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INTRODUCTION: There are many concepts of universal algebras generalizing
an associative ring (R ; +; . ). Some of them in particular, nearrings and several
kinds of semirings have been proven very useful. An algebra (R ; +, .) is said to be
a semiring if (R ; +) and (R ; .) are semigroups satisfying a. ( b+c ) = a. b+a. c and
(b+c) .a= b. atc. a for all a, b and ¢ in R. A semiring R is said to be additively
commutative if a+b = b+a for all a, b in R. A semiring R may have an identity 1,
defined by 1. a=a =a. 1 and a zero 0, defined by 0+a=a=a+0 anda.0 =0 =
0.a for all a in R. After the introduction of fuzzy sets by L.A. Zadeh [22], several
researchers explored on the generalization of the concept of fuzzy sets. The
concept of intuitionistic fuzzy subset was introduced by K.T. Atanassov [3,4], as a
generalization of the notion of fuzzy set. The notion of fuzzy subnearrings and
ideals was introduced by S. Abou Zaid [18]. In this paper, we introduce the some
theorems in intuitionistic fuzzy subsemiring of a semiring under homomorphism
and anti-homomorphism.

1. PRELIMINARIES:

1.1 Definition: Let X be a non—empty set. A fuzzy subset A of X is a function
A:X—]0,1].

1.2 Definition: Let R be a semiring. A fuzzy subset A of R is said to be a fuzzy
subsemiring (FSSR) of R if it satisfies the following conditions:

(1) paxty) 2min{pa(x), pa(y)},

(i1) pa(xy) = min{pa(x), pa(y)}, for all x and y in R.



2028 V. Saravanan and D. Sivakumar

1.3 Definition [5]: An intuitionistic fuzzy subset (IFS) A in X is defined as an
object of the form A ={(x, pa(x), va(x)) / xeX}, where pup : X — [0,1] and
va ¢ X — [0,1] define the degree of membership and the degree of non-
membership of the element xe X respectively and for every x € X satisfying
0< HA(X) + VA(X) <1.

1.1 Example: Let X= {a, b,c} be a set. Then A= {( a, 0.52, 0.34 ), (b, 0.14, 0.71),
(¢, 0.25,0.34 )} is an intuitionistic fuzzy subset of X.

1.4 Definition: Let R be a semiring. An intuitionistic fuzzy subset A of R is said
to be an intuitionistic fuzzy subsemiring (IFSSR) of R if it satisfies the
following conditions:

(1) pax+y) 2 min{pa(x), pa(y)},

(i)  pa(xy) 2 min{ pa(x), pa(y) },

(iil) va(x +y) < max{ va(x), va(y) },

(1v) va(xy) <max{ va(x), va(y) }, for all x and y in R.

1.5 Definition: Let (R, +, -) and (R', +, -) be any two semirings. Let f: R — R' be

any function and A be an intuitionistic fuzzy subsemiring in R, V be an

intuitionistic fuzzy subsemiring in f(R)=R', defined by uv(y)= sup pa(x) and
xef ' (y)

w(y)= inf vax), for all x in R and y in R'. Then A is called a preimage of V

xef1(y)

under f and is denoted by f V).

1.6 Definition: Let A be an intuitionistic fuzzy subset of X. For o,  in [0, 1], the
level subset of A is the set A, )= { xeX : pa(x) > a, pa(x) < }.

2. PROPERTIES OF INTUITIONISTIC FUZZY SUBSEMIRING OF A
SEMIRING R

2.1 Theorem: Let (R, +, .) and (R', +, .) be any two semirings. The homomorphic
image of an intuitionistic fuzzy subsemiring of R is an intuitionistic fuzzy
subsemiring of R'.

