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Abstract

Let R be a semiprime ring equipped with an involution ‘∗’ and let α :
R → R be an automorphism of R. An additive mapping T : R −→ R is
called a left (resp. right) Jordan α-∗centralizer if for all x ∈ R, T (x2) =
T (x)α(x∗) (resp. T (x2) = α(x∗)T (x)). If T is both left and right Jordan
α-∗centralizer of R then it is called Jordan α-∗centralizer of R. In the
present paper it is shown that an additive mapping T on a 2-torsion
free semiprime ring R satisfying 2T (x2) = T (x)α(x∗) + α(x∗)T (x) for
all x ∈ R, is a Jordan α-∗centralizer.
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1 Introduction

Throughout, R will denote an associative ring with center Z(R). Let n ≥ 2 be
an integer. A ring R is said to be n-torsion free if nx = 0 implies that x = 0.
Recall that a ring R is semiprime if aRa = {0} implies that a = 0. An additive
mapping d : R −→ R is said to be a derivation if d(xy) = d(x)y + xd(y) holds
for all x, y ∈ R and is called a Jordan derivation if d(x2) = d(x)x + xd(x)
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holds for all x ∈ R. Every derivation is a Jordan derivation but the converse
need not be true in general. A classical result due to Herstein [6 ,Theorem
3.3] asserts that a Jordan derivation on a prime ring of characteristic different
from two is a derivation.

An additive mapping x 7→ x∗ on a ring R satisfying (xy)∗ = y∗x∗ and
(x∗)∗ = x for all x, y ∈ R is called an involution on R. A ring equipped with
an involution is called a ∗-ring or ring with involution. An additive mapping
T : R −→ R is said to be left (resp. right) centralizer if T (xy) = T (x)y
(resp.T (xy) = xT (y)) holds for all pairs x, y ∈ R. For y = x in the above
property, T is known to be a left (resp. right) Jordan centralizer of R. A left
and right centralizer (resp. a left and a right Jordan centralizer) is said to be
a two sided centralizer (resp. a two sided Jordan centralizer) of R. Obviously,
every left ( resp. right)centralizer on R is a Jordan left (resp. right)centralizer
of R, but the converse need not be true in general. In the year 1991, Zalar
[11] proved that on a 2-torsion free semiprime ring every left (right)Jordan
centralizer is a left (right)centralizer. The structure of such map has already
been obtained and it is shown that if R is a semiprime ring with extended
centriod C, and T : R −→ R is a two sided centralizer, then there exists an
element λ ∈ C such that T (x) = λx for all x ∈ R (see [2, Theorem 2.3.2]).

If the mapping T : R −→ R is both left and right Jordan centralizer then
T satisfies 2T (x2) = T (x)x + xT (x) for all x ∈ R but conversely an additive
mapping T : R −→ R satisfying 2T (x2) = T (x)x + xT (x) for all x ∈ R need
not be left and right Jordan centralizer. This problem was investigated by
Joso Vukman [8] who proved that if a 2-torsion free semiprime ring R admits
an additive mapping T satisfying 2T (x2) = T (x)x+ xT (x) for all x ∈ R, then
T is a left and right centralizer.

Let R be a ring equipped with an involution ‘∗’. An additive mapping
d : R −→ R is said to be ∗-derivation if d(xy) = d(x)y∗ + xd(y) holds for
all x, y ∈ R. The notion of ∗-derivation was introduced and studied by
Bresar and Vukman in [3]. An additive mapping T : R −→ R is called a
left (resp. right) α∗-centralizer associated with a function α : R −→ R if
T (xy) = T (x)α(y∗) (resp. T (xy) = α(x∗)T (y)) holds for all x, y ∈ R and T
is called a left (resp. right) Jordan α∗-centralizer if for all x ∈ R, T (x2) =
T (x)α(x∗) (resp. T (x2) = α(x∗)T (x)). If T is both left and right Jordan α∗-
centralizer of R then it is called Jordan α∗-centralizer of R. If α is the identity
map on R, then T is said to be Jordan ∗-centralizer of R.
If T : R −→ R is both left and right Jordan α∗-centralizers associated with a
function α : R −→ R, then obviously T satisfies

2T (x2) = T (x)α(x∗) + α(x∗)T (x)

for all x ∈ R. Thus in view of Vukman’s result, it is natural to ask whether
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the additive mapping satisfying the above property is a left and right Jordan
α∗-centralizer. The present paper deals with the study of this problem. In
fact, it is shown that an additive mapping T on a 2-torsion free semiprime
∗-ring R satisfying 2T (x2) = T (x)α(x∗)+α(x∗)T (x) for all x ∈ R, is a Jordan
α∗-cenealizer of R.

