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1. Introduction 
 

After the introduction of fuzzy sets by Zadeh [31] in 1965 and fuzzy 

topology by Chang [7] in 1967, several researches were conducted on the 

generalizations of the notions of fuzzy sets and fuzzy topology. The concept of 

intuitionistic fuzzy sets was introduced by Atanassov [1,2,3] as a generalization of 

fuzzy sets. In the last 27 years various concepts of fuzzy mathematics have been 

extended for intuitionistic fuzzy sets.  In 1997 Coker [8] introduced the concept of 

intuitionistic fuzzy topological spaces as a generalization of fuzzy topological 

spaces. Recently many fuzzy topological concepts such as fuzzy compactness 

[10], fuzzy connectedness [30], fuzzy separation axioms [4,16,18], fuzzy nets and 

filters [17], fuzzy metric spaces [29], and fuzzy continuity [13] have been 

generalized for intuitionistic fuzzy topological spaces.  In 1999, Ozbakir and 

Coker [24] introduced the concept intuitionistic fuzzy multifunctions and studied 

their lower and upper intuitionistic fuzzy semi continuity from a topological space 
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to an intuitionistic fuzzy topological space.In the present paper we extend 

theconcepts of lower and upper irresolute multifunctions due to Popa [25] to 

intuitionistic fuzzy multifunctions obtain some of their characterizations and 

properties. 

 

 

2. Preliminaries 
 

Throughout this paper  and (Y,  ) represents  a topological space 

and  an intuitionistic fuzzy topological space respectively. 

 

Definition 2.1[ 15 ] : A subset A of a topological space ) is called : 

(a) Semi open if there exists an open set U of X such that )(UClAU .  

(b) Semi closed if its complement A
c
 is semi open. 

 

The family of all semi open (resp. semi closed) subsets of topological 

space  is denoted by SO(X) (resp. SC(X)). The intersection of all semi-

closed sets of X containing a set A of X is called the semi closure [ 6] of A. It is 

denoted by sCl(A). The union of all semi open subsets of A of X is called the 

semi interior of A .It is denoted by sInt(A). A subset A of X is semi open (resp. 

semi closed) if and only if A  A subset N of 

a topological space ) is called a semi neighbourhood [6 ] of a point x of X if 

there exists a semi open set O of X such that x N.  A is a semi open in X if 

and only if it is a semi neighbourhood of each of its points. Let A be a sub set of a 

topological space X A sub set V of X is called a semi-neighbourhood of a subset 

A of X if there exists  SO(X) such that . A mapping f from a 

topological space (X,  to another topological space (X*,   is said to be 

irresolute [11 ] (resp. semi continuous [15]) if the inverse image of every semi 

open (resp. open) set of X* is  semi open in X.  Every continuous (resp. irresolute 

) mapping is semi continuous but the converse may not be true [ 11 ] . The 

concepts of continuous and irresolute mappings are independent [11]. 

Definition 2.1 [1, 2 , 3 ]: Let Y be a nonempty fixed set. An intuitionistic fuzzy 

set 
~

 in Y is an object having the form  

 
~

= { y Y } 

where the functions :Y I and :Y I denotes the  degree of membership 

(namely ~ (y)) and the degree of non membership (namely υ ~ (y)) of each 

element y Y to the set 
~

 respectively, and  0     1 for each 

y Y.  
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Definition 2.2 [1,2,3]: Let Y be a nonempty set and the intuitionistic fuzzy sets 
~

 

and 
~

 be in the form 
~

= {  : y Y}, 
~

= 

{  : y  Y} and let  {
~

 : α  } be an arbitrary family of 

intuitionistic fuzzy sets in Y. Then: 

(a) 
~

 
~

if y  Y  and ];  

(b) 
~

= 
~

if 
~

 
~

 and 
~ ~

; 

(c)  Ã
c
= {   : y  Y}; 

(d) 0
~

 ={ y, 0,1 :y Y} and 1
~

={ y,1,0 :y Y} 

(e)  
~

= {  : y Y}; 

(f)  
~

 = { : y  Y};     

Definition 2.3 [9] :Two Intuitionistic Fuzzy Sets 
~

 and 
~

 of Y are said to be 

quasi coincident    (
~

q
~

 for short)  if such that  (y)   or   

. 

