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Abstract. The purpose of this paper is to define the notion of an interval valued
intuitionistic fuzzy H-ideal (briefly, an i-v IF H-ideal) of a BCI- algebra.
Necessary and sufficient conditions for an i-v intuitionistic fuzzy H-ideal are
stated. Cartesian product of i-v intuitionistic fuzzy ideals are discussed.
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1. Introduction

The notion of BCK-algebras was proposed by Imai and Iseki in 1966. In
the same year, Iseki [6] introduced the notion of a BCI-algebra which is a
generalization of a BCK-algebra. Since then numerous mathematical papers have
been written investigating the algebraic properties of the BCK/BClI-algebras and
their relationship with other universal structures including lattices and Boolean
algebras. Fuzzy sets were initiated by Zadeh [10]. In [9], Zadeh made an
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extension of the concept of a fuzzy set by an interval-valued fuzzy set(i.e., a fuzzy
set with an interval valued membership function ). This interval-valued fuzzy set
is referred to as an i-v fuzzy set. In [9], Zadeh also constructed a method of
approximate inference using his i-v fuzzy sets. In [4], Biswas defined interval-
valued fuzzy subgroups (i.e., i-v fuzzy subgroups) of Rosenfeld’s nature, and
investigated some elementary properties. The idea of “intuitionistic fuzzy set” was
first published by Atanassov[1],[2] as a generalization of the notion of fuzzy
sets. After that many researchers considered the fuzzification of ideals and
subalgebras in BCK(BCI)-algebras. In this paper, using the notion of interval-
valued fuzzy set, we introduce the concept of an interval-valued intuitionistic
fuzzy BCl-algebra (briefly, i-v IF subalgebra) of a BCI-algebra, and study some
of their properties. Using an i-v level set of an i-v intuitionistic fuzzy set, we state
a characterization of an intuitionistic fuzzy H-ideal of BCl-algebras. We prove
that every intuitionistic fuzzy H-ideal of a BCI-algebra X can be realized as an i-v
level H-ideal of an i-v intuitionistic fuzzy H-ideal of X.In connection with the
notion of homomorphism, we study how the images and inverse images of i-v
intuitionistic fuzzy H-ideal become i-v intuitionstic fuzzy H-ideal.

2. Preliminaries

Let us recall that an algebra (X, *, 0) of type (2, 0) is called a BCI-algebra
if it satisfies the following conditions:
Lo ((x*y)*(x*2))*(z*y) =0,
2. (X#(x*y))*y =0,
3. Xx*x=0,
4. X*y=0and y*X=0implyx =y, forall X,y,z e X.

In a BClI-algebra, we can define a partial ordering "<" by X < y if and only
ifX*y=0. In a BCIl-algebra X, the set M = {X e X/0*x= O}is a subalgebra and
is called the BCK-part of X. A BCl-algebraX is called proper if
X =M # ¢.Otherwise it is improper. Moreover, in a BCI-algebra the following
conditions hold:

5. (X#y)*Z=(X*2)*Y,

6. Xx*0=0,

7. X<y imply X*z<y*zand z*y<Z*X,
8. 0x(x*y)=(0*x)*(0+*y),

9. 0% (0 (x*y))=0x(y*X),

10. (X*Z)*(y*2Z) < X*Y.

An intuitionistic fuzzy set A in a non-empty set X is an object having the
form

A=1{{X, 2, (X),0,(0) \ x € X,
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where the functions x, : X —-[0,1] and v, : X —[0,1] denote the degree
of  membership (namely £, (X)) and the degree of non membership (namely
V(X)) of each element X € X to the set Arespectively, and
0, (X)+0,(X) <1 forall xe X.

Such defined objects are studied by many authors (see for Example two
journals:

1. Fuzzy Sets and 2. Notes on Intuitionistic Fuzzy Sets) and have many
interesting applications not only in mathematics (See Chapter 5 in the book [2]).

For the sake of simplicity, we shall use the symbol A= < Hp,U A> for the
intuitionistic  fuzzy set A= {(X, #,(X),0,(X))\ x € X }

Definition 2.1. A non empty subset | of X is called an ideal of X if it satisfies:
1.0el,

2.x*yelandyelimplyxel.

Definition 2.2. A fuzzy subset u of a BCI-algebra X is called an fuzzy ideal
of X if it satisfies:

L. 1(0) = p4(X),
2. u(X) > min{u(x * y), u(y)}, for all X,y e X.

Definition 2.3. A non empty subset | of X is called an H-ideal of X if it satisfies:
1.0el,

2. xx(y*z)eland ye |l implyx*zel.
Putting z = 0in (2) then we see that every H-ideal is an ideal.