Proof: Let f R — R' be a homomorphism. Then f(x+y) = f(x) + f(y) and
f(xy)=f(x) f(y), for all x and y in R. Let V=f(A), where A is an intuitionistic fuzzy
subsemiring of R. Now, for f(x), f(y) in R, u,(fx)+(y)) > pa(xty) >
min{pa(x), pa(y)}, which implies that py(f+(y)) = min{u(f(x), p(fy))}-
Again, u/(f(x)f(y)) = pa(xy) = min{pa(x), pa(y)}, which implies that p,(f(x)f(y))
> min{u(f(x), w(f(y))}. Now, for f(x), f(y) in R, vy(f(x) + f(y)) < vaGx+ y)
< max{va(x), va(y)}, which implies that v,(f(x) + f(y)) < max{v,(f(x)),vv(f(y))}.
Again, v,(f(x)f(y)) < va(xy) < max{va(x), va(y)}, which implies that v,(f(x)f(y))
< max{v,(f(x)), vu(f(y))}. Hence V is an intuitionistic fuzzy subsemiring of R'.
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2.2 Theorem: Let (R, +, .) and (R', +, .) be any two semirings. The homomorphic
preimage of an intuitionistic fuzzy subsemiring of R' is a intuitionistic fuzzy
subsemiring of R.

Proof: Let f: R — R' be a homomorphism. Then, f(x+y) = f(x) + f(y) and
f(xy) = f(x) f(y), for all x and y in R. Let V = f(A), where V is an intuitionistic
fuzzy subsemiring of R'. Let x and y in R. Then, pa(x+y) = py(f(x)+ f(y)) > min
{n((x)), uu(f(y))j= min{pa(x), pa(y)}, which implies that pa(x +y) > min
{Ha(x), pa(y)}. Again, pa(xy) = p(f(x)f(y)) = min{p,(f(x)), p«(f(y))} = min
{pa(x), pa(y)}, which implies that pa(xy) > min{pa(x), pa(y)}. Then, va(x+y) =
V(f(x + ¥)) = W) + f(y)) < max fw( fx), W(fy)} = max {va), va®)l,
which implies that va(x+y) < max {va(x), va(y)}. Again, va(xy) = vi(f(X)f(y))
< max{v,( f(x)), w(f(y))}= max{va(x), va(y)}, which implies that va(xy) <
max{va(x), va(y)}. Hence A is an intuitionistic fuzzy subsemiring of R.

2.3 Theorem: Let (R, +, .) and (R, +, .) be any two semirings. The anti-
homomorphic image of an intuitionistic fuzzy subsemiring of R is an intuitionistic
fuzzy subsemiring of R'.

Proof: Let f : R — R' be an anti-homomorphism. Then f(x+y) = f(y) + f(x) and
f(xy) = f(y) f(x), for all x, y € R. Let V = f(A), where A is an intuitionistic fuzzy
subsemiring of R. Now, for f(x), f(y) in R', u,(f(x) +f(y)) > pa(y+x) > min
{Ba(Y), na(x)}=min{pa(x),ua(y)}, which implies that py(f(x)+f(y))=min {u.(f(x)),
n(f(y))}. Again, u(fx)f(y)) = pa(yx) = min{pa(y), pa(x)}= min{pa(x), pa(y)},
which implies that p,(f(x)f(y)) > min{u,(f(x)), p(f(y))}. Now, for f(x), f(y) in R/,
WW((x)H(y)) < va(y+x) < max{va(y), va(x)}= max{va(x), va(y)}, which implies
that vy(f(x) +f(y)) < max {vy(f(x)), vs(f(y))}. Again, v,(f(x)f(y)) < va(yx) < max
{va(y), va(x)} = max{va(x),va(y)}, which implies that v,(f(x)f(y)) < max
{vy(f(x)), vy(f(y))}. Hence V is an intuitionistic fuzzy subsemiring of R'.

2.4 Theorem: Let (R, +, .) and (R, +, .) be any two semirings. The
anti-homomorphic preimage of an intuitionistic fuzzy subsemiring of R' is an
intuitionistic fuzzy subsemiring of R.

Proof: Let f: R — R' be an anti-homomorphism. Then, f(x+y) = f(y) + f(x) and
f(xy) = f(y) f(x), for all x and y in R. Let V = f(A), where V is an intuitionistic
fuzzy subsemiring of R'. Then pa(x+y) > min {pu(f(y)), p(f(x))} = min {p,(f(x)),
w(f(y))} = min {pa(x), pa(y)}, which implies that pa(x + y) > min {pa(x),
Ma(Y)} Again, pa(xy) = min{u(fy)), p(fx))} = min{u(fx))p(f(y)} = min
{ua(x), na(y)}, which implies that pa(xy) > min {pa(x),ua(y)}. Then va(x+ y) <
max {vy(f(y)),vv(f(x))} = max{vy(f(x)),v(f(y))} = max {va(x),va(y)}, which
implies that va(x+ty) < max {va(x), va(y)}. Again, va(xy) < max{v,(f(y)),
w(f(x))} = max{v,(f(x)), w(f(y))} = max {va(x), va(y)}, which implies that
va(xy) <max {va(x), va(y)}. Hence A is an intuitionistic fuzzy subsemiring of R.
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2.5 Theorem: Let A be an intuitionistic fuzzy subsemiring of a semiring (R, +, .).
Then for o and B in [0,1], A(4, p) 1S a subsemiring of R.

