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Abstract

When there is a possibility that deviations from normal operating
ranges may occur, the automatic resets of integrators are widely used
to prevent any such deviations. However, the automatic reset proce-
dure has been implemented without any strategy/criterion that decides
whether or not a reset can be performed without causing adverse effects
on the transient performance of the overall control system that may
lead to deviations. In this paper, we apply the L2 gain analysis for the
entire time to the evaluation of transient responses immediately after a
reset, and we propose a new strategy for the automatic resets of integra-
tors, such that deviations do not accompany any resets. The proposed
strategy requires only simple calculations that check the reset permis-
sion condition. The calculations can be performed within a fraction
of a second after the reset demand. Thus, the strategy is suitable for
implementation in controllers with limited computational performance.
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1 Introduction

In general, all signals and physical values in control systems have their own
normal/acceptable operating ranges. For example, all actuators used in control
systems have limitations; a motor has limited speed, a valve cannot be more
open than fully open and cannot be more closed after it is already fully closed,
and so on. If a command value to an actuator is physically impossible, transient
performance is disturbed. This is referred to as windup [8, 13, 15, 17]. Another
example is found in safety measures for control systems. If an externally-
implemented safety-related system detects that a physical value has deviated
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from the normal operating range, it performs its designed function to prevent
harmful events. Thus, it is clearly desirable to decrease the frequency with
which deviations from the normal operating range occur, from the viewpoint
of risk reduction, as required by international standards on safety, such as IEC
61508 [11].

When there is a possibility that deviations from the normal operating range
may occur, e.g.,

(i) a physical value in the control system approaches the limitations,

(ii) the control system is disturbed by environmental factors, or

(iii) there is a possible overflow error in a controller,

countermeasures that are aimed at preventing deviations should be activated
either automatically or manually.

Here, it is widely known that such deviations from the normal operating
range are frequently caused by the integral action in a controller, e.g., inte-
grators in proportional-integral (PI) or proportional-integral-derivative (PID)
controllers. Windup is one such typical phenomena. Thus, automatic zero
resets of integrators are widely used as countermeasures against possible de-
viations, especially for PI/PID controllers that are used in process control
[4, 19]. When it is detected that there is a possibility of deviations due to
phenomena such as those mentioned above (i)–(iii), a reset demand is made
on one or more integrators in a controller. Then, in response to the demand,
the internal states of the integrators are reset to zero. The procedure for such
zero resets is simple and easy to implement in a controller. Thus, even af-
ter anti-windup control design [13, 17] ([8, 15] especially for PI/PID control)
was established, such zero resets have been widely used in practice. Hence, in
MATLAB& SIMULINK, the procedure is explained in detail. In addition, due to
their simplicity and ease of implementation, zero resets have been used for a
more general class of linear time-invariant controllers. A common strategy is
that the output/state of a controller is reset to zero with split-second timing
when the input is zero. This improves phase lag properties in linear control
systems [7].

The zero reset of an integrator should only be performed after confirmation
that it will not adversely affect the transient performance of the overall control
system, i.e., it will not cause other deviations. Whether it will or not depends
on the situation at the reset demand occurrence time. In addition, especially
in the cases of automatic zero resets, the likelihood that a reset will lead to ad-
verse effects should be determined based on a predetermined strategy/criterion
within a fraction of a second after the reset demand.

However, the effects of automatic resets of integrators are difficult to assess
because transient responses immediately after a reset are difficult to quantita-
tively analyze. Numerous studies have been done on the issue of suppressing
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abrupt or “bumpy” responses using “bumpless transfers” [18] and on the L2

gain analysis using a Hankel-like operator [2, 3]. However, such existing stud-
ies mainly consider the switching of controllers and assume that the switching
time required to activate an additional controller that suppresses the fluc-
tuations is known beforehand. We cannot apply this approach to evaluate
the effects of automatic resets because the reset demand occurrence times are
unpredictable. Therefore, the procedure regarding automatic zero resets has
been implemented without any strategy/criterion that makes decisions about
whether or not a reset can be performed without having adverse effects.