2 Main Results

The main result of the present paper states as follows:

Theorem 2.1 Let R be a 2-torsion free semiprime ∗-ring. Suppose that α
is an automorphism of R. If T : R −→ R is an additive mapping satis-
fying 2T (x2) = T (x)α(x∗) + α(x∗)T (x) for all x ∈ R, then T is a Jordan
α∗-centralizer.

Following lemmas are essential for developing the proof of our main result.
The proof of Lemma 2.1 can be seen in [9].

Lemma 2.1 ([9, Lemma 1]) Let R be a 2-torsion free semiprime ring. Suppose
that the identity axb+ bxc = 0 holds for all x ∈ R and some a, b, c ∈ R. Then
in this case (a+ c)xb = 0 satisfied for all x ∈ R.

Lemma 2.2 Let R be a 2-torsion free semiprime ∗-ring and α be an auto-
morphism of R. If T : R −→ R is an additive mapping satisfying 2T (x2) =
T (x)α(x∗) + α(x∗)T (x) for all x ∈ R, then

(i) 2T (xy+ yx) = T (x)α(y∗) +α(x∗)T (y)+ T (y)α(x∗) +α(y∗)T (x), for all
x, y ∈ R

(ii) 8T (xyx) = T (x)α(x∗y∗+3y∗x∗)+α(y∗x∗+3x∗y∗)T (x)+2α(x∗)T (y)α(x∗)
− α(x∗2)T (y)− T (y)α(x∗2), for all x, y ∈ R

(iii) T (x)α(x∗y∗x∗ − 2y∗x∗2 − 2x∗2y∗) + α(x∗y∗x∗ − 2x∗2y∗ − 2y∗x∗2)T (x)
+α(x∗)T (x)α(x∗y∗+y∗x∗)+α(x∗y∗+y∗x∗)T (x)α(x∗)+α(x∗2)T (x)α(y∗)
+ α(y∗)T (x)α(x∗2) = 0, for all x, y ∈ R

(iv) α(x∗y∗)[α(x∗2), T (x)] + 2α(x∗2y∗)[T (x), α(x∗)] + 2α(y∗x∗2)[T (x), α(x∗)]
+ α(y∗x∗)[α(x∗), T (x)]α(x∗) + α(y∗)[α(x∗), T (x)]α(x∗2) = 0, for all
x, y ∈ R

(v) [T (x), α(x∗)]α(y)[T (x), α(x∗2)]− 2[T (x), α(x∗2)]α(y)[T (x), α(x∗)] = 0,
for all x ∈ R
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(vi) [T (x), α(x∗2)] = 0, for all x ∈ R.

Proof (i) Linearizing the given hypothesis, we find that

2T (xy + yx) = T (x)α(y∗) + α(x∗)T (y) + T (y)α(x∗) + α(y∗)T (x).

(ii) Putting 2(xy + yx) for y in (i) and using (i), we get

4T (x(xy + yx) + (xy + yx)x) = T (x)α(2x∗y∗ + 3y∗x∗)
+α(3x∗y∗ + 2y∗x∗)T (x) + α(x∗)T (x)α(y∗)

+α(x∗2)T (y) + 2α(x∗)T (y)α(x∗)

+T (y)α(x∗2) + α(y∗)T (x)α(x∗).
(2.1)

On the other hand,

4T (x(xy+yx)+(xy+yx)x) = 4T{(x2y+yx2)+2xyx} = 4T (x2y+yx2)+8T (xyx)

Using (i),we get

4T (x(xy + yx) + (xy + yx)x) = 2T (x2)α(y∗) + 2α(x∗2)T (y) + 2T (y)α(x∗2)
+2α(y∗)T (x2) + 8T (xyx).