Proof: For all x and y in A(q, p), we have, pa(x) > a and va(x) < and pa(y) > o
and va(y) < B. Now, pa(x +y) > min {pa(x), pa(y)} > min {a , a} = a, which
implies that, pa(x +y)>a. Now, pa(xy) > min {pa(x), pa(y)} > min {a, o} =0,
which implies that, pa(xy) > a. And also, va(x+y) < max {va(x), va(y)} < max
{B, B} = B, which implies that, va(x+y) < B. And also, va(xy) < max {va(x),
va(y)} <max {B, B} = B, which implies that, va(xy) < p. Therefore, pa(x+y) > a,
na(xy) > o and va(x +y) < B, va(xy) <, we get x + y and xy in A(,, p). Hence
A, p)1s a subsemiring of R.

2.6 Theorem :Let (R, +, ) and (R', +, *) be any two semirings. If f : R— R'is a
homomorphism, then the homomorphic image of a level subsemiring of an
intuitionistic fuzzy subsemiring of R is a level subsemiring of an intuitionistic
fuzzy subsemiring of R'.

Proof: Let f : R— R' be a homomorphism. That is, f(x+y) = f(x)+f(y), for all x
and y in R and f(xy) = f(x)f(y), for all x and y in R. Let V = f(A), where A is an
intuitionistic fuzzy subsemiring of R. Clearly V is an intuitionistic fuzzy
subsemiring of R'. If x and y in R, then f(x) and f(y) in R'. Let A, 5 be alevel

subsemiring of A. Suppose x and y in A, ;, then x+y and xy in A, ;, Now,

pyv(f(x)) > pa(x) > o, implies that py(f(x)) > o; pv(f(y)) > pa(y) > o, implies that
puy(f(y)) > a and py(f(x)+f(y)) > pa(x+y) > a, which implies that py(f(x) + f(y)) >
a, for all f(x) and f(y) in R". And pv(f(x)f(y)) > pa(xy) > o,which implies that
uv(f(x) f(y)) > a, for all f(x) and f(y) in R'. And, vv(f(x)) < va(x) < B, implies that
vyv(f(x)) < B; vv(f(y)) < va(y) < B, implies that vy(f(y)) < B, then vv(f(x) + f(y)) <
va(x+y) < B, which implies that vv(f(x)+ f(y)) < B, for all f(x) and f(y) in R ".
Then vw(f(x)f(y)) < va(xy) < B, which implies that vy(f(x)f(y)) < B, for all f(x) and
f(y) in R '. Hence f (A.,p) is a level subsemiring of an intuitionistic fuzzy

subsemiring V of a semiring R'.

2.7 Theorem: Let (R, +, *) and (R', +, *) be any two semirings. If f : R— R'is a
homomorphism, then the homomorphic pre-image of a level subsemiring of an
intuitionistic fuzzy subsemiring of R' is a level subsemiring of an intuitionistic
fuzzy subsemiring of R.

Proof: Let f: R—R' be a homomorphism. That is, f(x + y) = f(x) + f(y), for all x
and y in R and f(xy) = f(x)f(y), for all x and y in R. Let V = f(A), where V is an
intuitionistic fuzzy subsemiring of R'. Clearly A is an intuitionistic fuzzy
subsemiring of R. Let x and y in R. Let f(A, ;) be a level subsemiring of V.

