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Abstract

We show that C∞(X) is a connected ideal of Cm(X) if and only if X is i-
compact(a space X for which C∞(X) = I(X)). Using this fact, it turns
out that for a given completely regular Hausdorff space X, there exists
the smallest space Y containing X contained in βX such that C∞(Y ) is
an ideal in C(Y ). We have also shown that the real line R is a connected
subset of Cm(X) if and only if X is pseudocompact. Finally we observe
that the intersection of all free ideals in C(X) is closed in Cm(X) if and
only if X is μ-compact (a space X for which I(X) = CK(X)).
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1 Introduction

Throughut this article, we denote by C(X), the ring of all real-valued con-
tinuous functions on a completely regular Hausdorff space X and the subring
of C(X) consisting of all bounded functions is denoted by C∗(X). For every
f ∈ C(X), the closure of X \ Z(f) is called the support of f , where Z(f) is
the set of zeros of f . The family CK(X) of all functions in C(X) with compact
support is an ideal in C(X) and in C∗(X) as well. CK(X) is the same as the
intersection of all free ideals in C(X) and of all the free ideals in C∗(X). In fact
CK(X) =

⋂
p∈βX\X O

p, where βX is the Stone-Čech compactification of X and

Op = {f ∈ C(X) : p ∈ intβXclβXZ(f)}, see 7E in [4]. It is well-known that Op

is contained in the unique maximal ideal Mp = {f ∈ C(X) : p ∈ clβXZ(f)}
of C(X), see Theorem 7.13 in [4]. Related to these ideals, we have the ideals
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O∗p
= {f ∈ C∗(X) : p ∈ intβXZ(fβ)} in C∗(X) and maximal ideals of C∗(X)

which are precisely the sets M∗p
= {f ∈ C∗(X) : fβ(p) = 0}, where fβ is

the extension of f in C(βX), see [4]. If we denote the intersection of all free
maximal ideals of C(X) by I(X), then clearly CK(X) ⊆ I(X). The family of
all functions in C(X) with pseudocompact support is an ideal in C(X), see
[7]. This ideal is denoted Cψ(X) in [7] and in the Theorem 2.2 of the same
refrence, it is shown that I(X) ⊆ Cψ(X) =

⋂
p∈βX\υXM

p = MβX\υX , where
υX is the realcompactification of X.

As in [4], 7E, we denote by C∞(X) the family of all functions in C(X) which
vanish at infinity, i.e., the family of all functions f ∈ C(X) for which the set
{x ∈ X : |f(x)| ≥ 1

n
} is compact for every n ∈ N. C∞(X) is an ideal in

C∗(X) but it need not be an ideal in C(X). It is shown in [2] that C∞(X)
is an ideal in C(X) if and only if every open locally compact subset of X is
relatively pseudocompact (bounded), i.e., each f ∈ C(X) is bounded on every
open locally compact subset of X. In [6], a space X is called μ-compact or
η-compact or ψ-compact if CK(X) = I(X) or I(X) = Cψ(X) or CK(X) =
Cψ(X) respectively and it is shown that I(X) = Cψ(X) ∩ C∞(X). In [1], a
space X is said to be ∞-compact if C∞(X) = CK(X) and it is shown that a
locally compact ∞-compact space is pseudocompact. We call the space X an
i-compact if C∞(X) = I(X). It is easy to see that every pseudocompact space
is i-compact and every i-compact μ-compact space is ∞-compact.

In this article we chracterize some of these compactness concepts via the
properties of some ideals and subsets of C(X) as subspaces of C(X) with
m−topology. We recall that the m−topology on C(X) is a topology whose
base is the collection of sets of the form

{g ∈ C(X) : |f(x) − g(x)| < u(x) ∀x ∈ X},
where f ∈ C(X) and u ∈ U+. Here U+ refers to the set of positive units of
C(X). Usually the notation Cm(X) will be used when C(X) is equiped with
m-topology, see [4] and [5]. The rearder is refered to [4] for undefined terms
and notations.

2 Results

In [2], C∞(X) is investigated as an ideal of C(X) and the space X is char-
acterized for which C∞(X) to be an ideal of C(X). Here we give a new
characterization for this purpose and for every completely regular Hausdorff
space X we construct the smallest space Y containing X contained in βX such
that C∞(Y ) is an ideal in C(Y ). To prove the first proposition, we need the
following lemma.
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Lemma. If C∞(X) is an ideal of C(X), then Sf = {rf : r ∈ R} is a connected
subset of Cm(X), for each f ∈ C∞(X).