Now using the hypothesis, we obtain

4T (x(xy + yx) + (xy + yx)x) = T (x)α(x∗y∗) + α(y∗x∗)T (x)
+α(x∗)T (x)α(y∗) + α(y∗)T (x)α(x∗)

+2α(x∗2)T (y) + 2T (y)α(x∗2) + 8T (xyx).
(2.2)

By comparing (2.1) and (2.2), we get the required result.

(iii) Putting 8xyx for y in (i) and using (ii), we obtain

16T (x2yx+ xyx2) = T (x)α(9x∗y∗x∗ + 3y∗x∗2) + α(9x∗y∗x∗ + 3x∗2y∗)T (x)
+α(x∗)T (x)α(x∗y∗ + 3y∗x∗)
+α(y∗x∗ + 3x∗y∗)T (x)α(x∗) + α(x∗2)T (y)α(x∗)

+α(x∗)T (y)α(x∗2)− T (y)α(x∗3)− α(x∗3)T (y).
(2.3)

On the other hand, first using (ii) and then after collecting some terms using
(i), we obtain

16T (x2yx+ xyx2) = T (x)α(2x∗2y∗ + 5y∗x∗2 + 8x∗y∗x∗)
+α(2y∗x∗2 + 5x∗2y∗ + 8x∗y∗x∗)T (x)
+2α(x∗)T (x)α(y∗x∗) + 2α(x∗y∗)T (x)α(x∗)
+α(x∗2)T (y)α(x∗) + α(x∗)T (y)α(x∗2)
−α(x∗2)T (x)α(y∗)− α(y∗)T (x)α(x∗2)− α(x∗3)T (y)
−T (y)α(x∗3) for all x, y ∈ R.

(2.4)
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By comparing (2.3) and (2.4), we obtain our result.

(iv) Replacing y by xy in (iii), we find that

0 = T (x)α(x∗y∗x∗2 − 2y∗x∗3 − 2x∗2y∗x∗)
+α(x∗y∗x∗2 − 2x∗2y∗x∗ − 2y∗x∗3)T (x) + α(x∗)T (x)α(x∗y∗x∗ + y∗x∗2)
+α(x∗y∗x∗ + y∗x∗2)T (x)α(x∗) + α(x∗2)T (x)α(y∗x∗)
+α(y∗x∗)T (x)α(x∗2) for all x, y ∈ R.

(2.5)
Right multiplication of (iii) by α(x∗), we get

0 = T (x)α(x∗y∗x∗2 − 2y∗x∗3 − 2x∗2y∗x∗)
+α(x∗)T (x)α(x∗y∗x∗ + y∗x∗2) + α(x∗y∗ + y∗x∗)T (x)α(x∗2)
+α(x∗y∗x∗ − 2x∗2y∗ − 2y∗x∗2)T (x)α(x∗) + α(x∗2)T (x)α(y∗x∗)
+α(y∗)T (x)α(x∗3) for all x, y ∈ R.

(2.6)

Subtracting (2.6) from (2.5), we obtain

0 = α(x∗y∗x∗)[α(x∗), T (x)] + 2α(x∗2y∗)[T (x), α(x∗)]
+2α(y∗x∗2)[T (x), α(x∗)] + α(x∗y∗)[α(x∗), T (x)]α(x∗)
+α(y∗x∗)[α(x∗), T (x)]α(x∗) + α(y∗)[α(x∗), T (x)]α(x∗2).

After collecting the first term and the fourth term together this reduces to (iv).

(v) First replacing y by y∗ in (iv) and then putting T (x)α(y∗) for α(y) in the
relation so obtained, we arrive at

0 = α(x∗)T (x)α(y∗)[α(x∗2), T (x)] + 2α(x∗2)T (x)α(y∗)[T (x), α(x∗)]
+2T (x)α(y∗x∗2)[T (x), α(x∗)] + T (x)α(y∗x∗)[α(x∗), T (x)]α(x∗)
+T (x)α(y∗)[α(x∗), T (x)]α(x∗2).

