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Abstract

These results are inspired by Norman Biggs’s theorems that it inter-
prets the relations between some coefficients of the characteristic and
the Laplacian polynomial of a graph and its structures. We are inter-
ested in extending the theorems to the case of a hypergraph. The results
are the relations between some coefficients of the characteristic and the
Laplacian polynomial of a simple and linear hypergraph. It is not only
with its structures but also with its eigenvalues.
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1 Introduction

Graph theory is an attractive subject with a host of applications. Hence,
graphs are very useful for representing many finite structures in mathemati-
cal problem. Many certain real-world problems can be solved based on graph
theory. For instance, matching can be used to solve some problem in pattern
of recognition and image analysis [3]. In graph theory, each of edge incidents
to only two vertices. However, in many cases, it is necessary to represent
more than two vertices relationship. A more complex structure than a graph
is needed. A generalization is provided by a hypergraph. Some applications
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of hypergraphs can be found in the field of biochemistry [1], integrated circuit
design and numerical linear algebra [7].

Hypergraph theory is introduced by Berge [4]. A hypergraph is a structure
H (V , ξ), where V = {v1, v2, ..., vn} is a finite set and ξ = {E1, E2, ..., Em} is a
family of subsets of V such that

1. Ei 6= ∅, and

2.
⋃
i

Ei = V .

The elements v1, v2, ..., vn are called vertices and the sets E1, E2, ..., Em are
called hyperedges. The cardinality of V is called the order of H and the cardi-
nality of ξ is called the size of H.

A hypergraph is said to be simple if all of its hyperedges are distinct and
no hyperedge is a subset of another hyperedge. It is said to be linear if there is
no two hyperedges intersected at more than one vertex. A simple hypergraph
is called a simple graph without isolated vertices If |Ei| = 2 for all i.

Throughout this paper, all hypergraphs are assumed to be simple and lin-
ear. An example of a simple and linear hypergraphs is shown in Figure 1. A
hyperedge Ei with |Ei| > 2 is drawn as a curve encircling all the vertices of Ei.
A hyperedge Ei with Ei = 2 is drawn as a curve connecting its two vertices.
A hyperedge Ei with Ei = 1 is drawn as a loop as in a graph.

Figure 1: A simple and linear hypergraph.

In a hypergraph, two vertices are said to be adjacent if there is a hyperedge
that contains both of these vertices. Two hyperedges are said to be adjacent
if their intersection is not empty.
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The adjacency matrix of H (V , ξ) denoted by M , is a square symmetric
matrix whose entries mij are given by

mij =

{
|{Ek ∈ ξ : {vi, vj} ⊂ Ek}| , if i 6= j,
0, if i = j.

The characteristic polynomial of the adjacency matrix of H is called char-
acteristic polynomial of H, denoted by

ϕ (H;λ) = λn + c1λ
n−1 + c2λ

n−2 + c3λ
n−3 + . . .+ cn.

The eigenvalues of the adjacency matrix of H is called eigenvalues of H. Since
M is real and symmetric matrix, all the eigenvalues of M are real and the
algebra multiplicity of λ is equal to the dimension of the space corresponding
with λ.

The spectrum of a hypergraph H (V , ξ) is the set of numbers which are
eigenvalues of M , together with their multiplicities. If the distinct eigenvalues
ofM are λ1 > λ2 > · · · > λs, and their multiplicities arem(λ1),m(λ2), · · · ,m(λs),
then we shall write

Spec H =

(
λ1 λ2 · · · λs

m(λ1) m(λ2) · · · m(λs)

)
.

A purpose of the hypergraph theory is to generalize results from graph
theory. Rodŕıguez et al. [9] generalize some results about functional centrality
in graphs to hypergraphs. There are other results about hypergraphs, namely
supermagic on complete k−partite hypergraphs [11] and Ramsey numbers of
hypergraphs [5]. Motivated by the observation, we wish to investigate some
coefficients of the characteristic polynomial and Laplacian polynomial of a
simple and linear hypergraph as a generalization results from graph [2]. We
need two following lemmas to prove our main results.

Lemma 1.1 [6] Let M be a adjacency matrix of H and its characteristic
polynomial be

ϕ (H;λ) = λn + c1λ
n−1 + c2λ

n−2 + c3λ
n−3 + . . .+ cn.

Let M = {Mi : Mi is an (i× i ) principal minor ofM}. Then for all
i ∈ {1, 2, ..., n}, we have

(−1)ici =
∑
Mi∈M

Mi.

The previous lemma states that all the coefficients of the characteristic
polynomial of a matrix can be expressed in terms of its principal minors. The
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principal minor is the determinant of a submatrix obtained by taking some
number of the rows and the same number of the columns. The next lemma
provides a tool to find the number of walks of length k in a hypergraph. The
lemma will be used to find the sum of the eigenvalues squares of a simple and
linear hypergraph.

