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Abstract

The generalized closed sets in point set topology have been found
considerable interest among general topologists. In this paper, we in-
troduce and study topological properties of g*Λ closed and open sets
and its relationships with other generalized closed sets are investigated.
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1 Introduction

Generalized open sets play a very important role in General Topology and
they are now the research topics of many topologists worldwide.

In 1986, Maki [5] continued the work of Levine [9] on generalized closed
sets and closure operators by introducing the notion of Λ-sets in topological
spaces. A Λ -set is a set A which is equal to its kernel (= saturated set).
Arenas et al. [2] introduced and investigated the notion of λ-closed sets and
λ-open sets by involving Λ-sets and closed sets.

The objective of this paper is to introduce a new class of set called g*Λ
closed set and g*Λ open set in topological spaces. Throughout this paper
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(X,τ), (Y,τ) and (Z,τ) (or simply X, Y and Z) will always denote topo-
logical spaces on which no separation axioms are assumed unless explicitly
stated.Int(A),Cl(A),D(A),IntλA, ClλA and DλA denote the interior of A, clo-
sure of A, Derived set of A, lambda interior of A,lambda closure of A, and
lambda Derived set of A respectively We recall some known definitions re-
quired for this paper.

2 Preliminary Definitions

Definition 2.1 A subset A of a space (X,τ) is called

1. A semi open set[8] if A ⊂ Cl(Int(A))

2. A pre open set[1] if A ⊂ Int(Cl(A))

3. A regular open set[1] if A = Int(Cl(A))

The complement sets of semi open (respectively pre open and regular open) are
called semi closed sets (respectively pre closed and regular closed). The semi
closure (respectively pre closure) of a subset A of X denoted by sCl(A),(pCl(A))is
the intersection of all semi closed sets (pre closed sets) containing A

Definition 2.2 A topological space(X,τ) is said to be

1. a g* closed [6] if Cl(A) ⊂ U ,whenever A ⊂U and U is g-open in X

2. a subset A of a space (X,) is called λ-closed [3] if A = B∩C,where B is
a Λ-set and C is a closed set.

3. a subset A of X is said to be a Λg closed set [4] if Cl(A)⊂U whenever
A⊂U , where U is λopen in X

4. a subset A of X is said to be a Λ-g closed set [4] if Clλ A⊂U whenever
A ⊂U, where U is λ open in X

5. a subset A of X is said to be a gΛ closed set [4] if Clλ A⊂U whenever
A⊂U, where U is open in X

The complement of above closed sets are called their respective open sets.

Lemma 2.3 [2] For a subset A of a space X, the following statements are
equivalent

1. A is λ-closed.

2. A = L ∩ Cl(A), where L is a Λ-set.
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3. A = AΛ∩ Cl(A).

Lemma 2.4 [2]

1. Every Λ-set is a λ-closed set.

2. Every open and closed sets are λ-closed sets.

3 Basic properties of g*Λ closed sets

We introduce the following definition

Definition 3.1 Let (X,τ) be a topological space. A Subset A of X is said to
be a g*Λ closed set if ClλA⊂U whenever A⊂U, where U is g open in X

Theorem 3.2 Every λ closed set is g*Λ closed set.

Proof: Let A ⊂ U, where U is g open.Since A is λ closed,we have
Clλ(A) = A ⊂ U. Hence A is g*Λ closed

Remark 3.3 Converse of the above statement need not be true as seen from
the following example

Example 3.4 Let X={a,b,c,d,e} τ = {X, ∅ ,{a},{b,c,d},{a,b,c,d}}
{b,e} is g*Λclosed but not λ-closed

Theorem 3.5 Every closed set is g*Λ closed set.

Proof: Proof follows from Lemma[2.4] and Theorem [3.2]

Example 3.6 Let X={a,b,c,d,e} τ = {X, ∅ ,{a},{b,c,d},{a,b,c,d}}. {b,e}is
g*Λclosed but not closed

Theorem 3.7 Every open set is g*Λ closed.

Proof is obvious by the definitions.

Theorem 3.8 Let A be a g open subset of (X,τ).Then A is λ closed set if A
is g* Λ closed set.

Proof: Let A is g*Λ closed and g open. Since as A ⊂ A, Clλ(A)⊂A. Hence A
is λ closed.