(2.7)

Left multiplication of (2.7) by T (x), we get

0 = T (x)α(x∗y∗)[α(x∗2), T (x)] + 2T (x)α(x∗2y∗)[T (x), α(x∗)]
+2T (x)α(y∗x∗2)[T (x), α(x∗)] + T (x)α(y∗x∗)[α(x∗), T (x)]α(x∗)
+T (x)α(y∗)[α(x∗), T (x)]α(x∗2).

(2.8)
Subtracting (2.8) from (2.7), we arrive at
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[T (x), α(x∗)]α(y∗)[T (x), α(x∗2)]− 2[T (x), α(x∗2)]α(y∗)[T (x), α(x∗)] = 0.

Replacing y by y∗ in the above relation we find that

[T (x), α(x∗)]α(y)[T (x), α(x∗2)]− 2[T (x), α(x∗2)]α(y)[T (x), α(x∗)] = 0.

(vi) Now replacing α(y) by r and taking a = [T (x), α(x∗)], b = [T (x), α(x∗2)],
c = −2[T (x), α(x∗2)] in (v), we get cra + arb = 0 for all r ∈ R. Hence using
Lemma 2.1, we obtain that (c + b)ra = 0 for all r ∈ R. This yields that
[T (x), α(x∗2)]r[T (x), α(x∗)] = 0. Using this relation we arrive at

[T (x), α(x∗2)]r{α(x∗)[T (x), α(x∗)] + [T (x), α(x∗)]α(x∗)} = 0.

We therefore have [T (x), α(x∗2)]r[T (x), α(x∗2)] = 0 for all r ∈ R. Hence the
semiprimeness of R further gives [T (x), α(x∗2)] = 0 for all x ∈ R.

We are now well equipped to prove our main theorem:

Proof of Theorem 2.1 Linearizing the relation given in Lemma 2.2(vi), we get

[T (x), α(y∗2)]+[T (y), α(x∗2)]+[T (x), α(x∗y∗+y∗x∗)]+[T (y), α(x∗y∗+y∗x∗)] = 0.

Putting in the above relation −x for x and comparing the relation so obtained
with the above we obtain, since we have assumed that R is 2-torsion free,

[T (x), α(x∗y∗ + y∗x∗)] + [T (y), α(x∗2)] = 0. (2.9)

Replacing 2(xy + yx) for y and using Lemma 2.2(vi), we obtain

0 = 2[T (x), α(x∗2y∗ + y∗x∗2 + 2x∗y∗x∗)]
+[T (x)α(y∗) + α(x∗)T (y) + T (y)α(x∗) + α(y∗)T (x), α(x∗2)]

= 2α(x∗2)[T (x), α(y∗)] + 2[T (x), α(y∗)]α(x∗2) + 4[T (x), α(x∗y∗x∗)]
+T (x)[α(y∗), α(x∗2)] + α(x∗)[T (y), α(x∗2)]
+[T (y), α(x∗2)]α(x∗) + [α(y∗), α(x∗2)]T (x).

Thus we have

0 = 2α(x∗2)[T (x), α(y∗)] + 2[T (x), α(y∗)]α(x∗2) + 4[T (x), α(x∗y∗x∗)]
+T (x)[α(y∗), α(x∗2)] + [α(y∗), α(x∗2)]T (x)
+α(x∗)[T (y), α(x∗2)] + [T (y), α(x∗2)]α(x∗).

(2.10)
Hence in particular, we find that

α(x∗2)[T (x), α(x∗)] + [T (x), α(x∗)]α(x∗2) + 2[T (x), α(x∗)α(x∗2)] = 0.
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In view of Lemma 2.2(vi), this reduces to

α(x∗2)[T (x), α(x∗)] + 3[T (x), α(x∗)]α(x∗2) = 0. (2.11)

According to Lemma 2.2(vi) we get [T (x), α(x∗)]α(x∗)+α(x∗)[T (x), α(x∗)] = 0.
Hence using the latter relation we find that

α(x∗2)[T (x), α(x∗)] = [T (x), α(x∗)]α(x∗2).

