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1. INTRODUCTION 

 

Through out this  paper the space �	is concerned to a topological space on which 

no separation axioms is assumed. The closure ( interior ) of a subset � of � is 

denoted by ��	��	 ( resp. 
��	��	).Now let us recall the following types of open 

sets: 

Definition 1.1. A subset A of the space X is called: 

1.semi open set [3] if and only if � ⊆ ��	
����	. 

2.	� �open set [4] if and only if � ⊆ 
��	��	
����	. 

3. regular open set [2] if and only if � � 
��	����	. 

3. regular closed set [2] if and only if � � ��	
����	. 

 As an auxiliary results for our main results we need the following lemmas:  

Lemma 1.2. [5] Let � and � are subsets of  the space � such that � ⊆ � and � is 

semi open set in �, then � is semi open in � if and only if � is semi open in �. 
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Lemma 1.3. [6] If � is � �open set in the space � and B is semi open set in X, 

then � ∩ � is semi open set in �. 

 

2. C*-COMPACT SPACES 

 

In this article we introduce our dominions and some results related to it. 

 

Definition 2.1. A subset � of the space � is said to be c*-compact relative to X 

if and only if for any cover �����∈� of � by semi open subsets of � has a finite 

sub cover such that � ⊆ ⋃ ��	
��	�����
���� . 

Definition 2.2. A subset � of the space � is said to be c*-compact if and only if 

for any semi open cover �����∈� of � has a finite sub cover ��������
�

such that 

� � ⋃ ��	
��	�����
���� . 

Theorem 2.3. A space � is c*-compact if and only if for any closed regular open 

cover �����∈� of � has a finite sub family such that � � ⋃ ���
���� . 

Proof. 

 Let � be a c*-compact space and let �����∈�  be a closed regular open 

cover of �, then clearly it is a cover of semi open sets of �, therefore there exist 

��, �!, … , �� such that  � � ⋃ ��	
��	�����
���� � ⋃ �����

���� � ⋃ ���
���� . 

Now assume �����∈� be a semi open cover of X. Then using Lemma 2 of  [1] we 

have 	�����  is regular closed it mean 	����� � 	��	
��	�����  By our hypothesis 

there exists a subfamily ����������
�

 such that � � ⋃ ��	
��	�����
����   ✜ 

Theorem 2.4. A space � is c*-compact if and only if every family �����∈� of 

semi closed subsets of �  with ⋂�∈��� � ∅ and 	
��	���� % ∅  for each � ∈ Λ , 

have a subfamily ��������
�

 such that ∩���� 
��	����� � ∅. 

Proof. 

 Let �  be a c*-compact space and let �����∈�  be a collection of semi 

closed subsets of � with ⋂�∈��� � ∅ and 	
��	���� % ∅, for each � ∈ Λ. Then  

�\�� is semi open in � , for each � ∈ Λ so that there exist ��, �!, … , �� such that 

� � ⋃ ��	
��	����\���	���� . Hence ∩���� 
��	����\���	 � ∅. 

Now let  �����∈� be a semi open cover of X. Then ��\����∈� is a collection of 

semi closed subsets of �, with ∩���� ��\���	 � ∅, therefore there exist  
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��, �!, … , ��  such that ∩���� 
��	����\���	 � ∅ . This implies � � �\
(∩���� 
��	����\���	) � ⋃ ��	
��	�����

����   ✜ 

 

3. SUBSPACES AND C*-COMPACTNESS 

 

 In this section we shall introduce some theorems concerning the subspaces 

of c*-compact space. 

Theorem 3.1. An 	� �open set � of a space � is c*-compact subspace if and only 

if it is c*-compact relative to �. 

Proof. 

 Let �����∈� be a cover of semi open subsets of �, since � is � �set, so by 

Lemma 1.3. we have � ∩ �� is a relative semi open cover of �. Since � is c*-

compact subspace of �, therefore there exists a finite subfamily of semi open sets 

�� ∩ ���, 	�������
�

 such that � � ⋃ ��*	
��*	��*����	���� . Hence 

� ⊆ ⋃ ��	
��	������	���� . 

 Let �+���∈� be a relative semi open cover of �, since � is semi open then 

by Lemma 1.3 we have �+���∈� is a cover of semi open subsets of � for �. Since 

� is c*-compact relative to �, so there exists a finite subfamily �+������
�

 such that 

 � ⊆ ⋃ ��	
��	���+��	����  

 				� ⋃ ��	
��	���+�� ∩ �	����  

    � ⋃ ��*	
��*	��*�+��	����   ✜ 

Corollary 3.2. If � is an � �open set in the space �, and � is c*-compact subset 

of �, then � ∩ � is c*-compact relative to �. 

Theorem 3.3. A space � is c*-compact if and only if  every regular open subset 

of it is c*-compact set. 

Proof. 