Lemma 2.1[9]: For any two intuitionistic fuzzy sets 
~

 and 
~

 of Y,             

 ( ) 
c
. 

Definition 2.4[8]: An intuitionistic fuzzy topology on a non empty set Y is a 

family  of intuitionistic fuzzy sets in Y  which satisfy the following 

axioms: 

(O1).  0
~

, 1
~

 , 

(O2). 1

~
2

~
 , for any 1

~
, 2

~
 , 

(O3).  
~

 for any arbitrary family { :
~

}  . 

In this case the pair (Y, ) is called an intuitionistic fuzzy topological space and 

each intuitionistic fuzzy set in , is known as an intuitionistic fuzzy open set in Y. 

The complement 
~ c

 of an intuitionistic fuzzy open set 
~

  is called an 

intuitionistic fuzzy closed set in Y. 

Definition 2.5 [9]: Let X be a nonempty set and  a fixed element in X. If 

 are two real numbers such that  then, 

(a)  is called an intuitionistic fuzzy point(IFP in short) 

in X, where  denotes the degree of membership of  , and  denotes 

the degree of non membership of . 
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(b)   is called a vanishing intuitionistic fuzzy point 

(VIFP in short ) in X, where  denotes the degree of non membership of 

. 

Definition 2.5 [8]:  Let (Y,   be an intuitionistic fuzzy topological space and 
~

 

be an intuitionistic fuzzy set in Y. Then the interior and closure of
~

 are defined 

by: 

 cl(
~

) = {  :  is an intuitionistic fuzzy closed set in Y and 
~

 }, 

int(
~

) = {  :  is an intuitionistic fuzzy open set in Y and   }. 

Lemma 2.2 [7]: For any intuitionistic fuzzy set 
~

 in (Y, ) we have: 

(a)  is an intuitionistic fuzzy closed set in Y   

(b)  is an intuitionistic fuzzy open set in Y   

(c)  , 

(d) . 

Definition 2.6[13]: An intuitionistic fuzzy set A of an intuitionistic fuzzy 

topological space (Y,  )  is called : 

(a) Intuitionistic fuzzy Semi-open if A  

(b) Intuitionistic fuzzy Semi-closed if its complement A
c
 is Intuitionistic fuzzy 

semi open. 

 

The family of all Intuitionistic fuzzy semi open (resp. Intuitionistic fuzzy 

semi closed) sets of an intuitionistic fuzzy topological space (Y,   is denoted by 

IFSO(Y) (resp. IFSC(Y)). The intersection of all intuitionistic fuzzy semi-closed 

sets of Y containing A is called the semi-closure [13] of A, it is denoted by sClA. 

The union of all Intuitionistic fuzzy semi open subsets of A is called the semi 

interior of A, It is denoted by sInt(A). An intuitionistic fuzzy set N of an 

intuitionistic fuzzy topological space(Y,  is called a semi neighborhood of an 

intuitionistic fuzzy point  of Y if there exists an intuitionistic fuzzy semi 

open set O of Y such that    N.  A is an intuitionistic fuzzy semi 

open set in Y if and only if it is a neighbourhood of each of its intuitionistic fuzzy 

points. 

Definition 2.7 [24]: Let X and Y are two non empty sets. A function F: X→Y is 

called intuitionistic fuzzy multifunction if F(x) is an intuitionistic fuzzy set in Y, 

 x X.  

Definition 2.8[26]: Let F: X→Y is an intuitionistic fuzzy multifunction and A be 

a subset of X. Then   F(A) =  . 
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Lemma 2.3[26 ]: Let F : X→Y be  an  intuitionistic fuzzy multifunction . Then  

(a) A  B   F(A)  F(B)  for any subsets A and B of  X. 

(b) F(A B)  F(A) F(B)   for any subsets A and B of  X. 