Theorem 3.9 Every g*Λ closed set is gΛ closed set.
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Proof: Let A is g*Λ closed set in (X,τ) and A ⊂ U, with U is open set in
(X,τ). Since every open set is g open and A is g*Λ closed ,we have Clλ(A)⊂U.
Hence A is gΛ closed.

Remark 3.10 Converse of the above statement need not be true as seen from
the following example.

Example 3.11 X={a,b,c,d,e}, τ={X,∅,{a},{b,c},{c,d},{a,b,c}} {c} is gΛ closed
set but not g*Λ closed set.

Remark 3.12 Generalised closed sets and g*Λ closed sets are independent
sets.

Remark 3.13 g*Λ closed set and ω- closed sets are independent sets.

Theorem 3.14 Every ω closed set is g*Λ closed, if every g open set is semi
open.

Proof: Let A⊂U,where U is g open.By hypothesis U is also semi open. Since A
is ω - closed we have Cl(A)⊂U.We also have that Clλ(A) ⊂Cl(A)⊂U.Therefore
A is g*Λ closed .

Remark 3.15 Converse of the above statement need not be true.

Remark 3.16 g*Λ closed set and Λ-g closed sets are independent sets.

Remark 3.17 g*Λ closed set and Λg closed sets are independent sets.

Remark 3.18 g*Λ closed set and gs closed sets are independent sets.

Remark 3.19 g*Λ closed set and gp closed sets are independent sets.

Remark 3.20 In a topological space (X,τ), intersection of two g*Λ closed sets
is not g*Λ closed set.

Remark 3.21 In a topological space (X,τ), Union of two g*Λ closed sets is
not g*Λ closed set.

The following diagram explains the relation between g* Λ closed sets and
the other sets which are discussed in this section.
A−→ B represents A implies B.
A �B represents A and B ate independent of each other.
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4 Application on g*Λ closed sets

Theorem 4.1 If a subset A is g*Λ closed , then Clλ(A) � A does not contain
any non empty closed set in X.

Proof: Let A be g*Λ closed set in (X,τ), suppose F is a non empty closed set
contained in Clλ(A)� A, which clearly implies A ⊆ FC , where FC is open. Since
A is g*Λ closed and as every open set is g open,we have Clλ(A)⊆ FC .Hence F
⊆ X� Clλ(A). Also we have F⊆Clλ(A).
Therefore F⊆ [X � Clλ(A)]∩ Clλ(A) =∅. Hence Clλ(A)� A does not contain
any non empty closed set.

Remark 4.2 Converse is not true from the following example

Example 4.3 Let X ={a,b,c,d}, τ = {X, ∅,{a},{b,c},{a,b,c},{b,c,d}}.
If A= {c,d}, ClλA= {b,c,d}. Clλ(A) �(A) = {b} does not contain any non
empty closed set, but A is not g*Λ closed.

Theorem 4.4 If a subset A is g*Λ closed , then Clλ(A)� A does not contain
any non empty g closed set.
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Proof: Let A be g*Λ closed set in (X,τ), Suppose F is a g closed set contained
in Clλ(A)�A , which clearly implies A⊆FC , where FCis g open .Since A is g*Λ
closed Clλ(A) ⊆ FC . Hence F ⊆ X �Clλ(A). Also we have
F⊆ Clλ(A).Therefore F⊆[X �Clλ(A)]∩ Clλ(A) = ∅. Hence ClλA �A does not
contain a non empty g closed set.

Remark 4.5 Converse of the above statement need not be true.

Theorem 4.6 In a topological space (X,τ), for each x ∈X, {x} is g closed or
g*Λ open.

Proof: Suppose {x} is not g closed then X �{x} is not g open ,then the only
g open set containing X�{x} is X. That is X �{x}⊆ X. So Clλ(X�{x})⊆X.
Hence X�{x} is g*Λclosed. Hence {x} is g*Λ open.

Lemma 4.7 [2] (X,τ) is a T1 space if and only if for each x∈ X,{x} is a closed
set.

Theorem 4.8 In T1 space every g*Λ closed set is λ closed.

Proof: Let A be a g*Λclosed set in T1 space. Suppose A is not λ closed. Then
there exist x∈X such that {x}∈ Clλ(A) � A. Since X is T1 by lemma[4.7] we
have{x} is closed. But by Theorem[4.1] we have ClλA � A contains no non
empty closed sub set. Hence we should have Clλ(A)�A = ∅, which implies A
is λ closed

Lemma 4.9 [2] In T1/2 space every subset of (X,τ) is λ closed

Theorem 4.10 Every subset of T1/2 space is g*Λ closed.