Definition 2.4. A fuzzy set 12 in a BCl-algebra X is called a fuzzy H-ideal of X if
L u(0) 2 u(x),
2. p(x*2) > min{u(X * (y * 2)), t(Y)}:

Definition 2.5. An IFS A= <X ,yA,uA> in a BCl-algebra X is called an
intuitionistic fuzzy ideal of X if it satisfies:

(F1) 2£4(0) 2 5 (X) &L (0) S0, (X),

(F2) 1, (%) 2 minfu, (X* ), 11, (Y)},

(F3) v,(x) <max{v,(x*y),0,(y)}, forall x,y e X.

Definition 2.6. An intuitionistic fuzzy set A = < ,uA,uA> of a BClI-algebra X is

called an intuitionistic fuzzy H-ideal if it satisfies (F1) and
(F4) 1, (x*2) 2 min{p, (x* (y * 2)), 5 ()},
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(F5) 0, (x*2) <max{v, (X *(y * 2)),0,(Y)}, for all x,y,z € X.

An interval-valued intuitionistic fuzzy set (briefly, i-v IFS) A defined on X is
given by

A= (% Lk (00, 18 (0L [05 (%), 08 (01)}, ¥x € X
(briefly, denoted by A =[(uy, 1), (V5,0 )]), Where 5, 1 are two membership
functions and v;,v} are two non-membership functions in X such that
k< u &ok>0Y vxe X Letu, (X) =[put, 1 1& va(x) = [0k, 0Y ], VX € X
and let D[0,1] denote the family of all closed subintervals of[0,1].

If 125 (X) =15 (X)=c,0<c<1andifvs(X) =0y (X)=k,0<k <1, then
we have;A(X) = [C,C]&BA(X) =[k,k] which we also assume, for the sake of
convenience, to belong to D[0,1]. Thus;A(X) & EA(X) €[0,1],¥x e X,and
therefore the i-v IFS Ais given by A= {(X,;A(X),EA(X))}, Vxe X,
where 12, (X): X — D[0,1], va(x): X — D[0,1].

Now let us define what is known as refined minimum, refined
maximum(briefly rmin, rmax) of two elements in D[0,1]. we also define the

symbols "<",">"and "="1in the case of two elements in D[0,1]. Consider two
elements D, :=[a,,b,]and D, :=[a,,b,] € D[0,1]. Then

rmin(D,,D,) = [min{al,a2 }, min{bl,b2 }]

rmax(D,,D,) = [max{a1 ,a, }, max{b1 ,b, }]

D, >D,<a >a,,b >b,;D, <D, a <a,,b <bandD, =D,.

3. Interval — valued Intuitionistic Fuzzy H-ideals of BCl-algebras

Definition 3.1. An interval-valued intuitionistic fuzzy set A in BCI-algebra X is
called an interval-valued intuitionistic fuzzy H-ideal of X if it satisfies

(FII)EA(O) > 11, (X), EASO) < va(X), -
(FL,) 12, (x* 2) = rmin{ g, (x* (y ¥ 2)), 11, (),
(F1)0a(x*2) < rmax{Da(X* (Y *2)),0(Y)).

Theorem 3.2. Let Abe an i-v intuitionistic fuzzy H-ideal of X. If there exists a
sequence {X, } in X such that

lim, ., ,(x,)=[L1],lim,_, va(X,) =[0,0]then 1z, (0) =[L1] andva(0) = [0,0].
Proof. Since 1, (0) > 1, (X) andva(0) < va(X) for all x € X, we
have; A(0) > ; A (X)) andEA(O) <v A(X,), for every positive integer n. Note that
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[L1]2 42,(0) 2 lim g2,,(x,) = [L1]; [0,0] < 0a(0) < limoa(x,) =[0,0].

Hence u,(0) =[1,1]andva(0) =[0,0].

Lemma 3.3. An i-v intuitionistic fuzzy set A= K,u',; ALy >,<u',; LUy >Jin X is an i-v
intuitionistic fuzzy H-ideal of X if and only if < Ly, Uy > and<u,§ U > are
intuitionistic fuzzy ideals of X .

