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Abstract

General nonlinear matrix equation commonly arising in applied prob-
ability in some models for many practical systems, such as manufac-
turing systems, queueing networks and credit risk management. In this
work, some efficient algorithms for evaluating the nonlinear matrix equa-
tions will be proposed.
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1 Introduction

A lease is a written agreement between the owner of the equipment, called the

lessor, and a person who utilizes the equipment for a definite time for a cer-

tain price. This may be referred to as periodic rent [3]. This type of contract
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consists of several different parts: contract duration, amount and due date of

rental payments, configurations of the equipment, its current condition, the

date for the nullification of the contract, and the buyers or lessee [1]. Credit

risk consists of probability of non-return of facilities in result of bankruptcy or

a decrease in financial and credit situation of lessee. Numerical analysis reveals

that lessee credit risk can have a substantial impact on the term structure of

leases. Furthermore, a correlated market and credit risk that provides with a

simple analytic formula for valuing default able lease contracts. For quanti-

fying credit risk, loss distribution at given percentile formed which indicates

credit risk. The study enables a leasing industry to progress towards its goals

and objectives in the most direct, and effective way. Default risk happens

when a lessee does not pay back his commitment due to lack of desire or capa-

bility. Default risk is the most important risk that affects financial and money

organizations since default of only a few customers can cause lots of loss for

an organization. When lessee faces financial crises due to economy weakness,

probability of default will increase and default risk happens [4].

In this article, we concentrate to the solution of the following problem which

mostly arises in applied probability. Assume the sequence {Ai}∞i=0 of square

non-negative matrices whenever A =
∑∞

i=0 Ai is a stochastic matrix such that

Ae = e, where e is a vector of 1’s. The computation of matrix R that satisfies

the nonlinear matrix equation

X =

∞∑
i=0

Xi, (1.1)

which is minimal solution of the (1.1). In other words, for any non-negative

matrix X satisfying in (1.1) we have X ≥ R.

Most stochastic models are steady-state and certain transient characteris-

tics of the process can be expressed in terms of a matrix R obtained as above.

It is refereed to the monograph by Neuts [8] for various examples. This prob-

lem arises in the analysis of queues with phase-type service times, as well as

in queues that can be represented as quasi-birth-and-death processes [5] and

[11]. The consideration of (1.1) in its generality was first made in [8] by Neuts

in the context of the single server queue with phase type service and paved the

way for the efficient algorithmic solution of many complex stochastic models.

The special case of a matrix quadratic equation was first considered in the

context of queueing theory by Wallace [13], and arises, for example, in the
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study of queues in a random environment [6], [7]. Ramaswami [10] proposed

some algorithms to compute the solution of (1.1). He also has presented error

analysis for the problem which is important in enlarging the set of stochastic

models.

In this work, we develop the Newton’s iteration for solving the nonlinear

matrix equation. The proposed linear system by using properties of the Kro-

necker product and vec-operator will be evaluated by utilizing forward block

substitution. Then, employing Schur factorization an efficient algorithm will

be introduced. The paper is structured as: In Section 2 we present some

basic concept, theorem and background about nonlinear matrix equation. In

Section 3, we first obtain the Fréchet derivative of the special function of ma-

trix and then we propose an efficient algorithm to solve the matrix equation.

Conclusions also are given in Section 4.

2 Basic concepts and background

In this section some basic definitions and notations, and also some numerical

methods for solving the special general nonlinear matrix equation will be given.

2.1 Basic definitions

The idea of matrix geometric method to higher dimensional case can be ex-

tended as following procedure. Consider a transition probability matrix having

the structure:

P =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

B0 A0 0 0 . . . 0

B1 A1 A0 0 . . . 0

B2 A2 A1 A0
. . .

...

. . . . . . . . .
. . . 0

Bj Aj Aj−1 Aj−2 . . . A0

. . .
. . .

. . .
. . .

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (2.1)

Notice that the matrix P , all the sub-matrices Aj and Bj (j = 0, 1, 2, . . . )

are square matrices with order k. Since P is row stochastic matrix, Pe = e,
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whenever e = (1, 1, . . . , )T , therefore for j = 0, 1, 2, . . . , [12]

Bje +

j∑
i=0

Aje = e, j = 0, 1, 2, . . . (2.2)

Now, for simplicity of discussion, assume that the matrix A defined as A =∑∞
i=0 Ai is an irreducible transition probability matrix. Then, let π(i, k) be

the steady state probability of state (i, k) where π is the stationary probability

vector which means πP = 1. Thus, with assumption π0 =
∑∞

j=0 πjBj , it can

be obtained that [12]

πj =

∞∑
i=0

πj+i−1Ai, j = 1, 2, . . . (2.3)

Furthermore, since πe = 1, then we can have
∑∞

i=0 πje = 1. Therefore, con-

sidering initial matrix R0 = 0, the following sequence is introduced

R�+1 =

∞∑
i=0

Ri
�, � = 0, 1, 2, . . . (2.4)

and R� converges to a non-negative matrix R [8]. It should be emphasized that

it two matrices M and N of the same size, M ≥ N means M − N is a non-

negative matrix. The followings are some theorems related to the properties

of the matrix R.

