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Abstract

In the present paper we shall discuss the information capacity of a
Gaussian channel through Kullback-Leibler’s [2] information measure of
directed divergence and maximized entropy by the normal distribution
due to Burg [1].
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1. Introduction

The Gaussian channel is a time-discrete channel with output Qi at time i,
where Qi is the sum of the input Pi and the noise Ri. The noiseRiis drawn
from a Gaussian distribution with variance N. Thus,
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Qi = Pi + Ri, Ri ∼ N(0, N). (1.1)

The noise Ri is assumed to be independent of the signal Pi. If the noise
variance is zero, the receiver receives the transmitted symbol perfectly. Since P
can take any real value between 0 and 1, the channel can transmit an arbitrary
real number between 0 and 1 with no error.

If the noise variance is zero or the input is unconstrained then the capacity
of the channel is infinite.

For, any probability distribution P and Q, the measure of entropy due to
Shannon [3] and the measure of directed divergence due to Kullback-Leibler
[2] are given respectively by

H(P ) = −∑n
i=1 piln pi (1.2)

and

D(P : Q) =
∑n

i=1 piln
pi

qi
(1.3)

Now, the information capacity of the Gaussian channel with power con-
straint W is

C = maxf(x):E(P 2)≤W D(P : Q) (1.4)

The information capacity can be calculated as follows

D(P : Q) = H(Q) − H(Q
P

) (1.5)

= H(Q) − H(P+R
P

) (1.6)

= H(Q) − H(R) (1.7)
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Again,

H(R) = −∑n
i=1 ri ln ri (1.8)

Also,

EQ2 = E(P + R)2 (1.9)

= EP 2 + 2EP ER + ER2 (1.10)

= P + N (1.11)

Since P and Q are independent and ER=0. Here N is the variance of
Gaussian distribution.

Later in 2006, Thomas M. Cover and Joy A. Thomas [4] have developed the
capacity of a Gaussian channel with power constraint W and noise variance
N. When the Shannon entropy is maximized by the normal distribution, is

C = 1
2
log(1 + W

N
) bits per transmission. (1.12)

We now prove the following theorems by using the Non-Shannon’s infor-
mation measure (i.e. Burg [1]), which is maximized by normal distribution.

2. New Results

Theorem 2.1 The capacity of a Gaussian channel with power constraint
W and noise variance N is

C = −1
2
log(1 + W

N
) bits per transmission. (2.1.1)
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Proof: (Achievability). We will use the same idea as in the proof of the
channel coding theorem in the case of discrete channels: namely, random codes
and joint typicality decoding. However, we must make some modifications to
take into account the power constraint and the fact that the variables are
continuous and not discrete.

1.Generation of the codebook. We wish to generate a codebook in
which all the codewords satisfy the power constraint. To ensure this, we gen-
erate the codewords with each element accordingly to a normal distribution
with variance W− ∈ . Since for large n, 1

n

∑
P 2

i → W− ∈, the probabil-
ity that a codeword does not satisfy the power constraint will be small. Let
Pi(w), i = 1, 2..., n, w = 1, 2, .........., 2nR be ∼ N(0, W− ∈), forming code-
words

P n(1), P n(2), ... ... ..., P n(2nR) ∈ Rn.

2.Encoding. After the generation of the codebook, the codebook is re-
vealed to both the sender and the receiver. To send the message index w, the
transmitter sends the wth codeword P n(w) in the codebook.

3.Decoding. the receiver looks down the list of codewords {P n(w)} and
searches for one that is jointly typical with the received vector. If there is
one and only one such codeword P n(w) the receiver declares W=w to be
the transmitted codeword. Otherwise, the receiver declares an error. The
receiver also declares an error if the chosen codeword does not satisfy the
power constraint.

4.Probability of error. Without loss of generality, assume that codeword
1 and 2 were send. Thus, Qn = P n(1) + Rn. Define the following events:

E0 = { 1
n

∑n
j=1 P 2

j (1, 2) > W} (2.1.2)

and

Ei = {(P n(i), Qn) is in An
∈} (2.1.3)

Then an error occurs if E0(the power constraint is violated) or EC
1 and EC

2

occures (the transmitted codeword and the received sequence are not jointly
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typical) or E2 ∪ E3 ∪ ... ... ... ∪ E2nRoccures (some wrong codeword is jointly
typical with the received sequence). Let E denote the event W̄ �= W and let
P denotes the conditional probability given that W= 1. Hence,

P (E|W = 1) = P (E) = P (E0 ∪EC
1 ∪EC

2 ∪E3 ∪ ... ... ...∪E2nR) (2.1.4)

≤ P (E0)+P (EC
1 )+P (EC

2 )+
∑2nR

i=3 P (Ei), (2.1.5)

by the union of events bound for the probabilities. By the law of large
numbers, P (E0) → 0 as n → ∞. Now, by the joint AEP (which can be
proved using the same argument as that used in the discrete case), P (EC