Proof. Since £, (0) 2 15 (X); £y (0) = pia (X); 04 (0) < v, (X) and

Y (0) <Y (x), therefore 12,(0) > 12 ,(X), va(0) < La(X). Suppose that<,u',;,,ux >

and <U 5,0 > are intuitionistic fuzzy ideal of X.Let X,y € X, then

#4400 = [ (0, 42 (0)]
> [min{ g (cx y), a5 (y) mind g2l (x* ), 48 (y) ]
= rmin{[,u,k(x ), ey (X*Y) ]a[ﬂ/k(Y)uUX (y) ]}
= rmin{p,(x* ). ,(y) | and

vA(X) = [U5 (X),04 (X)]
< [max{o} (x* y).v5 (y)} max{v} (x* y).0% (9)} ]
= rmax{[ o} (x*y),08 (x* ) lok (y).08 ()]}
= rmaX{BA(X xy),0a(Y) }

Hence Ais an i-v intuitionistic fuzzy ideal of X.

Conversely, assume that A is an i-v intuitionistic fuzzy ideal of X. For
any X, y € X,we have

L1500, 12 (%) = 1,0
> rmin [, (< )4 (y) |}
= rmin{ |5 (cx y), 1 0oy b b (). 42 () |}
_ [min{uk(x #y), 1y (Y) }, min{uﬁ (X*Y), 4t (Y) }]

and
o 00,02 00]=va00
< rmax{ [EA(X ¢ y),EA(Y)]}
—r max{ [U',;(X * y),z)t\J (X*y) l[l),lg(y),l)k (y) ]}
~ | max{ol(x* y),05 (v) hmax{o? (x* y),08 (W)}
It follows that
225(X) = min{ 1k (x* y), 15 (y) |
vi(X) < max{u',;(X *Y),05(Y) }
and
1y (X) > min{,ug (X*Y), ta (Y) }
vy (X) < max{ux (X*Y),04 (Y) }
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Hence< Ly, 1 > and <U S0 > are intuitionistic fuzzy ideals of X .

Theorem 3.4. Every i-v intuitionistic fuzzy H-ideal of a BCI-algebra X is an i-v
intuitionistic fuzzy ideal.

Proof. Let A= K Ly iy >,<U',§ LUy >Jbe an i-v intuitionistic fuzzy H-ideal
of X, where < Ly, iy > and<u',; ,U% > are intuitionistic fuzzy H-ideals of X.

Thus< Lyl > and<u,'; Uy > are intuitionistic fuzzy H-ideals of X. Hence by

lemma 3.3, Ais an i-v intuitionistic fuzzy ideal of X.

Theorem 3.5. Let Abe an intuitionistic fuzzy ideal of a BCI-algebra X.

If 11, (X% Y) > 1, (X) and va(X*y) <va(X) forallx,y e X, then Ais an i-v
intuitionistic fuzzy H-ideal of X.

Proof. Since Ais an i-v intuitutionistic fuzzy ideal of X, by hypothesis we have
rmin{ g, (¢ (y % 2)), 2, (¥) < Pmin e, (00 2) % (y % 2), 1 (Y ¥ 2) < g2, (x5 2)
and

rmax{BA(x (Y *2)), EA(y)}z rmax{EA((x £ 7) % (Y *2)),0a(Y *2) }2 VA (X*2).
For all X,y,z € X. Hence Ais an i-v intuitionistic fuzzy H-ideal of X.

Definition 3.6. An i-v intuitionistic fuzzy set Ain X is called an interval-valued
intuitionistic fuzzy BCI-subalgebra (briefly, i-v IF BCI-subalgebra)

of X if 1, (x* y) > rmin{ 12, (X), 22, (¥) fand D a(x * y) < r max{va(x),04(y) } for
allx,y e X.

Theorem 3.7. Every i-v intuitionistic fuzzy H-ideal of BCI-algebra X is an i-v
intuitionistic fuzzy subalgebra of X.

Proof. Let A= K Ly, L >,<u',; U >Jbe an i-v intuitionistic fuzzy H-ideal

of X, where < Yy > and<u',; ,0% > are intuitionistic fuzzy H-ideals of BCI-

algebra X. Thus < Ly, L > and <u Y0 > are intuitionistic fuzzy subalgebra of X.

Hence, Ais an i-v intuitionistic fuzzy subalgebra of X.

4. Cartesian product of i- v Intuitionistic Fuzzy H-ideals

Definition 4.1. An intuitionistic fuzzy relation A on any set A is a intuitionistic
fuzzy subset A with a membership functionQ, : X x X —[0,1] and non

membership function'¥, : X x X —[0,1].
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Lemma 4.2. Let; A and;B be two membership functions and v aand ve be two
non membership functions of each X € X to the i-v subsets A and B, respectively.
Then u, x pz1s membership function andv, x v, 1s non membership function of
each element (X, Yy) € X x X to the set Ax B and defined

by (2, #15)(06 Y) = Fmin{ 2, (X), 225 ()

and(Ua xV8)(X,Y) =T maX{;A(X),;B (y)}.