On the other hand, several types of resets without any adverse effects have
been proposed until now. For example, in multiple model adaptive control
[1, 14], a reset criterion that determines when to reset some or all of the con-
troller states not necessarily to zero but rather to a value that ensures a nega-
tive drop in the value of a Lyapunov function was proposed in [9, 12]. In [5, 6],
the reset criterion was applied to PI control to improve the transient perfor-
mance. However, this Lyapunov-based reset strategy requires many complex
calculations to obtain the new state of a controller from an estimated Lya-
punov function. Thus, it is not suitable for implementation in controllers with
limited computational performance.

In this paper, we propose a simple, new strategy for the automatic resets
of integrators such that deviations do not accompany resets. The strategy
includes the following important points:

(a) “caution-needed integrators”

(b) a permission condition for a zero reset

(c) a new type of reset, “contraction resets,” as an alternative procedure to
zero resets.

By applying the L2 gain analysis for the entire time [10, 16], we select
caution-needed integrators whose zero resets can cause deviations from the
normal operating range. If a reset demand occurs on an integrator that is not
a caution-needed one, its zero reset is unconditionally performed.

Next, for each caution-needed integrator, by applying the L2 gain analysis,
we evaluate the fluctuations of transient responses caused by its zero reset. The
evaluation depends on the situation at the reset demand occurrence time and
not on the time itself. Thus, the evaluation gives a permission condition in (b)
for the caution-needed integrator that even if a zero reset is performed in the
situation, it will not adversely affect the transient performance of the overall
control system. That is, only if the state of the caution-needed integrator
satisfies the permission condition, its zero reset is performed.

On the other hand, if the permission condition is not satisfied, the proposed
strategy determines that a zero reset is not suitable. A contraction reset is then
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performed as an alternative procedure. That is, the state of the integrator is
set to the value obtained from the value at the reset demand occurrence time
by contracting it by a specified ratio. The contraction ratio is predetermined
such that no deviations from the normal operating range occur, regardless of
the situation at the demand occurrence time.

The proposed strategy requires only simple calculations that check the
permission condition in (b) in response to a reset demand on a caution-needed
integrator. The calculations can be performed within a fraction of a second
after the reset demand. Thus, the strategy is suitable for implementation in
controllers with limited computational performance.

R: the field of real numbers. E: an identity matrix of appropriate di-
mensions. O: a zero matrix of appropriate dimensions. tA: the transpose of
a matrix A. ‖G‖∞: the H∞ norm of a transfer function matrix G. σ(A):
the maximum singular value of a matrix A. A > O: a matrix A is positive
definite.

2 Control system with integrators

2.1 System description

Consider the system configuration shown in Figure 1, where u(t), y(t), w(t),
and z(t) are the control input, measured output, exogenous input, and eval-
uated output, respectively. Let nu, ny, nw, and nz denote the dimension of
these real vector-valued continuous-time signals, respectively.

G

plant
Generalized

K

Controller

yu

w z

Figure 1: Control system.

The generalized plant G is linear and time-invariant. We describe its in-
ternal state-variable vector by x�(t). Let nG denote the dimension of the
real continuous-time signal x�(t). The controller K is also linear and time-
invariant, and includes nI integrators, Integrator 1, Integrator 2, . . . , and
Integrator nI . We describe the internal state-variable vector of the controller
by x�(t). Let nK denote the dimension of the real continuous-time signal
x�(t). Note that nK ≥ nI . Without loss of generality, suppose that the i-th
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element of x�(t), xi(t), is the internal state of Integrator i (i = 1, 2, . . . , nI),
where xi(t) is a real scalar continuous-time signal. We define the internal state
of the control system by x(t) = t[ tx�(t) tx�(t) ] ∈ R

n, where n = nK + nG.
Then, we can assume that the control system with the input w(t) and output
z(t) is described by

{
dx(t)

dt
= Ax(t) + Bw(t)

z(t) = Cx(t) + Dw(t),
(1)

where A ∈ R
n×n, B ∈ R

n×nw , C ∈ R
nz×n, and D ∈ R

nz×nw . Note that the
i-th element of x(t) is the internal state of Integrator i (i = 1, 2, . . . , nI).
Without loss of generality, we assume that the control system (1) is stable,
controllable, and observable.