Theorem 1.1. [8] If the Markov chain is positive-recurrent, the matrices

Ri, i = 1, 2, . . . are finite.

Theorem 1.2. [8] If the Markov chain is positive-recurrent, the matrix R

satisfies the equation R =
∑∞

i=0 RiAi and is the minimal non-negative solution

to the matrix equation

X =

∞∑
i=0

X iAi. (2.5)

2.2 Some numerical procedure

In this part, some popular techniques for solving the nonlinear matrix equation

(2.5) will review. For estimating (2.5), the direct iteration scheme

R0 = 0, Rk+1 =
∞∑
i=0

Ri
kAi, k = 1, 2, . . . (2.6)
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It is shown by Ostrowski Theorem [9] to be such that Rk → R as k → ∞.

Numerical experiments imply that this scheme is extremely slow, in particular

in those cases where the Perron eigenvalues of R is close to one. It follows

that the direct iteration scheme (2.6) cannot be recommended as the solution

method.

Another proposed methods for computing R are the iterative scheme [10]

Rk+1 =
∞∑

i=0,i�=1

Ri
kAi(I − A1)

−1 (2.7)

and

Rk+1 = A0

(
I −

∞∑
i=0

Ri−1
k Ai

)−1

, (2.8)

which correspond to successive substitution scheme for the equations X =∑∞
i=0,i�=1 X iAi(I − A1)

−1 and X = A0 (I −∑∞
i=0 X i−1Ai)

−1
, respectively. The

recursion (2.7) is so called the Picard’s iteration [9].

Viewing the Newton’s scheme as applying a correction to the direct iterate∑∞
i=0,i�=1 Ri

kAi, it is clear that a disadvantage of (2.5) is that the sub-inverse

appearing there is constructed without incorporating any of the information

contained in the current iterate. Therefore

Yk =

[ ∞∑
i=0,i�=1

Ri
kAi − Rk

]
+ YkAk + (RkYk + YkRk)A2. (2.9)

Use of this equation to compute Yk in Rk+1 = Rk + Yk still suffers from the

need to solve a large linear system at every iteration. Thus, instead of solving

(2.9), use the estimate Zk = −F (Rk)(I − A1)
−1 of Yk that yields the scheme

(2.7) in the right side and take ([10], [12])

Yk = −F (Rk) + YkAk + ZkA1 + (RkZk + ZkRk) A2 (2.10)

Hence, the following recursion can be achieved as

R0 = 0, Rk+1 = Rk + Yk (2.11)

where

Yk = −F (Rk) + ZkA1 + ZkA1 + (RkZk + ZkRk)A2, Zk = −F (Rk)(I − A1)
−1.

(2.12)

This scheme provides a monotonically increasing sequence of iterates converg-

ing to R.
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3 Main results

Assume the nonlinear matrix equation in the form

F (X) = X −
∞∑
i=0

X iAi (3.1)

where X, A ∈ C
n×n. In this article we concentrate to the computational prob-

lems regarding the Newton’s method for solving (3.1). This method for solving

F (X) = 0, where F : C
n×n → C

n×n is given by the following recursion

Xk+1 = Xk − F ′(Xk)
−1F (Xk), k = 0, 1, . . . (3.2)

where F ′ is Fréchet derivative of F , and X0 is initial matrix. In order to

calculate F ′, we first obtain the expression for F (X + H), where H is an

arbitrary matrix

F (X + H) = (X + H) −∑∞
i=0(X + H)iAi

= X −∑∞
i=0 X iAi + H −∑∞

i=0

∑i−1
j=0 XjHX i−j−1Ai + O(H2)

= F (X) + H −∑∞
i=0

∑i−1
j=0 XjHX i−j−1Ai + O(H2)

Now, considering the Taylor series for F about X, F (X + H) = F (X) +

F ′(X)H + R(H), where for R(X) we have

lim
‖H‖→0

‖R(H)‖
‖H‖ = 0. (3.3)

The Fréchet derivative of function F can be obtained as follows:

F ′(X)H = −
∞∑
i=0

i−1∑
j=0

XjHX i−j−1Ai (3.4)

Hence, we introduce the classical Newton’s method by starting at X0 as follows

Algorithm 2.1: (Newton’s method)

For k = 0, 1, 2, . . .

