<(n+1-k) (6)
1
6=V , 1<i<k (7)
H (& —ay)
1<t<k ; t=i
dj:Vj+k'H (@ —) , 1< j<(n+1-k) (8)

1<t<k

Conversly,if A is a kx(ntl-k) GC matrix defined by vectors x=(xi)i:1k,
y=(ypiet™ ™, e=(ci)imt* , d=(d;)i-""* , such that every square submatrix of A is
non-singular, then [I|A] generates a GRS(n+1,k,a,v) code with:

o;=-X;, 1 <i<k )
o=yjok+1<j<n 1 (10)
-1
v -G L 1<i<k (11)
H (Xt - Xi)
1<t<k ; t=i
d.

V. = Ik ,(kK+D)<j<n+1 (12)
: H (Xt+yj+k)

i<t<k

Proof: Here C is a GRS(n+1,k,a,v) code defined by: o=(a;,00,...,00 0Ont1),
v=(V1,V2,...,Vn ,Vnt1), Where a is a vector of distinct elements of field F=GF(q), v
is a vector of non-zero(not necessarily distinct)elements of field F=GF(q).
Because code C is GRS, therefore C has a generator matrix of the form:G=[G;
Goyennn ,Gn,Gn+1],where the Gi’s are columns of the form: Gi=(v; , vi a, Vj 0, ..,
Vi 04 = ) .
Therefore,G=[G, ,Go,....... ,Gn,Gn+1]

=0 Tixas1y - D(V1,Vas. .oV V1) ,1<j<n+1, 1<i<k.

=G .D(v),where D(V)=D(V1,V2,...,Vn ,Va+1) and G =[o" Jx(us 1y, 1 Sj<n+1, 1<i<k.

Now G =0 Jx(ue1)(1<j<n+1, 1<i<k) = [P|Q]
where: P =[aj"l]kxk,1§i,j§k, a kxk Vandermonde matrix, and

Q=01 Tix(ue1-0. 1<i<k, 1<j<(n+1-k), a kx(n+1-k) matrix.
Therefore, a generator matrix of code C=GRS(n+1,k, a,v) is:
G=G . D(v) =[P|Q]. D(v), where G =[ajl'1], 1<i,j<k , 1<j<(n+1),
P:[ajl-l]_kxk’lfi,jfk, a kxk Vandermonde matrix. (13)
Q=01 Tix(ur 140 1<i<k, 1<j<(n+1-k) (14)
Let systematic generator matrix of code C is [I|A],where I is I, A is Axn+1-k).-
Therefore:

[IAk@ia] ~ G ~ G.D(v)~[PIQ]. D(v) (15)
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Clearly P is a Vandermonde matrix of order k. P is given by(D.E.
Knuth(1969):

f
(P, = LI ,1<i, j<k (16)
: H (ai - at)
1<t<k;ti
where fi(z)= [ (za)= > fi.Z (17)
I<t<k;t=i 0<r <k-1

We can take Vandemonde matrices of various orders , verify that all the
entries of these matrices are in accordance with (16)-(17),and hence we can verify
the formulations (16)-(17). We can also verify that A =(D(u))".P".Q.D(w), by
taking any values of (n+1) and k, and by making generalization. Therefore,
systematic generator matrix of GRS(n+1,k,a,v) code Cis[ 1] A ], where:

A=(D(u))".P".Q.D(W) (18)
So,using (5),(6),(7),(8)(14),(16),(17), we will obtain (i,j)th entry of A as:

X tY,;

cd.
A=[(DW) " PL.Q.DW)]; =——— , I<i<k, 1<j<(n+1-k).
y
Therefore, A is a kx(n+1-k) GC matrix.

Conversely:

Now given is that A is a kx(n+1-k) GC matrix defined by vectors
x =)t ¥y = )™, e = (e ©, d=(d;)-1 ™', such that every square
submatrix of A is non-singular. Then reversing the steps in the first part of proof,
we shall arrive at the conclusion that [l |A] generates a GRS(n+1,k, a,v)
code , where @ and v can be derived from equations (5)-(8) as follows:
Equation (5) is: xi=-0; ,(1<i<k) = a; =- xi ,(1<i<k), which is equation (9).
Equation(6)is:y=a;+,(1<j<(n+1-k)).Changing j to (j-k),we get: yji=a (k. (15)-
k<(nt+1-k)) = yju=a;, (k+1< ktj-k<k+(nt+1-k))= ;= yjx, (k+1<j<n+1), which
is equation (10).