2.2 Reset of integrator

In this paper, we assume the following:

Assumption 2.1 (a) A reset demand occurs on one integrator.

(b) The time-lag from a reset demand occurrence until the subsequent reset
is sufficiently short and negligible.

(c) Reset demand occurrences are mutually independent.

(d) During a time interval that includes a reset that actually affects transient
responses of the control system, no other reset demands occur.

(a) implies that we do not discuss collective resets of several integrators based
on one demand. However, the discussion in this paper can be easily extended
to the strategy for such resets. In (b), we assume that the calculation time re-
quired for a reset strategy to make a decision is sufficiently short and negligible.
In other words, we assume that a reset strategy does not require complicated
calculations. Note that the reset strategy obtained in the following section
requires only one matrix multiplication. Due to (c) and (d), it is sufficient to
individually and independently discuss the reset strategy for each integrator
so that a reset of the integrator does not have adverse transient effects on the
overall control system.

Remark 2.2 The L2 gain analysis for the entire time is theoretically re-
stricted to cases involving single resets. However, under Assumption 2.1 (d),
we can discuss the occurrences of multiple resets. That is, no practical prob-
lems occur if other resets take place outside the time interval including only
one reset that actually affects the L2 gain.
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In this paper, we consider the following two types of resets. Under As-
sumption 2.1 (c), when a reset demand occurs on Integrator i at t = t0, either
of them is immediately and automatically performed according to the prede-
termined strategy.

Definition 2.3 (i) Zero reset: the internal state of Integrator i immediately
after the demand is set as

xi(t0+) = 0, (2)

where t0+ denotes an infinitesimal time increment of t0.
(ii) Contraction reset: the internal state of Integrator i immediately after

the demand is set as

xi(t0+) = αi xi(t0), 0 < αi < 1, (3)

where the value of the contraction ratio αi for Integrator i is predetermined.

The reset in (i) is the ordinary type of reset that has been widely used, espe-
cially in the field of process industry. The reset in (ii) is a new type of reset
that is introduced in this paper. When the predetermined strategy determines
that a zero reset is not suitable, a contraction reset is performed on Integrator i
as an alternative procedure.

Remark 2.4 The discussion in this paper can be easily extended to the
strategy for general resets of a controller by considering a zero reset: x�(t0+)
= 0 and a contraction reset: x�(t0+) = αK x�(t0) (0 < αK < 1), where
x�(t) denotes the internal state-variable vector of the controller.

2.3 Deviations from normal operating range

Consider the L2 norm of a real vector-valued signal f (t) defined by

‖f(t)‖2 =

[∫ ∞

−∞
tf(t)f(t)dt

] 1
2

, (4)

which corresponds to the total energy of the signal. We formulate the devia-
tions from the normal operating range using the following two assumptions:

Assumption 2.5 There exists a constant cw (> 0) such that the exogenous
input w(t) satisfies ‖w(t)‖2 ≤ cw.

Assumption 2.6 There exists a constant cz (> 0) such that no deviations
from the normal operating range occur in z(t) if the evaluated output z(t)
satisfies ‖z(t)‖2 ≤ cz.
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In Assumption 2.6, there is a possibility that the deviations occur if ‖z(t)‖2 >
cz. However, even if ‖z(t)‖2 > cz, the deviations do not always occur. We
generally regard such cases in which there is a possibility that the deviations
occur as “dangerous” situations. By considering the width of the normal op-
erating range, we should set cz (for example, see Remark 2.7). Note that a
smaller value of cz gives a more conservative reset strategy because we consider
the possibility that deviations are caused by smaller energy levels.