Definition 4.3. Let A= k,u,k,,ux >,<uk,uk >Jand B= k,u;,,ug >,<ué,ug >Jbe two i-v

intuitionistic fuzzy subsets in a set X. the Cartesian product of Ax B is defined by
AxB= {((x,y),aA XEB,BA XBB);VX,Y e XxX }

where AxB: X x X — D[0,1].

Theorem 4.4. Let A= K,u',;,,ux >,<U',;,UX >Jand B= K,ué,,ug >,<UBL,U§ >Jbe two i-v
intuitionistic fuzzy subsets in a set X, then Ax B is an i-v intuitionistic fuzzy H-
ideal of X x X.

Proof. Let(x,y) € X x X, then by definition

(0 % 126 0,0) = r min{ 2,,(0), 2 (0) |
= rmin{ [ 1t (0), 1% (0) || 428 (0), 2 (0) | }
= |min{ 25.(0), 2% (0) §, min{ 1% (0), ¥ (0) }
> [min{ b (%), 125 (y) fmin{ 18 (x), 15 (y) ||
= rmin{| 25 0,1 0 ||| 5 (v), 18 () ] §
= rmin{x, (%), 25 (Y) |

= (;A X ;B )(X, y)
and

(04 x 08 )(0,0)= rmax{v4(0),0s (0}

= rmax{[v£(0),0% (0) |, [0} (0),0% (0) ] }
= [max{u',; (0),vg (0) }, max{ux (0),0g (0)
< [max{v} (0,05 () } max{o? (0,08 (y) }]
= rmax{[v; ()0 (0 ok (), 08 ()]}
=r max{BA(X),BB (y) }
= (vaxvs)(x,y)

Therefore (FI,) holds.

Now, for all X,y,z € X, we have
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(5 % 115) (6 X) (2,2)

= (upx p15)(X*2,X %2

= rminiu, (X*2), 15 (X *2')}

> rmin{r min| 2, (< (y % 2), ()| Fmin| 25 (¢ = (" 29). 225 (¥
. .{[min{uﬂx*(y*z)>,uk<y)},min{uk(x*(y*z»,uk(y)}l }
= Imin

[mindued (¢ (" 2'), e (v min{ual (x7 (y" 5 2'), 28 (1]
_ l:min{min{,uk (k% (y % 2)), s (X % (y' % 2)) | minul (), 4 (y’)}},}
min{min{uy (¢ (y *2)), 4§ (" *(y'* 2') fmin{asl (), 28 ()}

= rmin{ (g, % g1 )0 (y % 2). (X (v 2Dt x 0 )L Y}
Also,

(Laxv8) (X X) *(z,2")
=(LaxVB)(X*2,X'*2")
= rmax{uA(x *2),0g (X' * Z')}
< rmax{rmax[EA(X * (Y * Z)),EA(Y)], rmax[EB(X' k(Y Z'))aBB ( y')]}
: { [maxfok 0 (y * 2)), 0k () maxoll (x (y x2),0% ()} }
max
[max{os (x'* (y"* 2'), 05 (") max{py (x * (y * '), 08 (v)}]

_ [max{max{vk (X (y % 2)),05 (x"* (y'* ) L max ok (y).05 (y')ﬂ
max{max ol (x* (y 2)),08 (X *(y'* 2')  maxfol (y),08 (¥}

= rmax{(;A X U )((X *(y*2)),(X' *(y'*2")), (EA X UB )(y, y')}-

Hence Ax B is an i-v intuitionistic fuzzy H-ideal of X x X.

Definition 4.5. Let;B ,Us respectively, be an i-v membership and non

membership function of each element x € X to the set B. Then strongest i-v
intuitionistic fuzzy set relation on X, that is a membership function

relation 4, on 1z, and non membership function relation v aonvs
and u, ,v, whose i-v membership and non membership function, of each
element (X, y) € X x X and defined by

1n, (6 Y) = rmin 15 (X), 225 (Y) | & D, (%, y) = Fmax{va(X),08(Y) |



Intuitionistic fuzzy H-ideals 2133

Definition 4.6. LetB = K,uBL,,uéJ >,<U§,Ug >J be an i-v subset in a set X. Then the

strongest i-v intuitionistic fuzzy relation on X that is a i-v Aon B is A; and defined

by,
A =k, s ) (ok 08))]

Theorem 4.7. LetB = K,ué ALy >,<Ué,u§ >J be an i-v subset in a
set X and A, = |_< M s M >,<ng LU >J be the strongest i-v intuitionistic fuzzy

relation on X. Then B is an i-v intuitionistic H-ideal of X if and only if A; is i-v
intuitionistic fuzzy H-ideal of X x X.