Proof: It follows from Lemma [4.9] and the fact that every λ closed set is a
g*Λ closed set by theorem[3.2]

Lemma 4.11 [2] Every finite subset of T1/4 space is λClosed.

Theorem 4.12 Every finite subset of T1/4 space is g*Λ closed.

Proof: It follows from the Lemma[4.11] and the fact that every λ closed set
is a g*Λ closed set by theorem[3.2].

Theorem 4.13 In a T1space every Λ g closed set is g*Λ closed.

Proof: In a T1space every Λ g closed set is closed [4].by theorem[3.5] we have
every closed set is g* Λ closed. Thus in a T1space every Λ g closed set is g*Λ
closed.
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Theorem 4.14 Let A be g*Λ closed set in a topological space (X,τ). Then A
is λ closed if and only if Clλ(A)� A is closed.

Proof: Necessity: Suppose A be g*Λ closed and λ closed in (X,τ). A is λ
closed implies Clλ(A) = A . Hence Clλ(A)� A = ∅ is closed set
Sufficiency: Suppose A is g*Λ closed and Clλ(A)� A is closed. Then by
theorem[4.1] Clλ(A)� A contains no non empty closed subset. Hence we should
have Clλ(A) �A = ∅, which in turn implies Clλ(A) = A. Therefore A is λ closed.

Theorem 4.15 If every g*Λ closed set is λ closed then {x} is g closed or λ
open.

Proof: Suppose {x} is not g closed, then X �{x} is not g open . Hence we
have X is the only g open set containing X�{x}. Obviously Clλ(X �{x}) ⊆
X Therefore X�{x} is g*Λ closed. By hypothesis X �{x} is λ closed. Hence
{x} is λ open.

Theorem 4.16 Let A is g open and g*Λ closed in a topological space (X,τ).
If F is λ closed then A∩F is g*Λ closed.

Proof: We have by theorem[3.8] if a set A is both g open and g*Λ closed then
A is λ closed. Hence if F is λclosed then A∩F is λ closed as the intersection
of λ closed sets is a λ closed sets. Hence by theorem[3.2] A∩F is g*Λ closed

Theorem 4.17 If A is g*Λ closed then gCl({x})∩A �= ∅ for every x∈Clλ(A)

Proof: Let A be a g*Λ closed set. Suppose gCl({x})∩A = ∅ for some x ∈ Cl

λ (A). Then X � gCl( {x}) is a g open set containing A.
Further x ∈ Cl λ(A) and x /∈ X � gCl({x}) implies
x ∈ (Clλ A) � (X �gCl({x}). Hence Clλ A � X �gCl({x}) is a contradiction
to A is a g*Λ closed set. Therefore gCl({x})∩A �= ∅, for every x ∈ Clλ(A)

Theorem 4.18 In a topological space(X,τ) the following are equivalent.

1. Every g open set is λ closed.

2. Every subset is g*Λ closed.

Proof: 1=⇒2.
Let A be any subset of (X,τ) such that A ⊆U where U is g open.
Hence we get Clλ(A) ⊆ Clλ(U).By hypothesis U is λ closed .Then we get
Clλ(A) ⊆ Clλ(U)=U.Hence A is g*Λ closed.
2=⇒1.
Let A be a g open set. By hypothesis A is g*Λ closed set. Then we have ClλA
⊆ A. Therefore A is λclosed. Hence every g open set is λ closed
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Theorem 4.19 In a door space every subset is g*Λ closed.

Proof: Let A be any subset of (X,τ).We know that in a door space every
subset is either open or closed. Hence by definition every subset is λ closed
which in turn proves the theorem

Remark 4.20 Converse of the above statement need not be true as seen from
the following example.

Theorem 4.21 Let A be a g*Λ closed set in a topological space (X,τ).Then

1. If A is regular open then pInt A and sClA are g*Λ closed sets.

2. If A is regular closed then pCl A and sIntA is also g*Λ closed.

Proof:

1. Since A is regular open in a topological space (X,τ),by definition we have
sCl(A) = A ∪ Int(Cl(A)) = A, and pInt(A)= A∩Int(Cl(A))= A. Thus
sCl(A) and pInt(A) are g*Λ closed

2. Since A is regular closed in (X,τ),by definition we have pCl(A) = A
∪ Cl(Int(A)) = A, and sInt(A)= A∩Cl(Int(A))=A. Thus pCl(A) and
sInt(A) are g*Λ closed.