(c) F( ) = {F :)( } for any family of subsets{ : } in X. 

Definition 2.9[24]:  Let F :X→Y be an intuitionistic fuzzy multifunction. Then 

the upper inverse F (
~

) and lower inverse F (
~

)  of an intuitionistic fuzzy set 
~

 in Y are defined as follows: 

      F (
~

) ={x :  F(x)  
~

} 

      F (
~

) = {x :  F(x)q
~

}. 

Lemma 2.4[26 ]: Let F : X→Y be an  intuitionistic fuzzy multifunction and 
~

 ,
~

 be intuitionistic fuzzy sets in Y. Then:  

(a) F ( 1
~

) = F ( 1
~

) = X 

(b) F (
~

)  F (
~

) 

(c) [F (
~

)] c = F (
~ c ) 

(d) [F (
~

)]
c
= F (

~ c
) 

(e) If then  

(f) If then  . 

 

Definition 2.10[24]:  An Intuitionistic fuzzy multifunction F:X→Y is said to be 

(a) Intuitionistic fuzzy upper semi continuous at a point Xx0 , if for any 

Intuitionistic  fuzzy  open set YW
~

such that WxF
~

)( 0 there exists an open 

set XU containing 0x such that WUF
~

)( . 

(b) Intuitionistic fuzzy lower semi continuous at a point Xx0  if for any 

Intuitionistic  fuzzy  open set YW
~

such that WqxF
~

)( 0  
there exists an open 

set XU containing 0x such that WqxF
~

)( , Ux . 

(c) Intuitionistic fuzzy upper semi-continuous (Intuitionistic fuzzy lower semi-

continuous) if it is intuitionistic fuzzy upper semi-continuous (Intuitionistic 

fuzzy lower semi-continuous) at each point of X. 

 

 

3. Lower Irresolute Intuitionistic Fuzzy Multifunctions 

Definition 3.1: An Intuitionistic fuzzy multifunction F: →( is said to 

be:  
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(a) Intuitionistic fuzzy lower irresolute at a point Xx0  if for any )(
~

YIFSOW

such that WqxF
~

)( 0  there exists  containing  such that WqxF
~

)( ,

Ux . 

(b) Intuitionistic fuzzy  lower irresolute if it has this property at each point of X. 

Definition 3.2: Let A be an intuitionistic fuzzy set of an intuitionistic fuzzy 

topological space ( ). Then V is said to be a semi-neighbourhood of A in Y if 

there exists an intuitionistic fuzzy semi-open set   such that . 

Theorem3.1: Let F:  →(  be an intuitionistic fuzzy multifunction and 

let . Then the following statements are equivalent: 

(a) F is intuitionistic fuzzy lower irresolute at . 

(b) For each   with , implies  ] 

(c) For any open set   containing  and for any  with , 

there exists a non empty open set  such that , , . 

 

Proof : (a) (b). Let  and  such that , there is a 

,such that  and . Thus  

Now implies  Hence . 

(b) (c). Let  such that , then . Let  

  be any open set such that  then  ≠ . Put             

,then V is an open set,   and . 

(c) . Let { } be the system of the open-sets in X containing x. For any 

open set    such that  and  any  such that  ,  there 

exists a non empty open set  such that  Let         

W = , then W is open ,  and . Put              

S = W , then .Thus ,  and 

 hence F is intutionistic fuzzy lower irresolute at x. 

 

Definition 3.3 [27]: Let X and Y are two non empty sets. A function F: X→Y is 

called fuzzy multifunction if F(x) is a  fuzzy set in Y,  x X.  

Corollary 3.1[27]: For a fuzzy multifunction F:X→Y and a point  the 

following statements are equivalent : 

(a) F is fuzzy lower irresolute at . 

(b) For each   with , implies  ). 

(c) For any open set   containing  and for any  with , 

there exists a non empty open set  such that , . 

 

Corollary 3.2[25]: For a multifunction F:X→Y and point  the following 

statements are equivalent : 

(a) F is lower irresolute at . 

(b) For each   with , implies  )) 
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(c) For any open set   containing  and for any  with 

, there exists a non empty open set  such that 

, . 