Remark 2.7 Suppose that the normal operating range for each evaluated
output zj(t) (j = 1, 2, . . . , nz) is [−βj , βj] (βj > 0). We can conservatively set
cz in Assumption 2.6 as

cz = min
j

βj

√
T , (5)

where T (> 0) is a sufficiently short interval immediately after a reset. This
is the limiting value such that even if all of the energy of z(t) is concentrated
in zj(t) (t ∈ (t0, t0 + T ]; t0 is a reset time), pulsed fluctuations of its transient
response do not cause deviations from its narrowest normal operating range.
Here, in order to determine T , we should consider beforehand the worst tran-
sient response, as shown in Figure 3 (b). A smaller value of T results in a
smaller value of cz, which gives a more conservative reset strategy.

Remark 2.8 The discussion in this paper is based on the L2 gain analysis
for the entire time with the L2 norm (4) of a signal. Thus, we formulate
deviations from the normal operating range by using the L2 norms of w(t)
and z(t) on t ∈ (−∞,∞). However, under Assumption 2.1 (d), no problems
arise if we apply the discussion to each time interval including only one reset
that actually affects the transient responses. Then, ‖w(t)‖2 and ‖z(t)‖2 in
Assumptions 2.5 and 2.6 can be regarded as the L2 norms for such a time
interval.

Remark 2.9 We can consider the reset strategy for anti-windup by putting
the control input u(t) in the evaluated output, and by setting its normal
operating range obtained from physical limitations of actuators.

3 Reset strategy

In this section, we obtain the reset strategy for Integrator i (i = 1, 2, . . . , nI)
based on the L2 gain analysis. Without loss of generality, we assume that a
reset demand occurs on Integrator i at t = t0. Note that the reset demand
occurrence time and the actual reset time do not affect the L2 gain in the
discussion. Thus, we do not need beforehand information regarding the reset
demand occurrence time.
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3.1 Threshold for L2 gain

From cw in Assumption 2.5 and cz in Assumption 2.6, we define the threshold
for the L2 gain as

γc =
cz

cw
. (6)

The deviations related to the fluctuations of transient responses do not accom-
pany resets of the L2 gain that are smaller than or equal to γc, regardless of
the internal state of the control system at the reset time and the subsequent
exogenous input. Conversely, there is a possibility that deviations accompany
any resets of the L2 gain that are larger than γc.

Let γ0 denote the H∞ norm of the control system (1), i.e.,

γ0 = ‖C(sE − A)−1B + D‖∞. (7)

In general, the L2 gain is greater than or equal to γ0 [16]. Thus, without loss
of generality, we assume that γc satisfies

γ0 < γc (8)

Then, γc is an meaningful threshold for the L2 gain. Moreover, the condition
(8) confirms that no deviations from the normal operating range occur if there
is no reset of an integrator.

3.2 Caution-needed integrators

We first obtain the L2 gain for a zero reset of Integrator i.
We define S� ∈ R

n×n by

S� = diag{1, . . . , 1, 0
i-th

, 1, . . . , 1}. (9)

Then, we can obtain the L2 gain for a zero reset of Integrator i

γi = sup
w(t)∈L2(−∞,∞)\{0}

‖z(t)‖2

‖w(t)‖2

(10)

by using the following proposition, which can be easily derived from Theorem 2
in [16].

Proposition 3.1 γi < γ if and only if σ(D) < γ and there exist the anti-
stabilizing solution X = Xas (> O) and stabilizing solution X = Xs (> O) to
the Riccati equation

XA + tAX + tCC + (XB + tCD)(γ2E − tDD)−1 · t(XB + tCD) = O
(11)

such that

Xas − S�Xs S� > O. (12)
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Proof Omitted. �

If γi ≤ γc, it holds that ‖z(t)‖2 ≤ cz. That is, the deviations from the nor-
mal operating range do not accompany a zero reset of Integrator i, regardless
of the subsequent exogenous input and the internal state of the control system
at the reset time. Thus, when a reset demand occurs on Integrator i, its zero
reset can be unconditionally performed.

On the other hand, if γi > γc, then Integrator i is a caution-needed one.
That is, the deviations can accompany a zero reset of Integrator i depending
on the subsequent exogenous input and the internal state of the control system
at the reset time.

3.3 Permission condition for a zero reset

In the case where Integrator i is a caution-needed one, i.e., the L2 gain γi for
a zero reset satisfies γi > γc, we should consider a permission condition for its
zero reset.

