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Abstract. A production and sales storage system is considered. During
the operation time a machine produces random number of products. After
operation time, sales time starts and it has one among two distinct distri-
butions depending on the magnitude of production is within or exceeding a
random threshold magnitude. Three models are treated. In these models sales
time depends on the number of products produced . In Models A and C the
operation times have exponential distributions and the production times are
generals. Model B consider the case when the operation times have general dis-
tributions and the production times are exponentials. Joint transforms of the
variables, means, variances, covariance and numerical results are presented.
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1. INTRODUCTION

Storage systems of (s, S) type was studied by Arrow, Karlin and Scrat [1].
Such systems with random lead times and unit demand were treated by Danial
and Ramanarayanan [2].Models with bulk demands were analyzed by Rama-
narayanan and Jacob [8]. Murthy and Ramanarayanan [4, 5, 6, 7] considered
several (s, S) inventory systems. Kun- Shan Wu, Ouyang and Liang -Yuh [3]
have studied (Q, r, L) inventory model with defective items. So far no models
in these areas have been studied in which the sales time is depending on the
number or size of the products produced. In manufacturing models to get the
return on investment and to pay minimum interest, it is natural that when
the production is more, the sales time is made short so as to cut cost. It
has been noticed that when the units produced are more, financial supports
for the customers are provided to clear products early. These are widely felt
in perishable commodity sectors where many banking institutions provide re-
quired finance for the purchase. In this paper we consider two models. In
model A we consider the operation times have exponential distributions and
the production times have general distributions. In model B we study the case
when the operation times have general distributions and the production times
have exponential distributions. After the production, the sales time starts. In
models A and B, the sales time varies depending on the number of products
produced is within or in excess of the threshold limit. The joint transforms,
the means of production times and sales times, the variances, the covariance
of the variables and numerical examples are also presented.

2. Model A : MARKOVIAN OPERATION TIME AND GENERAL
SINGLE PRODUCTION

Assumptions
1. The machine operation time T is a random variable with exponential

distribution function with parameter λ .
2. The inter-production times of products are independent identically dis-

tributed random variables with cdfF (x) and pdff(x). At every produc-
tion time one product is produced. Let N be the number of products
produced during the operation time T.

3. The sale time S has general distribution with cdf G1(y) and pdf g1(x)
when the number of products produced N is less than the threshold U
and it has cdf G2(y) and pdf g2(x) when N is more than the threshold
U to provide change in selling rate. When no unit is produced during
operation time sales time S1 is used for other purpose.

4. Threshhold U has a general probability function and
P (U = n) = pn, n = 1, 2, 3, ....
LetP (U > n) = Pn, φ(s) =

∑∞
n=0 pnsn

andΦ(s) =
∑∞

n=0 Pnsn
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We may derive the joint distribution of T and S as follows. The joint proba-
bility density function of T and S is
∂

∂x
(

∂

∂y
P (T ≤ x, S ≤ y)) = f(x, y)

= λe−λx[Fn(x) − Fn+1(x)][Png1(y) + (1 − Pn)g2(y)] (2.1)

for n = 1, 2, 3 The first term of equation (2.1) is the part of the pdf that the
operation time is x, the sales time is y, the number of productions is n and
the number of products produced is within the threshold. The second term of
equation (2.1)is the part of the pdf that the operation time is x, the sale time
is y, the number of productions is n and it exceeds the threshold where Fk(x) is
the k fold cdf convolution and is the probability that the time to k productions
is less than x, fork = 1, 2, 3 Let us define the joint Laplace transform as follows.
E(e−tT e−sS) =

∫ ∞
0

∫ ∞
0

f(x, y)e−txe−sydxdy,

=

∫ ∞

0

∫ ∞

0

∞∑
n=0

λe−λx[Fn(x) − Fn+1(x)]Png1(y)e−txe−sydxdy

+

∫ ∞

0

∫ ∞

0

∞∑
n=0

λe−λx[Fn(x) − Fn+1(x)](1 − Pn)g2(y)e−txe−sydxdy

and t, s ≥ 0
On simplification it gives

E(e−tT e−sS) = (
λ

λ + t
)(1 − φ(f ∗(λ + t)))g∗

1(s)

