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Abstract

In this paper variation of constants formula for the inhomogeneous
fuzzy matrix difference system X(n + 1) = A(n)X(n) + F (n)
is constructed by considering corresponding matrix difference inclusion
Xβ(n+ 1) ∈ AβXβ(n) +Fβ(n), xβ(0) ∈ X0

β after presenting a procedure
for solving the fuzzy difference equation by an example.
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1 Introduction

When a scientific, social or natural phenomenon is studied, not all of its aspects
are studied simultaneously. The aspect which is identified for study is modelled
for analysis and understanding. To model these phenomena the identifiable
attributes are quantified often by real numbers and determine the relations
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among these quantified attributes in the form of a set of differential or differ-
ence equations [1, 4, 13]. The solutions of these systems are time dependent
functions and set of these solutions is the corresponding mathematical model.
Measurements of data or specified information for an underlying problem may
be imprecise or only partially specified.

Each and every practical system is endowed with uncertainties. Heisen-
berg’s uncertainty principle is for micro level in physical systems. But some
form of uncertainty is inherent in biological, natural and social systems. The
more the complexity of a system the greater is its uncertainty due to fuzzi-
ness. That is, each quantity we want to measure becomes fuzzy valued instead
of precise valued. Thus, equations become fuzzy equations and differential
(difference) equations become fuzzy differential (difference) equations.

Fuzzy dynamical system can be visualized as a collection of fuzzy set of
crisp dynamical systems representing some uncertain or imprecise system and
is more complex than a probabilistic dynamical system or a stochastic process.
Difference equations usually describe the evolution of certain phenomena over
the course of time. For a detail study of the theory of difference equations
and their applications see [13, 20] and the references cited therein. Fuzzy
differential equation attracted the attention of D. W. Pearson[19], James J.
Buckley[10], T. Gnana Bhaskar[9],Phil Diamond[8], Osmo Kaleva[18] and suf-
ficient theory was developed. Though Lakshmikantham V and Vatsala A.S
[12] introduced the notion of fuzzy difference equation and studied the sta-
bility theory required to fuzzy difference equations, theory required to study
matrix fuzzy difference equations which occur in system theory, economics,
inventory analysis, probability models for learning, approximate solutions of
ordinary and partial differential equations is still not available in the literature.
In this paper, we give general solutions of the fuzzy deterministic homogeneous
matrix difference system

X(n+ 1) = A(n)X(n) (1)

as well as the solution of the non-homogeneous fuzzy matrix difference system

X(n+ 1) = A(n)X(n) + F (n) (2)

where the matrices A(n) and F (n) are matrices of order s × s whose ele-
ments are real or complex functions defined on N+

n0
( or C ) and X(n) ∈

{N+
n0
}s×s (or Cs×s). We shall denote Φ(n, n0) as a fundamental matrix solu-

tion of deterministic system T (n + 1) = A(n)T (n) such that Φ(n0, n0) = I,
where I is a unit matrix of order s.

This paper is organized as follows. In Section 2 we present the general
solution of deterministic systems corresponding to (1) and (2). In section 3
we present a procedure for solving fuzzy difference equation with the help
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of an example. Section 4 presents general solution of the homogeneous fuzzy
matrix difference system (1). In Section 5 we develop the variation of constants
formula for the general solution of the non homogeneous fuzzy matrix difference
system (2) and present a numerical example.

2 Solution of the deterministic Matrix differ-

ence system

Theorem 2.1 If Φ(n, n0) is fundamental matrix solution of X(n + 1) =
A(n)X(n), then any solution X(n) of the homogeneous difference system (1)
is of the form [Φ(n, n0)C], where c is an arbitrary constant square matrix of
order s.

Theorem 2.2 Any solution of the non-homogeneous matrix difference sys-
tem (2) is of the form X(n) = Φ(n, n0)c + X(n) where X(n) is a particular
solution of (2) and is given by

∑n−1
j=0 Φ(n, j + 1)F (j).