Using the anti-stabilizing solution X = X̃as (> O) and stabilizing solution
X = X̃s (> O) to the Riccati equation

XA + tAX + tCC + (XB + tCD)(γ2
cE − tDD)−1 · t(XB + tCD) = O,

(13)

we define the symmetric matrix

X� = X̃as − S� X̃s S�. (14)

Then, the following proposition holds:

Proposition 3.2 If

tx(t0) X� x(t0) ≥ 0, (15)

where x(t0) is the internal state at the reset demand occurrence time, then
‖z(t)‖2 ≤ cz.

Proof Using the solutions X̃as and X̃s to the Riccati equation (13), we
consider the storage function

S
(
x(t)

)
=

{
tx(t) X̃as x(t), t ≤ t0
tx(t) X̃s x(t), t > t0.

(16)

Under Assumption 2.5, it holds that x(∞) = 0 because the control system
(1) is stable. In addition, we assume x(−∞) = 0. Then, from the dissipation
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inequality with the supply rate
{
γ2

c · tw(t)w(t) − tz(t)z(t)
}
, we have∫ ∞

−∞

{
tz(t)z(t) − γ2

c · tw(t)w(t)
}
dt

= − S
(
x(t0)

)
+ S

(
x(t0+)

)
= − tx(t0)

(
X̃as − S� X̃s S�

)
x(t0)

= − tx(t0) X� x(t0). (17)

Thus,

‖z(t)‖2
2 = γ2

c‖w(t)‖2
2 − tx(t0) X� x(t0). (18)

Here, x(t0) is determined from w(t) (t ≤ t0) as x(t0) =
∫ t0
−∞ eA(t0−τ)Bw(τ)dτ .

However, under Assumption 2.5 and (6), if (15) is satisfied, it holds that
‖z(t)‖2 ≤ cz, regardless of w(t) (t > t0). This completes the proof. �

Proposition 3.2 implies that (15) is the permission condition for a zero reset
of the caution-needed Integrator i. As shown in (18), if tx(t0) X� x(t0)
≥ 0, it always holds that ‖z(t)‖2 ≤ cz, regardless of w(t) (t > t0). Then,
no deviations occur. On the other hand, if tx(t0) X� x(t0) < 0, there is a
possibility that ‖z(t)‖2 > cz, i.e., there is a possibility that the deviations
from the normal operating range occur. Whether or not it actually holds that
‖z(t)‖2 > cz (and further, whether the deviations actually occur) depends on
w(t) (t > t0).

Note that even if the permission condition (15) is not satisfied, it does
not always hold that ‖z(t)‖2 > cz. Thus, this permission condition gives a
conservative reset strategy in the sense that is different from Remark 2.7.

Remark 3.3 In explicit terms, the fluctuations of transient responses de-
pend on the following:

(i) the situation when a reset is performed, and

(ii) the exogenous input after the reset.

Using the L2 gain analysis for the entire time and considering the worst case,
we evaluate the distance from the origin to the internal state at the reset time
for the effects of (i) as well as (ii). Thus, in order to account for the effect of
(i), we should evaluate the direction of the internal state of the control system.
That is, we consider an “undesirable direction,” where, if the internal state is
located in such a direction at the reset time, deviations can occur depending on
the subsequent exogenous input. Let USSn denote the unit spherical surface
in the state space x ∈ R

n as follows:

USSn =
{
x ∈ R

n
∣∣ txx = 1

}
. (19)
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(We can represent the direction of the internal state by a point on USSn.)
Then, we have the region Ri on USSn by

Ri =
{
x ∈ USSn

∣∣ txX� x < 0
}
. (20)

If the internal state of the control system is located in the direction of x0 ∈ Ri

at t = t0, i.e., there exists k > 0 such that x(t0) = k x0; there is then a
possibility that ‖z(t)‖2 > cz. Such a direction is an undesirable direction.
Thus, the region Ri on USSn indicates the set of all undesirable directions
for a zero reset of the caution-needed Integrator i. On the other hand, if the
internal state is located in any direction other than those indicated by Ri at
t = t0 (i.e., the permission condition (15) is satisfied), it holds that ‖z(t)‖2 ≤ cz

and no deviations occur, regardless of w(t) (t > t0).