Lemma 1.2 [9] Let vi and vj be vertices of a hypergraph H (V , ξ). Let M
be its adjacency matrix. Then, the number of walks of length k in H, from vi
to vj, is the entry in position (i, j) of the matrix Mk.

2 Main Results

We have a relation between some coefficients of the characteristic polynomial
of a simple and linear hypergraph and its structure and eigenvalues. We also
find a relation Laplacian polynomial of a hypergraph and its structure and
eigenvalues.

Theorem 2.1 Let H(V , ξ) be a simple and linear hypergraph with order n
and M be adjacency matrix ofH(V , ξ). Let Λ = {λ : λ is eigenvalue of matrix M}.
Then the coefficients of the characteristic polynomial of H(V , ξ) satisfy:

1. c1 =
∑
λ∈Λ

λm(λ) = 0,

2. −c2 = 1
2

∑
λ∈Λ

λ2 =
∑

vi,vj∈V

|{Ek ∈ ξ : {vi, vj} ⊂ Ek}| ,

3. (−1)ncn = |M | =
∏
λ∈Λ

λm(λ).

Proof

1. According to Lemma 1.1, it is obtained −c1 =
∑
M1∈M

M1. Since all the

diagonal elements of M are zero and the trace of a matrix is the sum of
its eigenvalues,

c1 = trace(M) =
∑
λ∈Λ

λm(λ) = 0.

2. According to Lemma 1.1, it is obtained c2 =
∑
M2∈M

M2. Since H(V , ξ) is

a simple and linear hypergraph, a non-zero principal minors of M with
two rows and two columns forms∣∣∣∣ 0 1

1 0

∣∣∣∣ .
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There is one such minor for each hyperedge in H which contains both vi
and vj. The result is

−c2 =
∑

vi,vj∈V

|{Ek ∈ ξ : {vi, vj} ⊂ Ek}| .

In the other hand, according to Lemma 1.2, the number of walks of length
2 in H from vi to vi is the diagonal entries of matrix M2. The results is

Tr(M2) = 2
∑

vi,vj∈V

|{Ek ∈ E(H) : {vi, vj} ⊂ Ek}| .

Since Tr(M2) =
∑
λ∈Λ

λ2. The relation has been proved.

3. According to Lemma 1.1, it is obtained (−1)ncn =
∑

Mn∈M

Mn. Since the

principal minor of M which have n rows and n columns is a determinant

of M and |M | =
∏
λ∈Λ

λm(λ),

(−1)ncn = |M | =
∏
λ∈Λ

λm(λ).�

The Laplacian matrix of a hypergraphH with its adjacency matrix M is de-
noted by L and defined as L = D−M where D = diag(δl(v1), δl(v2), ..., δl(vn))
[8]. The degree of the vertex v, denoted by δ (v), is defined as the number of
the hyperedges that contain v. The Laplacian degree of a vertex vi ∈ V (H) is

defined as δl (vi) =
n∑
j=1

mij.

Matrix L is symmetric and positive semidefinite that all of its eigenvalues
are real and nonnegative. It is easy to check that the smallest eigenvalue of
L is µ = 0 and it is a correspond to eigenvector is j = (1, 1, ..., 1). Moreover,
the multiplicity of µ = 0 is equal to the number of components of H [10].
Let the eigenvalues of L are µ0 = 0 < µ1 < ... < µb and their multiplicities
respectively, are denoted by m0 = m(µ0),m1 = m(µ1), . . . ,mb = m(µb). Thus,
the Laplacian spectrum of H is denoted by

Spec LaplaceH =

(
µ0 µ1 · · · µb
m0 m1 · · · mb

)
.

The characteristic polynomial det (µI − L) is the Laplacian polynomial of
H, and denoted by

σ (H;µ) = µn + k1µ
n−1 + ...+ kn−1µ+ kn.

We refer the eigenvalues of L as the Laplacian eigenvalues of H.
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Theorem 2.2 Let H(V , ξ) be a hypergraph with order n and L be a Lapla-
cian matrix of H(V , ξ). Let Ω = {µ : µ is eigenvalue of matrix L}. Then the
coefficients of the Laplacian polynomial of H satisfy:

1. −k1 =
∑
µ∈Ω

µm(µ) =
n∑
i=1

δl(vi),

2. kn =
∏
µ∈Ω

µm(µ) = 0.

Proof

1. According to Lemma 1.1, it is obtained−k1 =
∑
L1∈L

L1. Since the diagonal

elements of L are the Laplacian degrees of its vertices and the trace of a
matrix is the sum of its eigenvalues,

k1 =
∑
µ∈Ω

µm(µ) =
n∑
i=1

δl(vi).

2. According to Lemma 1.1, it is obtained (−1)nkn =
∑
Ln∈L

Ln. Since the

principal minor of L which have n rows and n columns is a determinant
of L,

kn = |L| =
∏
µ∈Ω

µm(µ) = 0. �

3 Open Problem

What are coefficients of the characteristic polynomial of any hypergraph?
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