+(
λ

t + λ
)φ(f ∗(λ + t)g∗

2(s). (2.2)

Here * indicates Laplace transform
E(e−tT ) = ( λ

λ+t
), E(e−sS) = (1 − φ(f ∗(λ)))g∗

1(s) + φ(f ∗(λ))g∗
2(s). E(S) =

(1 − φ(f ∗(λ)))E(S1) + φ(f ∗(λ))E(S2).
Setting p = 1 − φ(f ∗(λ)) and q = 1 − p,
we may note E(S) = pE(S1) + qE(S2)

V ar(S) = p(V ar(S1)) + q(V ar(S2)) + pq[E(S1 − S2)]
2 (2.3)

Using differentiation of (2.2) we get

Cov(T, S) = φ
′
(f ∗(λ))f ∗′(λ)[E(S1) − E(S2)]. (2.4)

When f is exponential pdf with rate a and U has geometric distribution with
parameter θ we get

Cov(T, S) = −[E(S1) − E(S2)]
a(1 − θ)

[λ + a(1 − θ)]
. (2.5)
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3. MODEL B: GENERAL OPERATION TIME AND
MARKOVIAN SINGLE PRODUCTION

Assumptions
1. The machine operation time T is a random variable with cumulative

distribution function (cdf) F (x) and probability density function (pdf)
f(x).

2. The inter-production times of products are independent and identically
distributed random variables with exponential distribution with rate λ .
At every production time one product is produced. Let N be the number
of products produced during the operation time T .

3. The sales time S has general distribution with cdf G1(y) and pdf g1(x)
when the number of products produced N is less than the threshold U
and it has cdf G2(y) and pdf g2(x) when N is more than the threshold
U to provide change in selling rate. When no unit is produced during
operation time sales time S1 used for other purpose.

4. Threshold U has geometric distribution with parameter θ and P (U =
n) = θ(1 − θ)n−1, n = 1, 2, 3, Noting that the number of products pro-
duced during a period has Poisson distribution, we may derive the joint
distribution of T and S as follows. The joint probability density function
of T and S is

∂

∂x
(

∂

∂y
P (T ≤ x, S ≤ y)) = f(x, y)

= f(x)
∞∑

n=0

θn{e−λx(λx)n

n!
}g1(y)

+f(x)

∞∑
n=0

(1 − θn){e−λx(λx)n

n!
}g2(y) (3.6)

for n = 1, 2, 3 The first term of equation (3.6)is the part of the pdf that the
operation time is x ,the sale time is y, the number of products is within the
threshold limit . The second term of equation (3.6) is the part of the pdf that
the operation time is x, the sales time is y, the number of productions is n
and it exceeds the threshold limit. Let us define the joint Laplace transform
as follows.

E(e−tT e−sS) =

∫ ∞

0

∫ ∞

0

f(x, y)e−txe−sydxdy. (3.7)

=

∫ ∞

0

∫ ∞

0

f(x)e−txe−sye−λx(1−θ)g1(y)dxdy

+

∫ ∞

0

∫ ∞

0

f(x)e−txe−sy(1 − e−λx(1−θ))g2(y)dxdy,
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0 ≤ θ ≤ 1, and t, s ≥ 0.
On simplification it gives

E(e−tTe−sS) = f ∗(t + λ(1 − θ))g∗
1(s) + [f ∗(t) − f ∗(t + λ(1 − θ))]g∗

2(s) (3.8)

We may note E(e−tT ) = f ∗(t);

E(e−tS) = f ∗(λ(1 − θ))g∗
1(s) + [1 − f ∗(λ(1 − θ))]g∗

2(s). (3.9)

Using differentiation and setting p = f ∗(λ(1 − θ)) with q = 1 − p, we get
E(S) = pE(S1) + qE(S2), E(S2) = pE(S2

1) + qE(S2
2),

V ar(S) = pV ar(S1) + qV ar(S2) + pq[E(S1 − S2)]
2. (3.10)

Using differentiation of (3.8) we get
E(TS) = E(T )E(S2) − f ∗′(λ(1 − θ))[E(S1) − E(S2)] and

Cov(T, S) = −[E(S1) − E(S2)][f
∗′(λ(1 − θ)) + pE(T )]. (3.11)

When T is exponential with parameter a, we get

Cov(T, S) = −[E(S1) − E(S2)]

[
(λ(1 − θ))

(a + λ(1 − θ))2

]
. (3.12)

4. MODEL C: MARKOVIAN OPERATION TIME AND
GENERAL RANDOM PRODUCTION

Assumptions
1. The machine operation time T is a random variable with exponential

distribution with parameter λ.Its cumulative distribution function (cdf)
is F (x) and probability density function (pdf) is f(x).