3.4 Contraction ratio

If a reset demand occurs on a caution-needed Integrator i and the permission
condition for its zero reset is not satisfied, a contraction reset with a ratio αi is
performed as an alternative procedure. The αi is predetermined by the ratio
giving the L2 gain γc as follows. Then, wherever the internal state is located at
t = t0, it always holds that ‖z(t)‖2 ≤ cz in response to a contraction reset with
αi, regardless of w(t) (t > t0). Thus, no deviations from the normal operating
range occur.

We define S̃� ∈ R
n×n by

S̃�(α) = diag{1, . . . , 1, α
i-th

, 1, . . . , 1}, (21)

where 0 ≤ α ≤ 1. Then, the L2 gain γ̃i(α) for a contraction reset with a ratio
α of Integrator i is obtained in a manner that is very similar to γi by using the
following: γ̃i(α) < γ if and only if σ(D) < γ and X̃as − S̃�(α) X̃s S̃�(α) > O,
where X̃as (> O) and X̃s (> O) are the anti-stabilizing and stabilizing solu-
tions to the Riccati equation (13), respectively. Here, the following proposition
holds:

Proposition 3.4 There exists αi (0 < αi < 1) such that γ̃i(αi) = γc.

Proof First, γ̃i(0) = γi because α = 0 indicates a zero reset. In addition,
γ̃i(1) = γ0 because α = 1 implies the normal operation without any resets
of integrators. Here, γ0 < γc < γi. Thus, from the continuity of γ̃i(α) with
respect to α, this proposition is obvious. �

3.5 Summary of strategy

The proposed reset strategy is summarized below.

[Reset strategy]
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(i) For an integrator that is not caution-needed one: A zero reset is uncondi-
tionally performed.

(ii) For a caution-needed Integrator i: A zero reset is performed if the permis-
sion condition (15) is satisfied. A contraction reset with αi is performed
otherwise.

This strategy requires only the calculation of the permission condition (15)
in response to a reset demand on a caution-needed integrator. That is, a zero
reset is performed without any calculations and conditions in response to a
reset demand on an integrator that is known not to be a caution-needed one
by calculating beforehand the L2 gain for its zero reset. In response to a reset
demand on an integrator that is known beforehand to be a caution-needed
one, by checking whether or not the permission condition (15) is satisfied, this
strategy determines only the type of reset that is performed. Note that the
contraction ratio αi is predetermined.

4 Example

Consider the general servo system shown in Figure 2.

s
1

Integrator 1

Integrator 2

s
1

Stabilizing
controller

K0

Controller K

P

Plant
u1

u2

w1

w2

+

+

−

−

z1

z2

y1

y2

Figure 2: Servo system.

A plant P is given by⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

dx� (t)

dt
=

⎡
⎢⎢⎣

−2 1 1 1
3 0 0 2
−1 0 −2 −3
−2 −1 2 −1

⎤
⎥⎥⎦x� (t) +

⎡
⎢⎢⎣

1 0
0 1
−1 0
0 1

⎤
⎥⎥⎦u(t)

y� (t) =

[
1 −1 0 0
0 0 1 0

]
x� (t),

(22)
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where x� (t) ∈ R
4 is the state variable vector, u(t) = t[ u1(t) u2(t) ] ∈ R

2 is
the input, and y� (t) ∈ R

2 is the output. We obtained the following stabilizing
controller K0 for an augmented system that consists of the plant and two
integrators by using a MATLAB function hinflmi.m with appropriate options
for the numerical stability:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dx�0(t)

dt
=

⎡
⎢⎢⎢⎢⎣

11.1 −1.15 × 103 8.32 × 103 1.97 × 104

−11.4 384 −3.12 × 103 −7.25 × 103

2.84 −219 1.46 × 103 3.50 × 103

−2.33 128 −872 −2.08 × 103

0.0959 10.5 −54.2 −136
−6.46 × 103

2.45 × 103

−1.12 × 103

670
28.5

⎤
⎥⎥⎥⎥⎦x�0(t) +

⎡
⎢⎢⎢⎢⎣

679 3.24 × 104

−251 −1.20 × 104

119 5.73 × 103

−75.3 −3.41 × 103

−16.9 −217

⎤
⎥⎥⎥⎥⎦u�0(t)

u(t) =

[
7.75 −467 3.62 × 103 8.46 × 103 −2.83 × 103

6.18 −744 5.30 × 103 1.26 × 104 −4.10 × 103

]
x�0(t)