Theorem 4.22 In a partition space ,every g*Λ closed set is g closed set

Proof: Let A be a g*Λ closed set and A⊆ U, where U is open. Since every
open set is a g open set U is g open. By hypothesis A is g*Λ closed set. Hence
we have ClλA ⊆U. In partition space every closed set is open. Hence the class
of λ closed sets coincides with the class of closed sets. Therefore we have Cl
A= ClλA⊆ U. Thus we have A is g closed.

Theorem 4.23 In a partition space ,every g*Λ closed set is Λ-g closed set

Proof: Let A be a g*Λ closed set and A⊆ U, where U is λ open. In partition
space every closed set, the class of λ closed sets coincides with the class of
closed sets(open sets)and the class of λ open sets also coincides with the class
of closed sets (open sets). Therefore we have (X,τ)= λO(X,τ)=λC(X,τ).Hence
we also get in a partition space every λopen set is a g open set.So we U is a g
open set with A⊆U. By hypothesis A is g*Λ closed set. Hence we have ClλA
⊆U. Thus we have A is Λ-g closed.

Theorem 4.24 Let A and B are g*Λ closed sets in (X,τ), such that D(A)⊆DλA
and D(B)⊆DλB. Then A∪B is g*Λ closed.
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Proof: For any set E of (X,τ) DλE⊆ D(E). Therefore by hypothesis D(A) =
DλA and D(B) = DλB. Hence we have ClA = D(A)∪A = Dλ(A)∪A=ClλA.
Similarly Cl(B) = Clλ(B). Let A∪B⊂U ,where U is g open set . Then A
⊆U,and B ⊆U.Since A and B are g*Λ closed sets we have Clλ(A)⊆U and
Clλ(B)⊆U. Now Clλ(A∪B) ⊆ Cl(A∪B) = Cl(A)∪Cl(B)= Clλ(A)∪Clλ(B)⊆U.
Thus A∪B is g*Λ closed

Theorem 4.25 A subset A of a topological space (X,τ) is g*Λ closed if and
only if Clλ(A)⊆ g kernel of A

Proof: Necessity: Suppose that A is g*Λ closed in X. Let x ∈ Clλ(A) but
x/∈ g kernel of A. Then there exist a g open set G⊇ A, such that x /∈ G.But
Clλ(A) ⊆G,since A is g*Λ closed and G is g open containing A.Hence x ∈
Clλ(A) and x/∈G is a contradiction. Therefore lλ(A)⊆g kernel of A.
Sufficiency: Let Clλ(A) ⊆g kernel of A .Let A ⊆ U, where U is g open. Then
g kernel of A ⊆ U, implies Clλ(A)⊆U. Thus A is g*Λ closed

Theorem 4.26 Let A ⊆B ⊆ Clλ(A). If A is g*Λ closed in (X,τ) then B is
g*Λ closed (X,τ).

Proof: Let A be g*Λ closed in X, and B⊆ U,where U is g open in X. A ⊆
B⊆ U implies A⊆U where U is g open in X. Since A is g*Λ closed we have
Clλ(A)⊆U. Also B ⊆ Clλ(A) implies Clλ(B)⊆ Clλ[ Clλ(A)],that is Clλ(B)⊆
Clλ(A)⊆U. Hence B is g*Λ closed.

Theorem 4.27 Let F ⊆A ⊆X, where A is g open in X. If F is g*Λ closed in
X, then F is g*Λ closed in A.

Proof: Let F ⊆U, where U is g open set of A. Since U = V ∩A for some g
open set V of X and A is g open in X,U is g open in X. Using assumption F
is g*Λ closed in X . We have Clλ(F) ⊆ U and so ClλA(F) = Clλ(F)∩A ⊆U∩A
⊆U. Hence F is g*Λ closed in A

Theorem 4.28 Let F⊆ A ⊆ X,where A is g open and g*Λ closed in X. If F
is g*Λ closed in A then F is g*Λ closed in X