Proof. Let B be an i-v intuitionistic fuzzy H-ideal of X. Then
£, (0,0) = rmin{ 2 (0), 4 (0)}2 rmin{ ey (), g ()= 4, (X, y)and
D, (0,0) = rmax{vs (0),08 (0)}< r max{vs (X),08 (y) | = sy (X, y) for
all(x,y) e X x X.
On the other hand

Hp, (%, X,)*(Z,,2,)) = Hp, (X *2,,X, *Z,)

= rmin{ g (X, *2,). 45 (X, #2,) |

2 min{;s(x1 (Y, * Z1))a;B(y1)}’rmin{;B(xz *(Y, * Zz))a;B(Y2)}}

rmin{r
rmin{r min{;E(Xl (Y, * Zl)),;B(Xz (Y, * Zzl)}’rmin{ps(yl)a/_ls(yz)}}
= rmin{/uAB (X (Y, *2,), %, *(Y, * Zz))uuAB (y17y2)}
= rmin{z,, ((4.5)* (V1 Y2) * (20, 20k, (V10 Y2)]
Also,
EAB (X, X,)*(Z,,2,)) ZBAB (X *2,,X, *%2,)

= rmax{ve (X *2,).08(X, *2,) |

< I’max{rmax{z_)a(X1 (Y, * 21)),1_)8(y1)},rmaX{BB(X2 *(y, * Zz)):l_)B(yz)}}

rmaxdr max{ve (x, % (¥, *2,)),08 (X, * (¥, *2,)} r max{vs (y,),08 (¥,)}]
= rmax (o (% (3 %2).% * (3 *23)0n (¥, V2)]
= rmax{Da, (%) (V15 Y2) * (20, 2,0 (V1. Y )
For all(x,,X,),(Y,,Y,),(Z,,Z,)in X x X. Hence A; is an i-v intuitionistic fuzzy H-

ideal of X x X.
Conversely, let A; be an i-v intuitionistic fuzzy H-ideal of X x X. Then for

all(x,X) € X x X, we have
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rmin{ g (0), 25 (0))= 12, (0.0)2 41, (x,X) = Fmin{ gz (X), 15 (%)}
(or) 125 (0) = 4 (x) and

r max{v (0),08 (0)}= D4, (0,0) < Ua, (X, X) = F max{vs (X), 08 (X)}
(or)ve(0) < ve(X)forallx € X. Now, let(X,,X,),(Y,,Y,),(Z,,Z,) € X x X, then

rmin @E(x1 *2,), 115 (X, *2,)

=,uAB(x1 *Z,,X, *Z,)

= 1, (%, %)) %(2,,2,))

> rmin{ g, (6 %) * (V) Y2) £ (2,20 e, (V1Y) |

= rmin (i (6 5 (Y, % 20,% % (Vs * 2,0 1o (V15 Y2)

= rmin{rmin (X, * (Y, *2). 45 () hrmin{ 506 % (Y, #2,)). 25(¥,)
Also,
rmax {EB(X1 * Zl),BB(X2 * Zz)}

:;AB (X, *Z,,X,*2,)

:l_)AB ((XI’XZ)*(ZI’ZZ))

< rmax{os, (%, 5)* (Y, Y2) * (2, 2,00 (V1. Y,) |

= rmaX{EAB (X * (Y, *2)), X, # (Y, * Zz))vBAs (Y1, Y2) }

= rmax{rmax{;B(X1 *(y, * Zl)),z_)s(yl) },rmax{ ;B(X2 *(y, * 22)),;B(y2) }}
Ifx, =y, =z, =0, then
rmin{ g (% *2,), 45 (0))2 rmin{r min{ s (%, * (Y, #2,)). 45 (¥,)} 415 (0) | and
rmaX{;B(Xl * zl),EB(O)}S rmax{rmax{EB(X1 *(y, * Zl)),;B(yl)},;B(O)} or
;B(Xl *2))2 rmin{;B(X1 (Y, * Zl))’;B(yl) } and

Vs (X, *#2)) < rmaX{BB (X, *(y, * Zl))oaB (y1) }
Therefore B is an i-v intuitionistic fuzzy H-ideal of X.
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