2. The inter-production times of products are independent random variables
with cumulative distribution function (cdf) F (x) and probability density
function (pdf) f(x). Let N be the number of products produced during
the operation time T .

3. The sizes of the products produced are independent and identically dis-
tributed random variable with cdf H(x) and pdf h(x). The sales time S
is S1 which has general distribution with cdf G1(y) and pdf g1(x) when
the total sum of magnitude Z of the products produced is less than the
threshold selling capacity U and is S2 which has general distribution cdf
G2(y) and pdf g2(x) when the total magnitude Z of the products produced
is more than the threshold U to provide change selling rate.

4. Threshold U has exponential distribution with parameter μ.

Noting that the operation time has exponential distribution and inter produc-
tion times are general, we may derive the joint distribution of T, N, Z and S as
follows. The joint probability density function of T, Z and S and probability
function of N is

∂

∂x
(

∂

∂y
(

∂

∂z
P (T ≤ x,N = n, U ≤ u, S ≤ y))) = f(x, n, u, y)
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= λe−λx[Fn(x) − Fn+1(x)]Hn(u)μe−μug1(y)

+λe−λx[Fn(x) − Fn+1(x)][1 − Hn(u)]μe−μug2(y),

(4.13)

for n = 1, 2, 3 The first term of equation (4.13) is the part of the pdf that the
operation time is x, the sales time is y, the number of productions is n and
the size of production z is within U , the threshold level. The second term of
equation (4.13) is the part of the pdf that the operation time is x, the sales
time is y, the number of productions is n and the size of production z exceeds
U , the threshold level where Fk(z) is the k fold ’cdf convolution’ and is the
probability that the size of sum of k productions is less than z. Let us define
the joint Laplace transform cum generating function as follows.
E(etT e−sSe−uZθN)

=

∞∑
n=0

θn

∫ ∞

0

∫ ∞

0

∫ ∞

0

f(x, n, z, y)e−txe−sye−uzdxdydz.

=
∞∑

n=0

θn

∫ ∞

0

∫ ∞

0

∫ ∞

0

λe−λx[Fn(x) − Fn+1(x)]

×Hn(z)μe−μze−txe−sye−uzg1(y)dxdydz

+

∞∑
n=0

θn

∫ ∞

0

∫ ∞

0

∫ ∞

0

λe−λx[Fn(x) − Fn+1(x)]

×[1 − Hn(z)]μe−μze−txe−sye−uzg2(y)dxdydz (4.14)

0 ≤ θ ≤ 1,and t, s, u ≥ 0.
On simplification it gives E(e−tT e−sSe−uZθN )

=
( μλ

(μ + u)(λ + t)

)( 1 − f ∗(t + λ)

1 − θh∗(μ + u)f ∗(t + λ)

)
(g∗

1(s) − g∗
2(s))

+
( μλ

(μ + u)(λ + t)

)( 1 − f ∗(t + λ)

1 − θf∗(t + λ)

)
g∗

2(s)

E(e−tT e−sSθN ) = (
λ

t + λ
)
( 1 − f ∗(t + λ)

1 − θh∗(μ + u)f ∗(t + λ)

)
(g∗

1(s) − g∗
2(s))

+(
λ

t + λ
)
( 1 − f ∗(t + λ)

1 − θf∗(t + λ)

)
g∗

2(s). (4.15)

We may note E(e−tT ) = λ
t+λ

,

E(e−sS) =
( 1 − f ∗(λ)

1 − h∗(μ)f ∗(λ)

)
(g∗

1(s) − g∗
2(s)) + g2(s) (4.16)



Probabilistic analysis of storage systems 949

E(e−sS) =
( 1 − f ∗(λ)

1 − h∗(μ)f ∗(λ)

)
g1(s) + (

f ∗(λ)(1 − h∗(μ))

1 − h∗(μ)f ∗(λ)
)g2(s).