Further, using this replacement in (2.11), we have

[T (x), α(x∗)]α(x∗2) = 0 for all x ∈ R, (2.12)

and similarly
α(x∗2)[T (x), α(x∗)] = 0 for all x ∈ R. (2.13)

We also have
α(x∗)[T (x), α(x∗)]α(x∗) = 0 for all x ∈ R. (2.14)

From (2.9) we have [T (y), α(x∗2)] = −[T (x), α(x∗y∗ + y∗x∗)] and combining
this fact with (2.10), we arrive at

0 = 2α(x∗2)[T (x), α(y∗)] + 2[T (x), α(y∗)]α(x∗2) + 4[T (x), α(x∗y∗x∗)]
+T (x)[α(y∗), α(x∗2)] + [α(y∗), α(x∗2)]T (x)
−α(x∗)[T (x), α(x∗y∗ + y∗x∗)]− [T (x), α(x∗y∗ + y∗x∗)]α(x∗)

= 2α(x∗2)[T (x), α(y∗)] + 2[T (x), α(y∗)]α(x∗2) + 4[T (x), α(x∗)]α(y∗)α(x∗)
+4α(x∗)[T (x), α(y∗)]α(x∗) + 4α(x∗y∗)[T (x), α(x∗)]
+T (x)[α(y∗), α(x∗2)] + [α(y∗), α(x∗2)]T (x)− α(x∗)[T (x), α(x∗)]α(y∗)
−α(x∗2)[T (x), α(y∗)]− α(x∗)[T (x), α(y∗)]α(x∗)− α(x∗y∗)[T (x), α(x∗)]
−[T (x), α(x∗)]α(y∗x∗)− α(x∗)[T (x), α(y∗)]α(x∗)− [T (x), α(y∗)]α(x∗2)
−α(y∗)[T (x), α(x∗)]α(x∗).

Hence, we have

0 = α(x∗2)[T (x), α(y∗)] + [T (x), α(y∗)]α(x∗2)
+3[T (x), α(x∗)]α(y∗x∗) + 3α(x∗y∗)[T (x), α(x∗)]
+2α(x∗)[T (x), α(y∗)]α(x∗) + T (x)[α(y∗), α(x∗2)] + [α(y∗), α(x∗2)]T (x)
+α(x∗)[T (x), α(x∗)]α(y∗)− α(y∗)[T (x), α(x∗)]α(x∗).

(2.15)
Replacing y by xy, we find that

0 = α(x∗2)[T (x), α(y∗x∗)] + [T (x), α(y∗x∗)]α(x∗2)
+3[T (x), α(x∗)]α(y∗)α(x∗2) + 3α(x∗y∗x∗)[T (x), α(x∗)]
+2α(x∗)[T (x), α(y∗x∗)]α(x∗) + T (x)[α(y∗x∗), α(x∗2)]
+[α(y∗x∗), α(x∗2)]T (x) + α(x∗)[T (x), α(x∗)]α(y∗x∗)
−α(y∗x∗)[T (x), α(x∗)]α(x∗).



1110 M. Ashraf and M. R. Mozumder

This can be written as

0 = α(x∗2)[T (x), α(y∗)]α(x∗) + α(x∗2y∗)[T (x), α(x∗)]
+[T (x), α(y∗)]α(x∗3) + α(y∗)[T (x), α(x∗)]α(x∗2)
+3[T (x), α(x∗)]α(y∗x∗2) + 3α(x∗y∗x∗)[T (x), α(x∗)]
+2α(x∗)[T (x), α(y∗)]α(x∗2) + 2α(x∗y∗)[T (x), α(x∗)]α(x∗)
+T (x)[α(y∗), α(x∗2)]α(x∗) + [α(y∗), α(x∗2)]α(x∗)T (x)
+α(x∗)[T (x), α(x∗)]α(y∗x∗)− α(y∗x∗)[T (x), α(x∗)]α(x∗).