 

Theorem 3.2: Let F:  →(  be an intuitionistic fuzzy multifunction, 

Then the following statements are equivalent: 

(a) F is intuitionistic fuzzy lower irresolute. 

(b)  

(c) For any and for each point  ,with , there is 

 such that  and  

(d)    

(e) , for each intuitionistic fuzzy set, . 

(f) , for each subset  

(g) ,for each subset  

(h) , for each Intuitionistic fuzzy set,  .  

Proof: (a)  (b). Let  and , so  , since F is 

Intuitionistic Fuzzy lower irresolute, by Theorem 3.1 it follows that 

). As x is chosen arbitrarily in  we have 

) and thus  . 

(b)  (a). Let x be arbitrarily chosen in X and  such that , 

so  . By hypothesis X), we have 

 and thus F is intuitionistic fuzzy lower irresolute at x according 

to Theorem 3.1. As x was arbitrarily chosen, F is intuitionistic fuzzy lower 

irresolute. 

(b)  (c). Let  and  such that , thus 

.Let , then  and  

(c)  (b). For any   such that , there is a set  

such that  and  Then  and 

hence . 

(b) (d). Follows from lemma [2.4], 

(d)  (e). Let  be arbitrary intuitionistic fuzzy set of Y. since 

by hypothesis ). Since we always have 

, by theorem 1[6], we obtain 

. 

(e)  (f). Suppose that (e) holds, and let A be an arbitrary subset of X. Let us put              

then . Therefore, by hypothesis, we have  

  . 

Therefore . 

(f)  (d). Suppose that (f) holds, and let  .Put ), 

then . Therefore, by hypothesis, we have  
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 and .Since we always 

have , we obtain . 

Then by theorem 1[6], . 

(d)  (g). Since , we have . Now sCl(F(A))

 and by hypothesis . Thus 

. Consequently, . 

(g)  (d). Let . Replacing A by ) we get by(g) 

 . 

Consequently, .But  and so 

.Thus by Theorem 3[6], . 

(g)  (h). Let  be any intuitionistic fuzzy set of Y. replacing A by  we 

get by (g)   

Thus . 

(h)  (g). Replacing  by F(A), where A is a subset of X, we get by (h) 

. 

Thus  This completes the proof of 

the theorem. 

 

Corollary 3.3[27]: For a fuzzy multifunction F:X→Y  the following statements 

are equivalent : 

(a) F is fuzzy lower irresolute. 

(b)  

(c) For any and for each point  ,with , there is 

 such that  and  

(d)    

(e) , for each fuzzy set, . 

(f) , for each subset  

(g) ,for each subset  

(h) , for each fuzzy set,  .  

 

Corollary 3.4[25]: For a multifunction F:X→Y  the following statements are 

equivalent : 

(a) F is lower irresolute. 

(b)  

(c) For any and for each point  ,with , there is 

 such that  and  

(d)    

(e) , for each set, . 

(f) , for each subset  

(g) ,for each subset  

(h) , for each set,  .  
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4. Upper Irresolute Intuitionistic Fuzzy Multifunctions 

Definition 4.1: An Intuitionistic fuzzy multifunction F:  →Y( is said to 

be 

(a) intuitionistic fuzzy Upper irresolute at a point Xx0   if for any 

such that WxF
~

)( 0 there exists  containing 0x such that

WUF
~

)(  

(b) intuitionistic fuzzy  upper irresolute if it has this property at each point of X. 

 

Theorem 4.1: For an intuitionistic fuzzy multifunction F:  →(  and a 

point  the following  conditions are equivalent: 

(a) F is intuitionistic fuzzy upper irresolute at x. 

(b) For each , there results the relation 

. 

(c) For any open set  containing x and for any , 

there exists a non-empty open set  such that . 

 

Proof. (a) (b). Let  and  such that , there is a  

  such that and .Thus . Since 

,  Consequently, 

. 

(b) (c). Let  such that , then . Let  

  be any open set such that  then  ≠ . Put  

, then V is an open set,   and . 