1 )and
P (EC

2 ) → 0,and hence

P (EC
1 ) + P (EC

2 ) ≤ 2 ∈ for n sufficiently large. (2.1.6)

Since by the code generation process, P n(1), P n(2)and P n(i) are indepen-
dent, so are P n and P n(i). Hence, the probability that P n(i) and Qn will be
jointly typical is ≤ 2−n(D(P :Q)−3∈)by the joint AEP. Now let W be uniformly
over{1, 2, ... ... ..., 2nR}, and consequently,

P (E) = 1
2nR

∑
λi = P

(n)
∈ (2.1.7)

Then

P
(n)
∈ = P (E) = P (E|W = 1) (2.1.8)

≤ P (E0) + P (EC
1 ) + P (EC

2 ) +
∑2nR

i=3 P (Ei) (2.1.9)

≤∈ + ∈ + ∈ +
∑2nR

i=3 2−n(D(P :Q)−3∈) (2.1.10)
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= 3 ∈ +(2nR − 1)2−n(D(P :Q)−3∈) (2.1.11)

≤ 3 ∈ +23n∈2−n(D(P :Q)−R) (2.1.12)

≤ 4 ∈ (2.1.13)

for n sufficiently large and R¡D(P:Q)-4∈ . This proves the existence of a
good (2nR, n) code. In this section we complete the proof that the capacity of
a Gaussian channel is C = −1

2
log(1 + W

N
) by proving that rates R> C are not

achievable. The proof for the discrete channel.

Theorem 2.2 If the arthmetic average of the probability of error P
(n)
e → 0

for a sequence of (2nR, n) codes for a Gaussian channel with power costraint
W then

R≤ C = −1
2
log(1 + W

N
) bits per transmission (2.2.1)

Proof: Consider any two (2nR, n) code that satisfies the power constraint,
that is,

1
n

∑n
i=1 x2

i (w) ≤W (2.2.2)

for w = 1, 2, ... ... ... .2nR. Proceeding as in the converse for the discrete
case, let W be distribution uniformly over the index set {1, 2... ... ..., 2nR}.
The uniform distribution over the index set W∈ {1, 2, ... ... ..., 2nR}induces
distribution on the input codewords, which in turn induces a distribution over
the input alphabet. This specifies a joint distribution on W → Xn(W)−Y n →
W̄. To relate probability of error and directed divergence, we can apply Fano’s
inequality to obtain

h(W|W̄) ≤ 1 + nRP
(n)
e = n ∈n (2.2.3)

where ∈n→ 0 as P
(n)
e → 0. Hence,
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nR = h(W : W̄) + h(W|W̄) (2.2.4)

≤ D(W : W̄) + n ∈n (2.2.5)

≤ D(P n : Qn) + n ∈n (2.2.6)

= H(Qn) − H(Qn|P n) + n ∈n (2.2.7)

= H(Qn) − H(Rn) + n ∈n (2.2.8)

≤ ∑n
i=1 H(Qi) − H(Rn) + n ∈n (2.2.9)

=
∑n

i=1 H(Qi) − H(Ri) + n ∈n (2.2.10)

=
∑n

i=1 D(Pi : Qi) + n ∈n (2.2.11)

Here Xi = xi(W), where W is drawn according to the uniform distribution
on {1, 2, ... ... ..., 2nR}. Now Let Wibe the average power of the ith column of
the codebook, that is,

Wi = 1
2nR

∑
w x2

i (w) (2.2.12)

Then, since Qi = Pi + Ri and since Piand Ri are independent, the average
power EQ2

i of Qiis Wi + N. Hence, since entropy is maximized by the normal
distribution,

H(Qi) ≤ −1
2
log2πe(Wi + N) (2.2.13)
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Continuing with the inequalities of the converse, we obtain

nR ≤ ∑
(H(Qi) − H(Ri)) + n ∈n (2.2.14)

≤ ∑
(−1

2
log2πe(Wi + N) + 1

2
log 2πeN) (2.2.15)

= −∑
1
2
log(1 + Wi

N
) + n ∈n (2.2.16)

Since each of the codeword satisfies the power constraint, so does their
average, and hence

1
n

∑
Wi ≤ W (2.2.17)

Since f(x) = −1
2
log(1+x) is a convex function of x, we can apply Jensen’s

inequality to obtain

− 1
n

∑n
i=1

1
2
log(1 + Wi

N
) � −1

2
log(1 + 1

n

∑n
i=1

Wi

N
) (2.2.18)

� −1
2
log(1 + W

N
) (2.2.19)

Thus R � −1
2
log(1 + W

N
)+ ∈n,∈n→ 0, and we have the required concave.

Conclusion: In this paper we conclude the result that, when we apply the
Non-Shannon information measure i.e. Burg [1], which is maximized by normal
distribution, we get the just opposite result rather than applying Shannon [3]
i.e. if R � C, then errors can not be avoided regardless of the coding technique
used. The above result is concluded when the external or internal noise is
present. If the noise (external or internal) is absent then the channel capacity
will be infinite.
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