Solve
∑∞

i=0

∑i−1
j=0 Xj

kHkX
i−j−1Ai = Xk −

∑∞
i=0 X i

kAi (For Hk)

Set Xk+1 = Xk + Hk

End
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The classical local convergence analysis for Newton’s method guarantees that,

under standard assumptions, if X0 is sufficiently close to the solution, then the

sequence generated by Algorithm 1 converges to the solution. On the negative

side, we need to solve the linear matrix equation for Hk at every iteration of

Algorithm 1. For this purpose, we utilize the Kronecker product and solve the

following standard linear system instead

∞∑
i=0

i−1∑
j=0

(
Ai

(
XT
)i−j−1 ⊗ Xj

)
vec(Hk) = vec

(
X −

∞∑
i=0

X i
kAi

)
(3.5)

where I denotes the n × n identity matrix, and vec(X) : Cn×n → Cn×n is

given by vec(X) where xj ∈ Cn denotes the jth column of X. Here, we are

utilizing the well-known properties of the Kronecker product, vec(XBX) =

(XT ⊗X)vec(B) and vec(XB +BX) = (I ⊗X +XT ⊗ I)vec(B). Since linear

system (3.5) is an n2 × n2 linear system, storage and computation tests are

expensive for it to be solved using Gaussian elimination. The linear system

(3.5) can be solved by various either iterative or direct methods. However, it

involves n2 equations and n2 unknowns, and so the computational cost is very

expensive. We reduce the computational cost of the implementation by using

Schur factorization of a matrix as follows.

Assume that R̃k = QT
k XkQk, T̃k = QT

k (XkA)Qk, Ỹk = QT
k HkQk, and C̃k =

QT
k (X −∑∞

i=0 X iAi)Qk. Therefore, instead of solving (3.5), we propose to

solve the following linear system for every k

∞∑
i=0

[(
Ai(X

T )i−1 ⊗ I
)

+

p−1∑
j=1

(
Ai(X

T )i−j−1 ⊗ Xj
)

+
(
Ai ⊗ X i−1

)]
vec(Ỹk) = vec(C̃k)

(3.6)

The benefit of this new reformulation is that the coefficient matrix in (3.6) is

block lower triangular, and each block, represented by Ũk
ij , is upper triangular.

Consequently, Following De Abreu[2], the system (3.6) can be solved using the

next block forward substitution. According to Figure. 1, it can also be seen

that the algorithm only needs to build the Ũk
�j blocks, 1 ≤ j ≤ �, one at a time

for sequential implementations. In other words, the system can be solved by

considering only upper triangular block as backward substitution. Thus, the
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following algorithm will propose to solve the system (3.6).

Algorithm 2.2 (Block forward substitution)

Solve Ũk
11ỹ

k
1 = c̃k

1

For � = 2, 3, . . . do

r̃� = c̃k
� −

∑�−1
j=1 Ũk

�j ỹ
k
j ;

Solve Ũk
��ỹ

k
� = r̃� by backward substitution;

End.

It should be mentioned that in Algorithm 2.2, ỹk
j and c̃k

j are the jth columns

of Ỹk and C̃k respectively. Hence, by using the Schur factorization of Xk, the

Newton-Kronecker-Schur method can be introduced as follows

Algorithm 2.3 (Newton-Kronecker-Schur method)

Given X0

For k = 0, 1, 2, . . .

[Qk, Rk] = Schur(Xk);

Set Ck = QT
k (X −∑∞

i=0 X iAi)Qk;

Solve (2.6) for Ỹk using Algorithm 2.2;

Set Hk = QkỸkQ
T
k ;

Xk+1 = Xk + Hk;

End.

It is remarkable that evaluating (3.6) for Ỹk using Algorithm 2.2, as required in

Algorithm 2.3, does not need the explicit construction of the coefficient matrix,

and this makes a considerable reduction in computational cost. An important

advantage of new formulation is ability of parallel implementation. It should

be emphasized that De Abreu et al. [2] have proposed similar procedure for

evaluation of the matrix pth root.

4 Conclusion

In this work, we have developed an algorithm by using Schur factorization

of matrices in conjunction some operators such as vec-operator and Kronecker

product. The proposed method has considerable accuracy in comparison other
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popular methods that can solve the nonlinear matrix equation efficiently by

choosing an appropriate initial matrix.
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