(c) (a). Let { } be the system of the open sets in  X containing x . For any 

open set    such that  and any  such that  , 

there exists a non empty open set  such that   Let                   

W = ,  then W is open ,  and . Put          

S = W , then . Thus  ,  and 

 Hence F is intuitionistic fuzzy upper irresolute  at x. 

 

Corollary 4.1[27]: For an fuzzy multifunction F:  →Y(  and a point 

 the following  conditions are equivalent: 

(a) F is  fuzzy upper irresolute at x. 

(b) For each , there results the relation 

. 

(c) For any open set  containing x and for any 

,there exists a non-empty open set  such that . 
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Corollary 4.2[25]: For a multifunction F:  →Y(  and a point  the 

following  conditions are equivalent: 

(a) F is upper irresolute at x. 

(b) For each , there results the relation 

. 

(c) For any open set  containing x and for any ,there 

exists a non-empty open set  such that . 

 

Theorem 4.2: For an intuitionistic fuzzy multifunction F:  →(  the 

following conditions are equivalent: 

(a) F is intuitionistic fuzzy upper irresolute. 

(b) . 

(c) For   and  with , there is a  such 

that  and  . 

(d) for each  

(e) For  and for each semi-neighborhood  of  is a semi-

neighborhood of x. 

(f)  For  and for each semi-neighborhood  of , there is a semi-

neighborhood U of  x such that . 

(g)  for each intuitionistic fuzzy set  

 

Proof: The proofs of (a) (b)  (c)  (d) are similar to the proof of Theorem 

3.2. The equivalence of (d) and (g) are trivial. 

(b)  Let  and  be a semi-neighborhood of . Then there is 

 such that .Hence . Now by 

hypothesis  and thus is a semi-neighborhood of x. 

(e)   Let  and   be a semi-neighborhood of . Thus 

 is a semi-neighborhood of x and . 

(f) . Let  and  such that . , being a semi-open 

set , is a semi-neighborhood of F(x) and according to the hypothesis there is a 

semi-neighborhood U of x such that . Therefore there is  

such that  and hence  

 

Corollary 4.3[27]: For a fuzzy multifunction F:  →(  the following 

conditions are equivalent: 

(a) F is fuzzy upper irresolute. 

(b) . 

(c) For   and  with , there is a  such that 

 and  . 

(d) For each  . 

(e) For  and for each semi-neighborhood V of  is a semi-

neighborhood of x. 
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(f)  For  and for each semi-neighborhood V of , there is a semi-

neighborhood U of  x such that . 

(g) For each intuitionistic fuzzy set . 

 

Corollary 4.4[25]:  For a multifunction F from a topological space   to 

another topological space (  the following conditions are equivalent: 

(a) F is upper irresolute. 

(b) . 

(c) For   and  with , there is a  such that 

 and  . 

(d) For each  . 

(e) For  and for each semi-neighborhood V of  is a semi-

neighborhood of x. 

(f)  For  and for each semi-neighborhood V of , there is a semi-

neighborhood U of  x such that . 

(g) For each subset . 

 

Corollary 4.5[25]: For a single-valued mapping   f : X→Y the following are 

equivalent: 

(a) f  is  irresolute. 

(b)  

(c) For any and  with , there is  such that 

 and  

(d)  and for each semi-neighborhood V of  is a semi-

neighborhood of x. 

(e)   and for each semi-neighborhood V of , there is a semi-

neighborhood U of  x such that . 

(f) For each . 

(g) For each subset . 

(h) For each subset . 

(i) For each subset . 

(j) For each subset . 

 

 

5. Irresolute Intuitionistic Fuzzy Multifunctions 

 
Definition 5.1: Let (  be an intuitionistic fuzzy topological space, an 

intuitionistic fuzzy set  is called a semi q-neighbourhood of an intuitionistic 

fuzzy set  of Y if  such that . 