Theorem 2.3 Any solution X(n) of the initial value problem associated
with the non-homogenous matrix difference system (2) with the initial condition
X(n0) = X0 where X0 is a given square matrix of order s, is of the form,
X(n) = Φ(n, n0)c+

∑n−1
j=0 Φ(n, j + 1)F (j).

3 Fuzzy Difference Equations

Let (c, d)S denote the symmetric triangular fuzzy number with the interval
[c, d] as its support and let x(n) be a fuzzy number valued function of time.
Consider the initial value problem associated with fuzzy difference equation

t(n+ 1) = −2t(n), t(0) = t0 = (0, 1)s. (3)

Write the β-Level set of t(n) as the compact interval tβ(n) = [tLβ (n), tRβ (n)]
and note that −2tβ(n) = [−2tRβ (n),−2tLβ (n)] while tβ(0) = [β/2, 1 − β/2].
Writing ξβ(n) as the vector with components tLβ (n), tRβ (n) obtain the ordinary

initial value problem ξβ(n + 1) =

[
0 −2
−2 0

]
ξβ(n) , ξβ(0) =

[
ξβ/2

−1− ξβ/2)

]
for

0 ≤ β ≤ 1. It is easy to see that ξβ(n) = 1/2(−2)n
[
1
1

]
+(β−1)/2(−2)n

[
1
−1

]
.

Hence, the solution to (3) is tβ(n) = ([(−2)n + (β − 1)(−2)n]/2, [(−2)n + (1−
β)(−2)n]/2)S. Thus (3) has an unstable solution, in stark contrast to the be-
havior of the associated crisp problem z(n + 1) = −2z(n), z(0) = 1/2 which
has the solution z(n) = (−2)n/2 . So giving the initial condition some un-
certainty by fuzzification has totally changed the qualitative behavior of the
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solution. Indeed, an arbitrary small fuzzification t(0) = (1/2 − ε, 1/2 + ε)S
has the same effect, the solution being t(n) = ((−2)n)/2 + (−ε(2)n, ε2n)S, al-
though as ε −→ 0+, the crisp solution is the limit. This undesirable property
can be overcome by interpreting the fuzzy difference equations by a family of
difference inclusions, tβ(n+1) ∈ Gβ(n, tβ(n)), 0 ≤ β ≤ 1. A solution to the βth

inclusion is a function tβ(.) which is absolutely continuous and satisfies the βth

inclusion almost everywhere (a.e)[2, 5]. Under fairly natural conditions, the
solution sets and attainability sets of the family are fuzzy sets and, moreover,
have properties that are similar to solutions of ordinary difference equations.
Consequently, this interpretation is much better adapted to modelling under
uncertainty than the other formalism. In Particular, if the FDE (3) is replaced
by the family
tβ(n+ 1) ∈ [−2tRβ ,−2tLβ ], xβ(0) ∈ T 0

β = [β/2, 1− β/2], 0 ≤ β ≤ 1,
then it has a fuzzy solution set Σ(X0, T ) and a fuzzy attainability set A(T 0, n)
respectively, defined by the β−level sets Σβ(T 0

β , N) = {t(.) : t(n) ∈ [β(−2)n, (1−
β/2)(−2)n], 0 ≤ n ≤ N}, Aβ(t0β, n) = [β(−2)n, ((1− β/2)(−2)n)].
It is asymptotically stable and approaches the crisp limit as the uncertainty
becomes negligible and there by obtain the desirable behavior of fuzzification
of the crisp difference equation. In the similar way the fuzzy state transition
matrices of the system of matrix fuzzy difference equations can be interpreted
by a family of inclusions and variation of constants formula follows as an easy
consequence for inhomogeneous system.