Proof. Let ∅ 	= A � Sf be an open-closed subset of Sf (Sf is considered
as a subspace of Cm(X)). Consider a subset D = {r ∈ R : rf ∈ A} of R.
Clearly ∅ 	= D � R. If s ∈ D, then sf ∈ A, so there exists u ∈ U+ such that
B(sf, u) ∩ Sf ⊆ A for A is open in Sf . Since C∞(X) is an ideal in C(X),
C∞(X) ⊆ Cψ(X) by Theorem 1.3 and Proposition 2.4 in [2]. Thus X \ Z(f)
is bounded and hence u is bounded away from zero on X \ Z(f), i.e., there
exists 0 < α ∈ R such that u(x) > α, ∀x ∈ X \ Z(f), otherwise 1

u
∈ C(X)

will be unbounded on X \ Z(f) and on X as well. If we let |f | < M , then
(s− α

M
, s+ α

M
) ⊆ D and this shows that D is open. The set D is also closed. In

fact if s ∈ cl�D and u ∈ U+, then for the interval (s− α
M
, s+ α

M
) constructed

as above, we have (s− α
M
, s+ α

M
)∩D 	= ∅. Whenever t ∈ (s− α

M
, s+ α

M
)∩D,

then tf ∈ B(sf, u) ∩ Sf ∩ A, i.e., sf ∈ clSf
A = A which means that s ∈ D by

our definition. Therefore D is a nonempty open-closed improper subset of R
which contradicts the connectedness of R, so Sf is connected. �

Proposition 1. The following statements are equivalent.

(a) C∞(X) is an ideal of C(X).

(b) C∞(X) is a connected subspace of Cm(X).

(c) X is i-compact.

Proof. If X is i-compact, then C∞(X) = I(X) and this implies that C∞(X)
is an ideal of C(X). Whenever C∞(X) is an ideal in C(X), then C∞(X) ⊆
Cψ(X), by Theorem 1.3 and Proposition 2.4 in [2], so I(X) = C∞(X) ∩
Cψ(X) = C∞(X), i.e., X is i-compact. This implies that parts (a) and (c)
are equivalent. Now we show that parts (a) and (b) are also equivalent. First
suppose that (b) holds, f ∈ C∞(X) and g ∈ C(X) but fg 	∈ C∞(X). This
implies that fg2 is not bounded, for if fg2 ∈ C∗(X), then f 2g2 ∈ C∞(X),
because C∞(X) is an ideal in C∗(X) and this contradicts fg 	∈ C∞(X) .
Now consider the set Ag2 = {h ∈ C(X) : hg2 ∈ C∗(X)}. If h ∈ Ag2 , then
B(h, 1

1+g2
) ⊆ Ag2 , in fact if k ∈ B(h, 1

1+g2
), then |h − k| < 1

1+g2
implies that

|kg2| < |hg2| + g2

1+g2
. Hence kg2 is bounded, i.e., B(h, 1

1+g2
) ⊆ Ag2 and there-

fore Ag2 is an open set in Cm(X). If h ∈ C(X) is a cluster point of Ag2 , then
B(h, 1

1+g2
)∩Ag2 	= ∅. Let k ∈ B(h, 1

1+g2
)∩Ag2 , then |hg2| < |kg2|+ 1

1+g2
which

means that h ∈ Ag2 , i.e., Ag2 is a closed subset of Cm(X). Thus Ag2 is an open-
closed set, 0 ∈ C∞(X) ∩ Ag2 and f 	∈ Ag2 but f ∈ C∞(X) which imply that
C∞(X) is disconnected in Cm(X), a contradiction. Next it remains only to
show that part (a) implies part (b). Let C∞(X) be an ideal in C(X), then for
each f ∈ C∞(X), the set Sf = {rf : r ∈ R} is a connected subset of Cm(X)
by Lemma 1. But 0 ∈ ⋂

f∈C∞(X) Sf implies that C∞(X) =
⋃
f∈C∞(X) Sf is
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connect in Cm(X) by Theorem 26.7 in [9]. We have thus shown that part (a)
holds. �

The following result stats that the smallest i-compact space containing a given
completely regular Hausdorff space always exists.

Proposition 2. For every completely regular Hausdorff space X, there exists
the smallest i-compact space iX containing X contained in βX.

Proof. Let iX be the intersection of all i-compact subspaces of βX containing
X (βX itself is i-compact containing X). We show that iX is i-compact which
clearly it will be the smallest i-compact space containing X. Let {Yα}α∈S be
the family of all i-compact subspaces of βX containing X, i.e., iX =

⋂
α∈S Yα.