In view of (2.12) and (2.14), the above relation reduces to

0 = α(x∗2)[T (x), α(y∗)]α(x∗) + α(x∗2y∗)[T (x), α(x∗)] + [T (x), α(y∗)]α(x∗3)
+3[T (x), α(x∗)]α(y∗x∗2) + 3α(x∗y∗x∗)[T (x), α(x∗)]
+2α(x∗)[T (x), α(y∗)]α(x∗2) + 2α(x∗y∗)[T (x), α(x∗)]α(x∗)
+T (x)[α(y∗), α(x∗2)]α(x∗) + [α(y∗), α(x∗2)]α(x∗)T (x)
+α(x∗)[T (x), α(x∗)]α(y∗x∗).

(2.16)
Right multiplication of (2.15) by α(x∗) gives

0 = α(x∗2)[T (x), α(y∗)]α(x∗) + [T (x), α(y∗)]α(x∗3) + 3[T (x), α(x∗)]α(y∗x∗2)
+3α(x∗y∗)[T (x), α(x∗)]α(x∗) + 2α(x∗)[T (x), α(y∗)]α(x∗2)
+T (x)[α(y∗), α(x∗2)]α(x∗) + [α(y∗), α(x∗2)]T (x)α(x∗)
+α(x∗)[T (x), α(x∗)]α(y∗x∗).

(2.17)
Subtracting (2.17) from (2.16), we get

0 = α(x∗2y∗)[T (x), α(x∗)] + 3α(x∗y∗)[α(x∗), [T (x), α(x∗)]]
+2α(x∗y∗)[T (x), α(x∗)]α(x∗) + [α(y∗), α(x∗2)][α(x∗), T (x)].

Further, in view of (2.13), this yields

2α(x∗2y∗)[T (x), α(x∗)]+3α(x∗y∗x∗)[T (x), α(x∗)]−α(x∗y∗)[T (x), α(x∗)]α(x∗) = 0.

In view of Lemma 2.2(vi), the above relation yields that

α(x∗2y∗)[T (x), α(x∗)] + 2α(x∗y∗x∗)[T (x), α(x∗)] = 0. (2.18)

Further application of Lemma 2.2(vi), (2.12), (2.13), (2.14) together with
Lemma 2.2(iv) yields that

α(x∗2y∗)[T (x), α(x∗)] = 0. (2.19)

Hence combining (2.18) and (2.19) and using the fact that R is 2-torsion free,
we find that α(x∗y∗x∗)[T (x), α(x∗)] = 0 and hence by replacing y by y∗ we
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have α(x∗yx∗)[T (x), α(x∗)] = 0. Now replacing α(y) by [T (x), α(x∗)]α(y) in
the latter expression, we have

α(x∗)[T (x), α(x∗)]α(y)α(x∗)[T (x), α(x∗)] = 0.

As α is an automorphism, the semiprimeness of R gives

α(x∗)[T (x), α(x∗)] = 0, (2.20)

and hence in view of Lemma 2.2(vi), we can write

[T (x), α(x∗)]α(x∗) = 0. (2.21)

Linearizing (2.20) and using (2.21), we get

0 = α(x∗)[T (x), α(y∗)] + α(x∗)[T (y), α(x∗)] + α(x∗)[T (y), α(y∗)]
+α(y∗)[T (x), α(x∗)] + α(y∗)[T (x), α(y∗)] + α(y∗)[T (y), α(x∗)].

Putting in the above relation −x for x and comparing the relation so obtained
with the above we get,

α(y∗)[T (x), α(x∗)] + α(x∗)[T (x), α(y∗)] + α(x∗)[T (y), α(x∗)] = 0.

Now, multiply the above relation by [T (x), α(x∗)] from left and use (2.21), to
get [T (x), α(x∗)]α(y∗)[T (x), α(x∗)] = 0, whence it follows that

[T (x), α(x∗)] = 0. (2.22)

Combining (2.22) with our hypothesis, we get

T (x2) = T (x)α(x∗) for all x ∈ R,

and

T (x2) = α(x∗)T (x) for all x ∈ R.

This means that T is a left and a right Jordan α∗-centralizer. This completes
the proof of our theorem.

Corollary 2.1 Let R be a 2-torsion free semiprime ∗-ring and let T : R −→ R
be an additive mapping satisfying 2T (x2) = T (x)x∗ + x∗T (x) for all x ∈ R.
Then T is a Jordan∗-centralizer.
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