4 Homogeneous Fuzzy Difference System

Let εs×s be the space of all normal, upper semi-continuous and fuzzy convex
sets, with compact support, on (Nn0)

s×s endowed with the sup metric on level
sets d∞ [6]. Denote the space of s × s matrices with entries in ε1 by M s (
i.e., whose entries are fuzzy numbers). If A ∈ M s, it also lies in εs×s. In
this section we solve the homogeneous time varying fuzzy dynamical system
X(n+ 1) = A(n)X(n), X(0) = X0 by considering the corresponding inclusion

Xβ(n+ 1) ∈ Aβ(n)Xβ(n), xβ(0) ∈ X0
β (4)

where 0 ≤ β ≤ 1. Here, suffixes β indicate level sets.

Theorem 4.1 Let A : [0, T ] → εs×s be a continuous fuzzy matrix valued
function. Then

Φβ(n+ 1, n0) ∈ Aβ(n)Φβ(n, n0),Φβ(n0, n0) = I, 0 ≤ β ≤ 1 (5)

has a solution set Φ(n, n0) which is a Ds×s valued fuzzy matrix function. If A
is Constant, Φ(n) is a εs×s valued matrix functions whose level sets are interval
matrices.
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Proof: Since A : [0, T ] −→ M s is continuous it follows that it is contin-
uous in ε, δ sense in the |.| and d∞ metrics. The equation Φ(n + 1, n0) =
A(n)Φ(n, n0),Φ(n0, n0) = I can be interpreted as the family of difference in-
clusions

Φβ(n+ 1, n0) ∈ Aβ(n)Φβ(n, n0),Φβ(n0, n0) = I, 0 ≤ β ≤ 1 (6)

where Aβ(n) denotes the level set of A(n). That is, if U(.) is a measur-
able matrix valued selection in the set of matrices Aβ(.), Φβ(n + 1, n0) =
U(n)Φβ(n, n0) a.e and Φβ(0, 0) = I. From Cartheodory’s theorem we can give
guarantee for the existence of such solutions over an interval [0, N ], 0 < N ≤ ∞
whenever the endpoint Matrix valued functions Aβ, Aβ are majorized by an
integrable (in the discrete case sense) function on [0, T ]. Denote Φβ(n, n0) =
{Y (n)/Y (n + 1) = U(n)Y (n), Y (0) = I, U(.) ∈ Aβ(.)}. Clearly Φβ(n, n0)
is non empty. By the results of Diamond and Watson [7], the Φβ(.) are the
level sets of a Ds×s valued fuzzy function Φ(.). Define Φβ = {Y (n)/Y (n +
1) = U(n)Y, Y (0) = I} for measurable matrix valued selections U(.) ∈ Aβ
when A is Constant fuzzy matrix. By finding a basis of vector solutions
U1(n), U2(n), ..., Un(n) for the difference equation Y (n + 1) = U(n)Y (n) and
form the matrix Z(n) = [U1, U2, ., Un] and writing Y (n) = Z(n)Z−1(0) we can
compute Y (n). The Φβ(n) now form the level sets of a εs×s - valued function,
since an s× s interval matrix is a convex set in εs×s.

A method for evaluating Φβ(.) as an interval matrix follows from the follow-
ing arguments. Since Aβ is an interval matrix, i.e., has compact real intervals
as entries, U belongs to the interval [Aβ, Aβ]. Here A,A denote ordinary ma-
trices whose elements are, respectively, the lower and upper end points of the
intervals [16].
The computation becomes simple in the case where Aβ is a non negative ma-

trix, that is all elements of the matrix are non negative, or Aβ is a non positive
matrix. If B − A is a non negative matrix, we write B ≥ A.

Lemma 4.2 Let A be a non negative matrix and suppose that B ≥ A. If
X(n + 1) = AX(n), X(0) = I, Y (n + 1) = BY (n), Y (0) = I.Then Y (n) ≥
X(n), n ≥ 0. In particular, if A = [A,A] is an interval matrix with 0 ≤ A ≤
U ≤ A and X(n+1) = AX(n), X(n+1) = UX(n), X(n+1) = AX(n), X(0) =
X(0) = V (0) = I, then X(n) ≤ X(n) ≤ X(n), n ≥ 0.