E(S) =
( 1 − f ∗(λ)

1 − h∗(μ)f ∗(λ)

)
E(S1) +

(f ∗(λ)(1 − h∗(μ))

1 − h∗(μ)f ∗(λ)

)
E(S2).

Setting

p =
( 1 − f ∗(λ)

1 − h∗(μ)f ∗(λ)

)
andq = 1 − p,

we note
E(S) = pE(S1) + qE(S2)

V ar(S) = p(V ar(S1)) + q(V ar(S2)) + pq[E(S1 − S2)]
2 (4.17)

Using differentiation of (4.15) for θ = 1 we get

E(TS) =
1

λ
E(S2) + [E(S1) − (S2)]

{
1 − f ∗(λ)

λ(1 − h∗(μ)f ∗(λ))
+

f ∗′(λ)(1 − h∗(μ))

1 − h∗(μ)f ∗(λ)2

}

Cov(T, S) = [E(S1) − (S2)]

{
f ∗′(λ)(1 − h∗(μ))

(1 − h∗(μ)f ∗(λ))2

}
(4.18)

We may find that

E(θN ) =
1 − f ∗(λ)

1 − θf∗(λ)
, E(N) =

f ∗(λ)

1 − f ∗(λ)

and

V ar(N) = [
f ∗(λ)

1 − f ∗(λ)
]2 (4.19)

E(TN) =
f ∗(λ)

λ(1 − f ∗(λ))
− f ∗′(λ)

[1 − f ∗(λ)]2

and

Cov(T, N) = − f ∗′(λ)

(1 − f ∗(λ))
(4.20)

When F (x) is exponential distribution with parameter a,

Cov(T, N) =
a

λ2
(4.21)

NUMERICAL ILLUSTRATIONS
Models A and B:
We present the usefulness of the results obtained by presenting numerical ex-
amples. We consider numerical examples for two models A and B together. We
take the operation time is exponential with parameter 2, the inter production
time is exponential with parameter 10, Sales times S1 and S2 are exponential
with parameters 1 and 2. We take the threshold distribution is Geometric with
parameter θ. Assigning different values for θ we find the statistical values as
given in the table.
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S.No. θ p E(S) V ar(S) Cov(T, S)
1 .1 .18182 .59091 .424275 -.03719
2 .2 .2 .6 .44 -.04
3 .3 .22222 .61111 .459876 -.04321
4 .4 .25 .625 .484375 -.046875
5 .5 .28571 .64285 .5153 -.05102
6 .6 .33333 .666665 .555555 -.055556
7 .7 .4 .7 .61 -.06

The increase in the values of θ (the decrease in expected threshold size) in-
creases expected sales times, and increases its variances. Since the mean of S1

is greater than the mean of S2 , the covariance (correlation) is negative. As θ
increases the co-variance increases indicating the variables are more negatively
correlated for large values of θ and Cov(T, S) approaches to −1.
Model C:
We now consider model C for illustration. To cover the model C , we consider
the case of the operation time, the production time and the size of products
produced, the sales time S1 and the sales time S2 have exponential distribu-
tions with rate parameter values respectively 2, 10, 2, 1 and 2. We vary the
threshold rate parameter μ and give values μ = .1, .15, .2 and .5. Using equa-
tions seen we present the statistical values in the following table. Fixing the
threshold parameter μ and varying any other parameter, we may also study
the effect of it on the statistical values.

S.No. θ p E(S) V ar(S) Cov(T, S)
1 .1 .80770 .90385 .94268 -.038832
2 .15 .74138 .87069 .853969 -.047934
3 .2 .68750 .84735 .819336 -.053711
4 .5 .5 .75 .6875 -.0625

The increase in the values of μ (the decrease in expected threshold size) de-
creases expected sales times, and decreases its variances. Since the mean of
S1 is greater than mean of S2 the covariance (correlation) is negative. As μ
increases the co-variance decreases indicating the variables are more negatively
correlated for large values of μ and Cov(T, S) approaches to −1.
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