Suppose f(x) and f(y) in f( A, 4 ), then f(x)+ f(y) and f(x)f(y) in f( A, 4 ). Now,

pa(x) = uy(f(x)) > a, implies that pa(x) > a; pa(y) = uv(f(y)) > o , implies that
pa(y) > o, we have pa(x+y) > a, which implies that pa(x+y) > a, for all x and y in
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R. And pa(xy) > a, which implies that pa(xy) > a, for all x and y in R. And,
va(x) = vy(f(x)) < B, implies that vao(x) < B; va(y) = vv(f(y)) < B, implies that
va(y) < B, we have va(xt+y) = vy(f(x)+(y)) < B, which implies that va(xt+y) < B,
for all x and y in R. And va(xy) = vv(f(x)f(y)) < B, which implies that va(xy) <,
for all x and y in R. Hence A, j is a level subsemiring of an intuitionistic fuzzy

subsemiring A of R.

2.8 Theorem: Let (R, +, *) and (R, +, *) be any two semirings. If f : R—R' is an
anti-homomorphism, then the anti-homomorphic image of a level subsemiring of
an intuitionistic fuzzy subsemiring of R is a level subsemiring of an intuitionistic
fuzzy subsemiring of R'.

Proof: Let f: R— R' be an anti-homomorphism. That is, f(x+y) = f(y)+f(x), for all
x and y in R and f(xy) = f(y)f(x), for all x and y in R. Let V = f(A), where A is an
intuitionistic fuzzy subsemiring of R. Clearly V is an intuitionistic fuzzy
subsemiring of R'. If x and y in R, then f(x) and f(y) in R'. Let A, 5 be alevel

subsemiring of A. Suppose x and y in A, , , then y+x and yx in A, ;. Now,

puy(f(x)) > pa(x) > o, implies that py(f(x)) > o; puv(f(y)) > pa(y) > o, implies that
puy(f(y)) > a and py(f(x) + f(y)) > pa(y+x) > a, which implies that py(f(x) + f(y))
> o, for all f(x) and f(y) in R'. And uy(f(x)f(y)) > pa(yx) > o, which implies that
uv(f(x)f(y)) > a, for all f(x) and f(y) in R'. And, vy(f(x)) < va(x) <P, implies that
wi(f(x)) < B;  vv(f(y)) = va(y) < B, implies that vy(f(y)) < B and vv(f(x) + f(y)) <
va(y+x)< B, which implies that vy(f(x)+ f(y)) < B, for all f(x) and f(y) in R'. And
w(f(x)f(y)) < va(yx) < B, which implies that vy(f(x) f(y)) < B, for all f(x) and f(y)
in R'. Hence f ( A..p) 1s a level subsemiring of an intuitionistic fuzzy subsemiring

V of a semiring R'.

2.9 Theorem: Let (R, +, *) and (R, +, *) be any two semirings. If f : R —R' is an
anti-homomorphism, then the anti-homomorphic pre-image of a level subsemiring
of an intuitionistic fuzzy subsemiring of R' is a level subsemiring of an
intuitionistic fuzzy subsemiring of R.

Proof: Let f: R—R' be an anti-homomorphism. That is, f(x + y) = f(y) + f(x), for
all x and y in R and f(xy) = f(y)f(x), for all x and y in R. Let V = f(A), where V is
an intuitionistic fuzzy subsemiring of R'. Clearly A is an intuitionistic fuzzy
subsemiring of R. Let x and y in R. Let f(A, ;) be a level subsemiring of V.

Suppose f(x) and f(y) in f(A, 4), then f(y)+ f(x) and f(y)f(x) in f( A, 4 ). Now,

pa(x) = uv(f(x)) > a, implies that pa(x) > a; pa(y) = uv(f(y)) > o, implies that
pa(y) > a, we have pa(x+y) = py(f(y)+Hi(x)) > a, which implies that pa(x+y) > a,
for all x and y in R. And pa(xy )= pv(f(y)f(x)) > a, which implies that pa(xy) >
o, for all x and y in R. And, va(x) = vy(f(x)) < B, implies that va(x) < B; va(y) =
vy(f(y)) < B, implies that va(y) < B, we have va(x+y) = vy( f(y) + f(x)) < B, which
implies that va(x+y) < B, for all x and y in R. And va(xy) = vy( f(y) f(x) )< B,
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which implies that va(xy) < B, for all x and y in R. Hence A, ; is a level

subsemiring of an intuitionistic fuzzy subsemiring A of R.
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