Proof: This is a simple consequence of the inequalities [11], Since the matrix
difference equations are equivalent to

X(n) = I + Σn−1
j=0AX(j) (7)

Y (n) = I + Σn−1
j=0BY (j) ≥ I + Σn−1

j=0AY (j) (8)



1936 V. S. Putcha, C. L. N. Rompicherla and G.V.S.R. Deekshitulu

and the function X → AX is monotonic non decreasing in the partial order
induced by the positive orthant.

Note: A result similar to Lemma 4.2 can be established for non positive
matrices. The above Lemma can be generalized to K-monotone matrices [3],
where K is a cone.

5 Variation of Constants Formula

In this section we develop variation of constants for the time varying fuzzy
dynamical system X(n + 1) = AX(n) + F (n), X(0) = X0 by considering the
corresponding inclusion

Xβ(n+ 1) ∈ AβXβ(n) + Fβ(n), xβ(0) ∈ X0
β (9)

where 0 ≤ β ≤ 1. Here, suffixes β indicate level sets. In Practice, the com-
putation of crisp fundamental matrix Φ(n, n0) for the time varying system is
difficult. For brevity, the discussion of this section will be for constant A, but
the general case is not difficult and the more general proof is obvious.

Theorem 5.1 Let A ∈ εs×s be a matrix with fuzzy number entries X0 ∈
εs×s and let F : [0, N ] → εs×s be a continuous function. The fuzzy initial
value Problem X(n + 1) = A(n)X(n) + F (n), X(0) = X0 has an absolutely
continuous εs×s valued solution Σ(n) , a.e., n ∈ [0, N ], given by the variation
of constants formula

Σ(n) = Φ(n, n0) + Σn−1
j=0Φ(n− j − 1)F (j). (10)

Here, Φ(n, n0) is the fuzzy matrix valued solution of Φ(n+ 1, n0) = AΦ(n, n0),
Φ(n0, n0) = I.

Proof: Since A ∈ εs×s be a matrix with fuzzy number entries, X0 ∈ εs

and F : [0, T ] → εs be a continuous function and hence strongly integrably
bounded, with integrable selections. Let Φ(n) indicate the solution set of the
autonomous matrix FDE Φ(n + 1) = AΦ,Φ(0) = I. From the inclusion (9),
there is a measurable matrix valued function U(.) ∈ Aβ, an integrable (in
the discrete sense) selection fβ(.) ∈ Fβ(.) and To ∈ X0

β Such that xβ(n +
1) = U(n)xβ(n) + fβ(n) a.e.,xβ(0) = T0. Denote by XU(n) a solution to the
equation XI

U = U(n)XU , XU(0) = I. From the Classical formula X(n) =
Φ(n)x0 + Σn−1

j=0)Φ(n)Φ−1(j)f(j),

xβ(n) = XU(n)To + Σn−1
j=0XU(n− j − 1)Fβ(j) (11)

Therefore by theorem 4.1 and the summation in the similar lines as that of
definition of the Aumann integral (continuous case), the solution set of (9) is

Σβ(n) = ∪{XU(n)T0 + Σn−1
j=0XU(n− j − 1)Fβ(j) : U ∈ A,Fβ, T0 ∈ X0

β}
Σβ(n) = Φβ(n)X0

β + Σn−1
j=0Φβ(n− j − 1)Fβ(j) (12)
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where the union has been taken over all maximal and minimal Caratheodory
solutions. Since for 0 ≤ n ≤ N,Φβ(n), X0

β and Fβ(n) are all compact, Σβ(n)
is also compact. Moreover Σβ(n) ⊆ Σβ(n + 1), for 0 ≤ β(n + 1) ≤ β(n) ≤ 1.
Now to show that the family Σβ(n) are the level sets of a fuzzy set Σ(n)
over C([0, N ], (N+

n0
)s×s). For that we need to prove the uppersemicontinuty

(usc) (i.e., if βn → β is a non decreasing sequence, then Σβn(n) → Σβ(n)).