Theorem 5.1: Let F:  → (  be an intuitionistic fuzzy multifunction, 

Then the following statements are equivalent: 

(a). F is intuitionistic fuzzy irresolute at a point ; 
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(b). for any    such that  and  ,there result the 

relation  

(c). for every   such that  and  , and for any 

open set U of  X containing x, there exists a non-empty open set  GU U, such 

that  and . 

Proof .(a) (b): Let  with  and ,there exists 

U SO(X) containing x such that  and . Thus, 

 and , Therefore . 

Since . By theorem 1[15] we have  

 . 

(b) (c): Let  with  and .Then                                          

. Let be any open subset of X containing x. 

Then U . Since,                                                               

, then                                             

. Put , then 

, GU U,GU  and GU . 

And thus   and . 

(c) (a): Let  be the family of open sets of X containing x. For any open set 

 containing x and for every  with  and 

, there exists a non-empty open set GU U such that  and  

. Let W= { }. Then W is open in X, x  Cl(W), 

F(W)  and F(w)q , for every w W. Put S=W {x}, then W S Cl(W) 

thus ,  and . Hence F is 

intuitionistic fuzzy irresolute at x. 

Theorem 5.2: Let F:  → (  be an intuitionistic fuzzy multifunction, 

Then the following statements are equivalent: 

(a) F is intuitionistic fuzzy irresolute. 

(b)  

(c) . 

(d) for any pair of 

intuitionistic fuzzy sets . 

(e) for any pair of 

intuitionistic fuzzy sets . 
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(f) , for any pair of 

intuitionistic fuzzy sets . 

(g) For each point x of X for each semi-neighbourhood  of F(x) and for each 

Semi q-neighbourhood  of F(x) such that ,  is a 

semi-neighbourhood of x. 

(h) For each point x of X and for each semi-neighbourhood  of F(x) and for 

each Semi q-neighbourhood  of F(x), such that , there is a semi-

neighbourhood U of x such that  and . 

Proof: (a) (b). Let any  and  , thus 

 and , Since F being intuitionistic fuzzy irresolute according to 

the theorem 5.1(b).There follows that . And as x 

is chosen arbitrarily in , we have 

 and thus  by Theorem 

1[15].  

(b) (c). It follows from Lemma 2.4 (c) and (d).  

(c) (d).Suppose that (c) holds and let    

, Then  

Therefore by (c) .By theorem 1[22] 

. Now 

 and By Lemma 2.4 (e) and (f)                              

 similarly and  .      Consequently 

. 

(e). Suppose that (d) hold. Since   for each subset 

A of X , it follows that  

. 

(e) (f).  

 

                                  

 . 
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And thus  

(f) (g). Let  a semi-neighbourhood of F(x) and  a semi q-

neighbourhood of F(x), Then  such that 

 Therefore, .  

By hypothesis  

).  

It follows that  is semi-neighbourhood of x. 

(g) (h). Let  a semi-neighbourhood of F(x) and  a semi q-

neighbourhood of F(x). Then by hypothesis, put  . 

Then  is semi-neighbourhood of x,  and 

. 

(h) (a). Obvious.  

Definition 5.2: An intuitionistic fuzzy multifunction F:  → (  is called :  

(a) intuitionistic fuzzy strongly lower semi-continuous  is a open set in X if 

for each intuitionistic fuzzy set  . 

(b) intuitionistic fuzzy strongly upper semi-continuous  if   is a open set in 

X if for each intuitionistic fuzzy set  . 

Theorem 5.3: Let F:  → ( be an intuitionistic fuzzy upper irresolute 

and  intuitionistic fuzzy strongly lower semi-continuous intuitionistic fuzzy 

multifunction then F is intuitionistic fuzzy irresolute. 

Proof: Let   and let  . Now F being intuitionistic 

fuzzy upper irresolute, there is a semi-open set U of X containing x such that  

 Since U is semi-open in X we have, 

))). As x is chosen arbitrarily in ) there follows that 

)) and thus  by theorem1 of [15]. Again 

F being intuitionistic fuzzy strongly lower semi-continuous,   ) is an open 

set in X. Hence, ) and by Theorem 5.2 , F is 

intuitionistic fuzzy  irresolute. 
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