Now for each α ∈ S, we use the function φα which is first define in the proof
of Theorem 2.13 in [1] as follows:

∀α ∈ S, φα : C∗(iX) → C∗(Yα), φα(f) = fYα, ∀f ∈ C∗(iX)

where fYα = fβ|Yα. Clearly φα is an isomorphism for each α ∈ S and
φα(O

∗p
(iX)) = O∗p

(Yα) and φα(M
∗p

(iX)) = M∗p
(Yα), ∀p ∈ βX, where

O∗p
(Yα) and M∗p

(Yα) are the ideals O∗p
and M∗p

in C∗(Yα) respectively. Now
using Lemma 3.14 in [1], for each f ∈ C∗(iX) and each p ∈ βX, f ∈ O∗p

(iX)
if and only if φα(f) ∈ O∗p

(Yα). On the other hand, by Theorem 1.3 in [6], we
have Cψ(X) = MβX\υX = OβX\υX ⊆ C∗(X) and this implies that f ∈ Cψ(X)
if and only if φα(f) ∈ Cψ(Yα), for every α ∈ S. Therefore:

C∞(iX) = M∗βiX\iX

(iX) = M∗
�

(βYα\Yα)

(iX) =
⋂
α∈S

M∗βYα\Yα
(iX)

=
⋂
α∈S

φ−1
α (M∗βYα\Yα

(Yα)) =
⋂
α∈S

φ−1
α (C∞(Yα)) ⊆

⋂
α∈S

φ−1
α (Cψ(Yα))

=
⋂
α∈S

φ−1
α (OβYα\υYα(Yα)) = Cψ(iX).

This means that I(iX) = C∞(iX) and hence iX is i-compact. �

Corollary. For every completely regular Hausdorff space X, C∞(iX) is a
connected ideal in Cm(iX). The space iX is the smallest space containing X
contained in βX such that C∞(iX) is an ideal in C(iX).

The following proposition characterizes the pseudocompactness and μ-compactness
via the properties of the space Cm(X). Note that an ideal in Cm(X) is closed
if and only if it is an intersection of maximal ideals, see [3] and [8].
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Proposition 3. (a) A spaceX is pseudocompact if and only if R is a connected
subset of Cm(X).
(b) A space X is μ-compact if and only if CK(X) is a closed subset of Cm(X).

Proof. (a) If X is not pseudocompact, then there exists f ∈ C(X) \ C∗(X).
Hence u = 1

1+f2 ∈ C(X) \ C∗(X) is a positive unit and B(r, u) ∩ R = {r} for

all r ∈ R. In fact if r 	= s ∈ B(r, u) ∩ R, then 0 	= |r − s| < u, which means
that u is far from zero, i.e., u ∈ C∗(X), a contradiction.
Conversely, let X be pseudocompact, thus for each positive unit u ∈ C(X) =
C∗(X) and every r ∈ R, we have B(r, u) ∩ R = (r −m, r + m), where m =
infx∈Xu(x). This means that the relative topology on R as a subspace of
Cm(X) coincides with usual topology on R and hence R should be connected.
(b) It is enough to show that clmCK(X) = I(X). Since CK(X) =

⋂
p∈βX\X O

p,

then CK(X) ⊆ ⋂
p∈βX\XM

p = I(X). But I(X) is closed, so clmCK(X) ⊆
I(X). Now suppose that f ∈ I(X), then βX \ X ⊆ clβXZ(f). For every
positive unit u in C(X), we must show that B(f, u) ∩ CK(X) 	= ∅. Consider
the function h ∈ C(X) defined by:

h(x) =

⎧⎨
⎩

f(x) + 1
2
u(x) f(x) ≤ −u

2

0 |f(x)| < u
2

f(x) − 1
2
u(x) f(x) ≥ u

2

and take the zero set H = {x ∈ X : |f(x)| ≥ u(x)
2
}. Suppose that Z(g) = H

and g ∈ C(X). Clearly Z(f) ⊆ X \Z(g) ⊆ Z(h), for if f(x) = 0, then x 	∈ H ,

hence x ∈ X \ Z(g) and this implies that |f(x)| < u(x)
2

, so x ∈ Z(h). Now
clβXZ(h) is a neighborhood of clβXZ(f) and we have βX \X ⊆ clβXZ(f) ⊆
intβXclβXZ(h), therefore h ∈ ⋂

p∈βX\X O
p = CK(X). On the other hand

|h− f | < u, i.e., h ∈ B(f, u), which means that h ∈ B(f, u) ∩ CK(X). �

We conclude the article by a remark.

Remark. In the proof of part (a) of the Proposition 3, we observed that
whenever X is not pseudocompact, then X is not only disconnected, but it is
a discrete subspace of Cm(X). Therefore, part (a) of Proposition 3 is equiv-
alent to say that R is a discrete subspace of Cm(X) if and only if X is not
pseudocompact.
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