-1
V.

Equation(7)is: ¢, = ' , 1<i<k =
H (ai - at)
I<t<k ; t#i
o o
vV, = i , 1<i <k (using(9))= i , 1<i <k ,which
H (_Xi _(_Xt)) H (Xi - Xt))
I<t<k ; ti I<t<k ; ti
is equation (11).
Equation(8)is:

d, =V, .J] (@ -a).1<j<(n+1-k)

1<t<k

SV, = I< j<n+1-k

i
H(aj+k —a)

I<t<
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Changing j to j-k, and using (9),(10), we will get:

d.
=V, =— 3% k+1< j<n+1,which is equation (12).

II1. Relation Between GEC Matrices and GDRS Codes

An mxn matrix A is called a Generalised Extended Cauchy (GEC)
matrix, if A is of the form:
A=D(c).A,.D(d),
where A, is an mxn extended cauchy matrix, ¢=(c;,C2,..... Cm), d= (di,d2,.....dn)
are vectors of non-zero elements of field F=GF(q). Therefore,

[ ¢d, ¢d, . . cd,
Czdl C2d2 Czdn
X+Y, X+, Xi + Yn
A: C3dl C3d2 o C3dn (19)
X2+yl X2+y2 X2+yn
Cmdl Cmdz Cmdn
| Xoa T Y1 X T Ys Xt T Yo e

If all square submatrices of Extended Cauchy matrix A, are non-singular, then all
square submatrices of A are also non-singular. Therefore, we can construct a
systematic generator for an [n,k] MDS code by linking the identity matrix Iy with
a suitably defined kx(n-k) Generalised Extended Cauchy(GEC) matrix.

A generator matrix of Extended GRS code is a generator matrix of
GRS(n,k,a,v) code, when one of a;’s is zero. Suppose a,=0. So, a generator matrix
of Extended GRS code will be:

v, v, YA
v, Vya, . .0
G=|va’ V,a,, .. 0 (20)
k-1 k-1
v, V,a, .. 0 e
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Code can be further extended by allowing a column of G of the form: G.= (00
0....0, v.,) ,where v, is a non-zero element of field F = GF(q), as a result of
which MDS propery is preserved. The resulting code is called Generalised
Doubly Extended Reed-Solomon code, denoted by GDRS (n+1k,a,v),
where o = (0,02,...,051 ,06 ,05 ,...,00) and v =(Vy,Va,...,Vs.1 ,Veo,Vs 5...,Vn),
where s is the index of G, in G. Therefore, a generator matrix of GDRS
(n+1,k,a,v) may be:

Vl V2 Vn
vio,  V,a, 0
2 2
G=|\via,” Vv,a, .. 00 (21)
k-1 k-1
Vi, V,a, .. 0 Ver Jnnsny

Roth and Serorussi (1985) proved that GDRS code has a generator
systematic matrix of the form [I|JA], where A is a Generalised Extended
Cauchy(GEC) matrix, and, conversely, every systematic generator matrix of
that form generates a GDRS code.

IV. Relation Between GDC Matrices and GTRS Codes

An mxn matrix A is called a Doubly Extended Cauchy matrix, if A
has two rows(columns) of 1’s, and deleting these two rows (columns) of 1’s

changes matrix A into another matrix A, which is a Cauchy matrix.
Therefore, a Doubly Extended Cauchy matrix, having two rows of 1°s will be as:

1 1 .o 1
1 1 .. 1
1 1 1
XY, XY, X+,
1 1 1 (22)
NHY XY, X4y,
1 1 1
Koo TV Xoa+Ys Xao Yol
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An mxn matrix A is called a Generalised Doubly Extended
Cauchy(GDC) matrix, if it is of the form: A=D(c).A3.D(d) , where A3 is an mxn
Doubly Extended Cauchy matrix, ¢=(ci,c; Cm), d=(d;,ds,.....dy) are vectors of
non-zero elements of field F=GF(q).

........

If all square submatrices (of order >2) of Doubly Extended Cauchy
matrix Az are non-singular, then all square submatrices(of order >2) of A are also
non-singular. Therefore, we can construct a systematic generator for an [n,k]
MDS code by linking the identity matrix Iy with a suitably defined kx(n-k)
Generalised Doubly Extended Cauchy(GDC) matrix.