Proof:Let U be a g open set of X such that F ⊆U. Since F ⊆ U ∩A,where
U∩A is g open in A and F is g*Λ closed in A, ClλA(F) ⊆ U∩A holds. Using the
fact that ClλA(F) = Clλ(F)∩A for every g open set A, we have Clλ(F)∩A ⊆
U∩A. Since F⊆A we have Clλ(F) ⊆ Clλ(A). Since A is g open and g*Λ closed
in X, by theorem [3.8 ] A is λ closed. Therefore Clλ(A) =A . Thus Clλ(F) ⊆A
implies Clλ(F)= Clλ(F)∩A⊆ U∩A ⊆U. Hence F is g*Λ closed in X.
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5 Characteristics of g*Λ open sets

Definition 5.1 A subset A of (X,τ) is said to be g*Λ open if its complement
is a g*Λ closed set.

Theorem 5.2 A subset A of a topological space (X,τ) is g*Λ open if and only
if F⊆Intλ(A) where F is g closed in X and F ⊆ A.

Proof:
Necessity
Suppose F⊆ Intλ(A) where F is g closed in (X,τ) and F ⊆ A.
Let AC ⊆ G ,where GC is g open . Hence GC ⊆ A ,where GC is g closed.
Hence by assumption GC ⊆ Intλ(A),which implies [Intλ(A)] C ⊆ G.Therefore
Clλ(A

C ) ⊆ G.Thus AC is g*Λ closed,implies A is g*Λ open.
Sufficiency: Let A is g*Λopen in X with F ⊆A,where F is g closed.We have
AC is g*Λ closed ,with AC ⊆ FC where FC is g open. Then we have Clλ(A

C)
⊆ FC implies F ⊆ X � Clλ(A

C ) = Intλ(X � AC) = Intλ(A).Hence proved.

Theorem 5.3 Every λ open set is g*Λ open set.

Proof: Let A be a λ open set. Then X� A is λ closed. By theorem[3.2],X�
A is g*Λ closed. Hence A is g*Λ open.

Theorem 5.4 Every closed set is g*Λ open set.

Proof: Let A be a closed set. Then X� A is open set. By lemma [2.4]X�A
is λ closed set. Then A is a λ open set. By theorem[5.3] A is g*Λ open.

Theorem 5.5 Every open set is g*Λ open set.

Proof:
Let A be a open set.Then X� A is closed. By lemma[2.4]X� A is a λ closed
set. Then by theorem[3.2] X�A is g*Λ closed. Hence A is g*Λ open.

Theorem 5.6 If Intλ(A) ⊆B ⊆A and A is g*Λ open ,Then B is g*Λ open

Proof: Intλ(A) ⊆B ⊆A implies AC ⊆ BC ⊆ Clλ(A
C).Given AC is g*Λ closed.

By Theorem [4.26 ] BC is g*Λ closed. Therefore B is g*Λ open

Theorem 5.7 If a subset A of a topological space X is g*Λ open in X then G
= X, whenever G is g open and Intλ(A) ∪ AC ⊆ G.

Proof: Let A be g*Λ open and G be g open , Intλ(A)∪ AC ⊆ G.This gives
GC ⊆( X� Intλ(A))∩ A = Clλ(A

C ) ∩A=Clλ(A
C ) �AC . Since GC is g closed

and AC is g*Λ closed by theorem[4.4] we have GC = ∅. Thus G =X.
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Theorem 5.8 If a subset A of a topological space X is g*Λ closed,then Clλ(A)�
A is g*Λ open

Proof: Let A ⊆ X be g*Λ closed.Let F be g closed such that F ⊆ Clλ(A)�A.Then
by theorem[4.4] F = ∅. So ∅ = F ⊆ Intλ(Clλ(A)�A). This shows that A is g*Λ
open set

Theorem 5.9 In a partition space ,every g*Λ open set is g open set

Proof: Let A be a g*Λ open set.Then X� A is g*Λ closed set. Then by
theorem[4.22] X� A is g closed. Hence we have A is g open.Thus proved.

Theorem 5.10 In a door space every subset is g*Λ open.

Proof:It follows from theorem[4.19]

Theorem 5.11 In T1 space every g*Λ open set is λ open.

Proof:It follows from theorem[4.8]

Theorem 5.12 Every Subset of T1/2 space is g*Λ open.

Proof: It follows from definition of g*Λ open set and the theorem[4.10].

Theorem 5.13 Every finite subset of T1/4 space is g*Λ open.

Proof: It follows from definition of g*Λ open set and the theorem[4.12].
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