Since Σβn(n) are compact, non empty nested sets it follows that Σ̃β(n) =

∩nΣβn(n) is non empty. Clearly, Σ̃β ⊇ Σβ(n). By uppersemicontinuity it
follows that X0

βn
→ X0

β and Φβn(n, n0) → Φβ(n, n0). Let Xβn ∈ Σβn . Then
there are fβn ∈ Fβn , Un ∈ Aβn and Yn ∈ X0

βn
satisfying (11). The sequence

{Yn} is bounded in (N+
n0

)s×s since X0 has compact support and, similarly, Un
is bounded in (N+

n0
)s×s. There exists a constant C, such that ||fβn(n)/C|| ≤

1, since F is bounded and for every fβn ∈ L∞([0, T ], (N+
n0

)s×s). Thus, by
Alaoglu’s theorem, fβ(n)/C is weakly converging to h ∈ L∞([0, T ], (N+

n0
)s×s).

Clearly, the mapping

Tα : L∞([0, N ], (N+
n0

)s×s)→ C([0, N ], (N+
n0

)s×s) : g(.)→ Σn−1
j=0Φα(n− j − 1)g(j)

(13)

is a compact operator. Therefore the sequence {Tβn , fβn} is compact . Hence
there is a subsequence βn(k) such that Tβn(k)

fβn(k)
→ Tβh, where h(.) ∈ Fβ(.).

From (11) it follows that xβn(k)
→ ξ and ξ ∈ Σβ as well as the other required

convergences. Hence Σ̃β ⊆ Σβ(n). Thus from [17] it follows that
∑

β(n) are
the level sets of a fuzzy set Σ(n).

As a Numerical illustration we consider the following example.

Example 5.2 Consider the system where s=2 and A is given by[
(1; 2)S (0.5; 1.5)S

(0.5; 1.5)S (2; 3)S

]
. Expressing the β-levels of A as an interval matrix,

Aβ =

[
[1 + 0.5β, 2− 05β] [0.5 + 0.5β, 1.5− 0.5β]

[0.5 + 0.5β, 1.5− 0.5β] [2 + 0.5β, 3− 0.5β]

]
. This interval system

matrix is clearly a positive family, because every matrix contained in the inter-
val is a positive matrix. By applying the Lemma 4.2, only the endpoint equa-
tions need to be solved. So, for example, if β = 0.0,Φ0.0(n) = [Φ0.0(n),Φ0.0(n)]

where Φ0.0(n) =

[
0.85(r1)

n + 0.15(p1)
n −0.35(r1)

n + 0.35(p1)
n

−0.35(r1)
n + 0.35(p1)

n 0.15(r1)
n + 0.85(p1)

n

]
Where r1 =

0.79, p1 = 2.21 and Φ0.0(n) =

[
0.66(r2)

n + 0.34(p2)
n −0.47(r2)

n + 0.47(p2)
n

−0.47(r2)
n + 0.47(p2)

n 0.34(r2)
n + 0.66(p2)

n

]
where r2 = 0.92,p2 = 4.08. Let the non homogeneous term be given by F (n) =[
(1 + n, 2 + 3n)S

((−1)n; 1n)S

]
and consider the FDE x(n + 1) = Ax(n) + F (n), x(0) =

X0 =

[
(1; 2)S
(0; 1)S

]
where A is as in the first part of the example. Note that the
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level set transition matrices Φ(n),Φ(n) are positive matrices for n > 0 and
when multiplying interval vectors the order of endpoints is preserved. Writing
Σβ(n)(n) = [Σ(n),Σ(n)], from Theorem 5.1 and using the following formulae
Σβ(n) = Φβ(n)X0

β +Σn−1
j=0Φβ(n− j−1)F β(j), Σβ(n) = Φβ(n)X0

β +Σn−1
j=0Φβ(n−

j − 1)F β(j), the solution of the initial value problem at desired β- level can be
computed.
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