+

[
293 1.39 × 104

434 2.06 × 104

]
u�0(t),

(23)

where x�0(t) ∈ R
5 is the state variable vector, u�0(t) ∈ R

2 is the input, and
u(t) ∈ R

2 is the output. Then, the internal state of the control system is given
by x(t) = t[ x1(t) x2(t)

tx�0(t)
tx� (t) ] ∈ R

11, where x1(t), x2(t) ∈ R denote
the internal states of Integrators 1 and 2, respectively.

Suppose that ‖w(t)‖2 ≤ 1 (= cw). In Remark 2.7, the normal operating
ranges of both z1(t) and z2(t) are [−10, 10]. The sufficiently short time interval
immediately after a reset is set as T = 0.25 in consideration of the worst
response shown in Figure 3 (b). Then, it follows from (5) that cz = 5. Thus,
it is assumed that no deviations from the normal operating range occur if
‖z(t)‖2 ≤ 5.

(i) Threshold for L2 gain: We have γc = 5/1 = 5. The H∞ norm of the
control system is γ0 = 2.60, and thus γ0 < γc is satisfied.

(ii) Caution-needed integrators: We have γ1 = 7.52 (> γc) and γ2 = 10.4 (>
γc). Thus, both Integrators 1 and 2 are caution-needed ones.

From now on, we use Integrator 2 as an example.
(iii) Permission condition for a zero reset: We have the symmetric matrix

X2 ∈ R
11×11 with its eigenvalues −0.0924 (only one negative eigenvalue),

0.515, 2.57, 15.2, 32.7, 552, 8.32 × 103, 1.78 × 105, 4.80 × 105, 1.94 × 106,
and 5.56 × 108.

Figure 3 shows responses in the evaluated output z(t) = t[ z1(t) z2(t) ]
in response to a zero reset of Integrator 2, where we assume without loss of
generality that its reset demand occurs at t = 0.



1960 K. Suyama and N. Kosugi

If x(0) is located in the direction of x1 = t[ 0.643 − 0.254 0.124
−0.0737 −0.00439 0.280 0.421 −0.291 0.401 −0.000228 0.00268 ] ∈ USS11

(i.e., x(0) = k x1 (k > 0)), then tx(0) X2 x(0) = 1.84 · k2 > 0, and thus the
permission condition (15) is satisfied. Then, as shown in Figure 3 (a), even if
this permitted zero reset is performed, no deviations from the normal operating
range occur even against the worst w(t) (t > 0).

On the other hand, if x(0) is located in the direction of x2 = t[ 0.280
0.421 − 0.291 0.401 − 0.000228 0.00268 0.643 − 0.254 0.124 − 0.0737
−0.00439 ] ∈ USS11 (i.e., x(0) = k x2 (k > 0)), then tx(0) X2 x(0) = −0.0924 ·
k2 < 0, and thus the permission condition (15) is not satisfied. Then, if this
unpermitted zero reset is performed, z(t) fluctuates powerfully in the worst
case, i.e., against the worst w(t) (t > 0) for that direction, to deviate from the
normal operating range, as shown in Figure 3 (b).
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Figure 3: Response to a zero reset. (a) Permitted reset and (b) unpermitted
reset.

(iv) Contraction reset: We have α2 = 0.575. If x(0) is located in the
direction of x2, where a zero reset is not permitted as mentioned above, a
contraction reset with the ratio α2 is performed as an alternative procedure.
Then, as shown in Figure 4, no deviations from the normal operating range
occur even against the worst w(t) (t > 0).
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Figure 4: Response to a contraction reset.
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