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Abstract

Precision of survey results is a main concept to study data accu-
racy. In this paper, median estimator is considered and precision of the
estimator is computed under some assumptions.

To estimate survey precision, survey variance should be determined.
Response error is an unavoidable part of survey errors. Then, two stages
of randomization are studied based on a response error model and a
supposed sampling design. Then in asymptotic case, precision of median
estimator in surveys is computed under the considered assumptions.
Usually in surveys, sample sizes are large enough. Therefore application
of the obtained results is proposed to assess survey precision.
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1 Introduction

Estimation of some parameters such as means, totals, proportions, medians
and quantiles usually are considered in analysis of survey data. Impression of
response error resulted in changing of biasness and variance of the estimators.
Unbiased estimator in absence of response error may be biased in presence of
response error.

This paper is considered the effect of response error on the estimator of the
population median in an asymptotic case. To study impression of response
error, a model of response error should be determined.
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2 Effects of Response Error on Median

Biemer and Trewin [3] have considered a general models for response error.
Alimohammadi and Navvabpour [1] proposed a model of response error in
face to face surveys.

Median is used quite often in social science and social policies. For example,
median of population income is a more proper central tendency criterion than
the mean. Consider the following response error model:

yij = μij + Ai + Bij (1)

Where μij is the true value and yij is the observed value of ijth unit, Ai

is the effect of ith interviewer on any interview and Bij is respondent error.
Usually, interviewer effect Ai and respondent effect Bij are random effects
in surveys. Assume that these random variables distributed as N(a, σ2

a) and
N(b, σ2

b ) respectively.
By considering results of Fuller [4] for quantiles in the normal distribution,

and based on model (1), it can be shown that:

Qy−E(y)(a) = R−1/2Qμ−E(μ)(a) (2)

Where Qy(a) and Qμ(a) are the ath quantile of observed values and true values,
respectively.

R =
σ2

µ

σ2
a+σ2

b
+σ2

µ
where σ2

μ = 1
N

ΣiΣj(yij − M̄)2 and M̄ = 1
N

ΣiΣjyij.

On the other hand, it is well known result that sample median for large
sample sizes distributed as N(Ȳ , πσy/2n). Therefore, median is asymptotically
unbiased to estimate population mean.

Consider the following stages where randomness is involved in the stages.
1- A random sample is drawn from the population based on sampling design

and partitioned into subsamples related to interviewers. Here we considered
an asymptotic case. (This stage is shown by p).

2- Response error model is used for observed values (denoted by m).
By considering two above stages (1 and 2), mathematical expectation and

variance of median estimator may be expressed as:

E( ˜Y ) = Emp( ˜Y ) = Em(Ep( ˜Y )) (3)

and

V ar( ˜Y ) = V armp( ˜Y ) = Em(V arp( ˜Y )) + V arm(Ep( ˜Y )) (4)

In the asymptotic case of normal populations, sample median ( ˜Y ) distributed
as N(M̄, πσy/2n). In the other words, for normal distribution in asymptotic
case, ˜Y ∼ N(M̄, π/2σȳ).
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Applying the above result in equation (3) implies that Ep( ˜Y ) = M̄ for large
samples. Therefore, E( ˜Y ) = M̄ in surveys.

On the other hand, equation (4) can be written as follows:

V ar( ˜Y ) = Em(π/2V arp(Ȳ )) + V arm(M̄) =
π

2
(
σ2

μ + σ2
b

n
+

σ2
a

I
) + (1 − n

N
)S2

μ (5)

Where I is the number of interviewers such that n = SI and S is the workload
of each interviewer.

Equation (5) indicates survey variance of sample median in the asymptotic
case for normal populations. In the other words, survey precision of median
estimator.

Usually, sample sizes are enough large in sampling surveys. Then, asymp-
totic result for median estimator indicates that median variance equals to mean
squares error of median estimator ( ˜Y ) as follows:

MSE( ˜Y ) =
π

2
(
σ2

μ + σ2
b

n
+

σ2
a

I
) + (1 − n

N
)S2

μ (6)

Equation (6) shows that sample size (n), population size (N) and number of
interviewers (I) are inversely related with survey variance and by increasing
each of them, MSE decreases. On the other hand, MSE of meadian estimator
increase by enlarging variance of the effects of the response error model.

Alimohammadi [2] has proposed REML estimators for effects of a response
error model. It can be shown that, for model (1), REML estimators of the
model effects are obtained as follows:

For MSA ≥ MSB:

σ̂2
a =

MSA − MSB

S
t̂ = MSB

For MSA < MSB:

σ̂2
a = 0

t̂ =
MSA + MSB

IS

Where SSA is sum of squares of effect A, SSB is sum of squares of effect B,
MSA = SSA

I−1
, MSB = SSB

I(S−1)
, and S is workload of the interviewers, that is

n = SI and n is the sample size. Consequently, by applying invariant property
of maximum likelihood estimators, the estimator of response variance can be
obtained as:
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For MSA ≥ MSB:

V arm( ˜Y ) =
π

2
(
σ2

μ + σ2
b

n
+

σ2
a

I
)

=
π

2
(
t̂

n
+

σ̂2
a

I
) =

π

2
(
MSB

n
+

MSA − MSB

IS
)

And if MSA < MSB:

V arm( ˜Y ) =
π

2
(
MSA + MSB

n(IS − 1)
)

Where t = σ2
μ + σ2

b . Therefore application of the above equations, is proposed
to determine survey precision and survey accuracy of median estimator under
the assumptions.

By applying asymptotic variance of maximum likelihood estimators, re-
strictions of parameter space for variance components may be ignored. Then
asymptotic variance of the restricted maximum likelihood estimators are ob-
tained as follows:

V ar(t̂) =
2t2

IS − 1

V ar(σ̂2
a) =

2t2

S2I(S − 1)

Invariant property of maximum likelihood estimators resulted in asymptotic
response variance by replacing the above estimators in relation (5), as follows:

V arm( ˜Y ) = π(
t2

n(IS − 1)
+

t2

S2I2(S − 1)
) (7)

Therefore, survey accuracy of median estimator may be obtained by replacing
equation (7) in relation (6) as follows:

MSE( ˜Y ) = π(
t2

n(IS − 1)
+

t2

S2I2(S − 1)
) + (1 − n

N
)S2

μ (8)

Application of the paper results can be used to obtain survey variance and
survey accuracy of median estimator under the assumptions.

3 Conclusion

One of the aims of conduction sample surveys is estimation of some parameters
such as means, totals and medians. Response error can increase bias and
variance of estimators.
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In this paper, asymptotic precision of median estimator is computed under
some assumptions. The results can be applied to estimate accuracy of median
estimator. On the other hand, interviewer’s workload, interviewer variance and
respondent variance are inversely related with accuracy and adding interviewer
variance is more effective than respondent variance to enlarge median variance.
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