The generator matrix of code GDRS(n+1,k, a,v) can be further
extended by allowing a more column of G of the form: G.= (000....0 VOO/)/ ,
where v, is a non-zero element of field F=GF(q), such that MDS property is
preserved. The resulting code is called Generalised Triply Extended Reed-
Solomon code, denoted by GTRS (n+2.k, a,v), where a = (04,0,...,0s1
,aw,aw/,as,...,an) and v= (V1,V2,...,Vs.1 ,Veo ,Voo/,Vs ,..-»Vn), Where s is the index
of Gw,G.in G.

Theorem 2: Let C be a GTRS (nt2)k, a,v) code defined by a =
(011,00, . .05 1, aw,aw/,as,...,an) and v=(V|,v2,...,Vs.1 ,Ve ,Voo/,Vs ,---,Vn), Where k<s

<n+2. Then C has a generator matrix of the form [I|A], where A =[A,
As,. . L Ack1,A, A , Ask....., Ank] 18 a kX(n+2-k) GDC matrix obtained from the
GC matrix A of Theorem 1 by inserting the columns A= dw(cl,cz,....,ck)/ ,
Al =d, (c1,c2,.. ..,ck)/ before the (s-k)th column of A if s <n+2, or as the last
column if s=n+2,and d.,= V.., d.= ., and ¢;’s are as defined in (7).

Proof: In Theorem 1, code C was GDRS(n+1.k, a,v). Here, code C is GTRS
(n+2.k, a,v), defined by a=(a;,0,...,05.1 ,0, O ,0s,...,0n) and v=(Vv1,va,...,Vs1,Ve
Voo 3V ,---,Vn), where k < s < n+2. So, generator matrix of GTRS(n+2,k, a,v)
code contains two additional columns: G.=(0 0 0.....0 Vgo)/ and G, =000.....0

v./) as compared to that of GRS code. Therefore, generator matrix of GTRS
(n+2,k,a,v) code may be like this:

v, v, Vg, 00 v, v, ]
via, V,a, ..Voa,, 0 0 v, v,a,
2 2
G=|va Va, ..v al, 00 val ..V (23)
k-1 k-1 k-1 / k-1 k-1
Vi, V,a, Vealsy Vo Vo V& Vo ini)

Because k <s <n+2, and k is the number of message-symbols, so G,
and G,/ will appear among the columns of G corresponding to check-digits.
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Therefore, G, and G., will correspond respectively to columns A, and A, given
by:
A,=D@)' P'.G, ; A, =D’ .P'.G.
in the systematic generator matrix of code C i.e. in [ I« | Akxmn-k++2) J-
So, A,=D)'.P).ve and A, =Du)"'.P).v.,
where (P'l)k denotes the kth column of P'l, and u=( vi,vy,...,vx). Therefore,

Ao =vi" (P ik . Voo (24)
and A =v"' .(P)i. vo! , (25)
Consider the polynomial: fi(z)= H (z-0) = z fi 2" (26)
I<t<k;t=i 0<r <k-1
f. . -
P is given by [D.E.Knuth (1969)]: (P’l)ij = L) <0, )<k (27)
H (al _at)
I<t<k;t=i
Therefore (24) implies:
1 fi k-1 .
H (a| at
1<t<k;t#i
v
Using (26) and (7) in (28),we get: A= ' Vo, 1<i<k
H (& —
I<t<k ;i

:(doo ).(Cl, (TN Ck).
Therefore, A,=(d. ).(c1, 2. ..., C)-

Similarly (25) implies (using (7): Al =V (P )icved = (du).(C1, CyevnyCi).

Therefore, A’=(d. ).(c1, Ca.. ..., c&).

References

1. MacWilliams, F.J. and Sloane, N.J.A. (1977): “The Theory of Error-
Correcting Codes”. Amsterdam: North Holland,1977.

2. Roth, Ron M. and Seroussi, Gadiel (1985): “On Generator Matrices
of  MDS Codes, IEEE Transactions on Information Theory, Vol. IT-31, No. 6,
November 1985.



2326 O. P. Vinocha, J. S. Bhullar and B. S. Brar

3. Knuth, D.E.(1969): The Art of Computer Programming, Vol. 1: Fundamental
Algorithm. Reading MA: Addison-Wesley, 1969.

Received: September, 2012