 Let � be a c*-compact space and � is regular open set of �. Let �����∈� 

be a relative semi open cover of  � . We have by Lemma 1.3 �� is semi open set 

of �. Since � is regular open so ��\�	 is regular closed subset of � and hence 

semi open set in �. Therefore ���, �\���∈� is a semi open cover of �. Since � is 

c*-compact so ��� , �\���∈�  have a finite sub cover such that 

� � ⋃ (��	
��	�����) ∪���� ���	
��	����\�		. Hence � � ⋃ ��	
��	�����
���� . 
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Now let � be a regular open sub set of	� and �+���∈� be a semi open cover of �. 

If  � � ��	
��	��	+�- for some ., we complete the proof. Since +�- is semi open so 

� � ��	
��	��+�- which is also semi open  and  by  using Lemma 2.1 in [5] we 

have ��	
��	��+�-  is regular closed set on �, so that �\���	
��	��+�-	  is regular 

open set in �. Hence by Lemma 1.3 we have / � 0+� ∩ (�\��	
��	��	+�-), +� ∈
�+�� �∈��1�-

	2  is relative semi open cover of �\��	
��	��	+�-. From our hypothesis 

there is a sub cover /3 � �+�� ∩ (�\��	
��	��	+�-), 
 � 1,2, … , ., … , �	� of F such 

that �\���	
��	��	+�-	 �∪���� ��6\78	��9	78	:;- 
��6\78	��9	78	:;- ��6\78	��9	78	:;- �+�- ∩
(�\��	
��	��	+�-)	  so that �\���	
��	��	+�-	 ⊆∪���� ��	
��	��	+�� . This implies 

� �∪���� ��	
��	��	+��. Hence � is c*-compact set  ✜ 

Theorem 3.4. A space � is c*-compact if and only if  every semi open cover of 

semi closed subset � of �  has a finite subfamily such that the closure interior 

closure of its sets covers 
��	�. 

Proof. 

 Let �  be a c*-compact space and �  is semi closed sub set of � . Let 

�����∈�  be a semi open cover of �. Therefore  / � ��� , ��\�	��∈�  is a semi 

open cover of �. Since � is c*-compact space so F contains a finite subfamily 

such that � �∪���� ��	
��	��	��� ∪ ��	
��	��	��\�	.  This implies 
��� �
∪���� ��	
��	��	���. 

Now let �����∈� be a semi open cover of �. If for some � say � � =, we have 

� � �>  then there is nothing to prove. Assume � % �> % ? then �\�>  is semi 

closed. Also �����∈� is a semi open cover of �\�>. Therefore by our hypothesis 

there exist ��, �!, … , ��  such that 
��(�\�>) ⊆∪���� ��	
��	��	���  then � ⊆
∪���� ��	
��	��	���⋃ @�\��(�>)A.  � � ���	
��	���>	 ∪ ��\��	
��	���>	 

    ⊆ �∪���� ��	
��	��	���	 ∪ ��	
��	��	�>  ✜ 

Theorem 3.5. If � and � are two c*-compact � �open sub sets of �, then � ∪ � 

is c*-compact subset of �. 

 

Proof. 

 Let / � �����∈� be a relative semi open cover of � ∪ �. Since � ∪ � is 

semi open set in � and subset of the semi open ∪�∈� ��. Then by Lemma 1.2  �� 

is semi open set in �. Then since � and � are c*-compact subsets of �, therefore  
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by Theorem 3.1 there exist �, B ∈ C  such that � ⊆∪���� ��	
��	��	���  and � ⊆
∪���� ��	
��	��	���. This implies � ∪ � ⊆∪���

DEF��,D� ��	
��	��	���  ✜ 

Corollary 3.6. The union of any finite c*-compact � � open subspaces of a 

topological space is c*-compact.  

 

4. LOCALLY C*-COMPACT SPACES 

 

In this article we introduce the so called locally c*-compact space and a 

rather simple theorem related to it. 

Definition 4.1. A space � is said to be locally c*-compact if and only if each 

point belongs to a regular open neighbourhood which is a c*-compact subspace of 

�. 

Lemma 4.2.[2] If � is regular open set in the topological space ��, G	, then every 

regular open set in ��, G*	 is also regular open set in ��, G	. 

Theorem 4.3. ��, G	 is locally c*-compact space if and only if for any H ∈ � 

there exists a regular open locally c*-compact set U, with H ∈ �. 

Proof. 

 First let us prove that � is locally c*-compact space. Let H ∈ �  by our 

hypothesis there exists a regular open locally c*-compact subspace � of � and 

containing H. Then there exists a regular open set + in � such that H ∈ + and + is 

c*-compact subspace of � . By Lemma 4.2 +  is regular open in ��, G	 and by 

Theorem 3.1 + is c*-compact subspace of �. Thus ��, G	 is locally c*-compact. 

Now assume ��, G	 is locally c*-compact space, so by Definition 4.1 for each 

point H ∈ �  there exists a regular open c*-compact neighbourhood which is 

subspace of �, which is represent the regular open locally c*-compact subspace of 

��, G	  ✜ 
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