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Abstract. In this paper the demands occur for two types of units A and B.
They are registered for the supply by the inventory manager. Two models are
treated. In Model 1, the demands occur for the units of A in accordance with
a renewal process and the unit B has constant demand rate. When the total
demand for the units A exceeds a threshold limit the order for the supply of
the same is made by inventory manager. When the demand occurs for unit B
the order for the supply of the same is made together with orders for units A,
if any. In model 2 the demands for the units of A and B occur in accordance
with Poisson processes and the orders are made when the demands for any one
of them exceeds thresholds. We present the expected time to order,expected
lead time and double Laplace transform of the joint distribution of the same
times using renewal theoretic arguments when the demands are served one by
one. We also treat the case when all demands are served in parellel manner.
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1. INTRODUCTION

The probabilistic treatment in the study of inventory systems using renewal
theory was been given by Arrow, Karlin and Scraf [1]. Hadley and Whitin
[5] treated the applications of such models. Danial and Ramanarayanan [3]
discussed (s, S) inventory with random lead time and unit demand. Rama-
narayanan and Jacob [8] studied this system with bulk demands. Two order-
ing level inventory system was treated by Thangaraj and Ramanarayanan [9].
Chenniappan and Ramanarayanan [2] discussed two ordering level inventory
model with rest time to the server. Murthy and Ramanarayanan [6, 7] treated
inventory system with perishable units and calamity. Gaver [4] treated point
process problems in reliability theory which are also useful to invertory models.

So far fixed threshold level of s for booking orders are given importance.
Random threshold levels for booking have not been treated at any depth. In
this paper we consider that the demands occur for units A and B. The demands
are booked for supply. We treat two models. In model 1, the demands for
units of type A are booked till the total demand reaches a threshold level
(cumulative demand process) and then the total units of A demanded are
supplied one by one. The demand for unit B occurs in an exponential time.
The supply for unit B is started when a demand occurs for it together with
supply for the demands for unit A, if any. In model 2 the demands for the units
A and B are booked till total demands for any of them reaches the threshold
level(two cumulative demand processes).The inter occurrence times of demands
to them have exponential distributions and the thresholds are exponential. We
consider the following two different methods of serving the demands They are
(i) the demands are supplied one by one and (ii) all the demands are attended
simultaneously. The time to order (T ) is T=min {T1, T2} where T1 and T2 are
the times to order unit A and B respectively. We provide results for model 1
in section 2 and treat model 2 in section 3. The Joint Laplace transform of
time to order and supply time is obtained for the model. The expected time to
order and the expected supply time are presented with numerical illustration.
The marginal supply time distribution is derived for model 2.

2. Model 1

Assumptions
(1) The Units A and B are supplied by an inventory manager.
(2) The inter-occurrence times of demands for unit A are independent

and identically distributed random variables with distribution function
F (x).



Cumulative demand inventory system 127

(3) The demands for units of A are taken for supply at time T1 when the
total number of demands reaches N, the threshold which is a random
variable with Pk = P (N > K) for K = 0, 1, 2, ... and {Pk} is assumed
to be any decreasing sequence of numbers in the unit interval, such
that

∑∞
k=0 Pk <∞, P0 = 1.

Let pk = Pk−1 − Pk = P (N = k), the probability that the threshold
level is k for k = 1, 2, .... Let its probability generating function be
Φ(s) =

∑∞
k=0 pks

k and p0 = 0.
(4) Time to occurrence T2, of a demand for unit B has exponential dis-

tribution with parameter µ. When a demand for unit B occurs, it is
taken for supply.

(5) When the N-th demand (= the threshold) occurs for unit A all its
demands are supplied. If unit B is demanded before the threshold N
is reached by the total number of demands k occurred for unit A,then
unit B and k units of A are supplied.

(6) The supply time to i-th demand of the unit A is Ri and Ri’s are inde-
pendent and identically distributed random variables with distribution
function R(y). The supply time of the unit B is assumed to be R,
independent of other Ri’s but with same distribution function R(y).

Model 1(a): Demands supplied one by one.

We consider a supply facility which supplies all the demands one at a time
after time T . The supply time Â is given by Â = R1+R2+...+Ri where i is the
number of demands occurred during T .When the inventory manager is ordering
only the number of units of A due toN = n, then Â = R1+R2+...+RN . On the
other hand if the inventory manager is to order on the occurrence of a demand
to the unit B, he orders for the supply of n(< N) units of A that have occurred

during T2, together with an order for unit B. Then Â = R1 +R2 + ...+Rn+1.
Using the above facts, we find the joint distribution function of T and Â.

P (T ≤ x, Â ≤ y) = P (T1 ≤ x, Â ≤ y, T2 > T1)

+P (T2 ≤ x, Â ≤ y, T1 > T2)

and may be seen as

P (T ≤ x, Â ≤ y) =
∞∑
n=1

pnR
∗n(y)

∫ x

0

e−µzdF ∗n(z)

+
∞∑
n=0

PnR
∗(n+1)(y)

∫ x

0

µe−µz[F ∗n(z)− F ∗(n+1)(z)]dz. (2.1)

Here R∗n(y) and F ∗n(y) are the n-fold Stieltjes convolutions of distribution
functions of R(y) and F (y) respectively. The term under the 1-st summation
of (2.1) is the joint probability that the inventory manager orders for unit A
when the total number of demands for units A reaches the threshold level and∑n

i=1Ri ≤ y. The second summation is the joint probability that the inventory
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manager orders due to the demand for the unit B and for the demands for unit
A that have occurred during the occurrence time of demand for unit B and∑n+1

i=1 Ri ≤ y.
From (2.1) we get

E(e−ξT e−ηÂ) =

∫ ∞
0

∫ ∞
0

e−ξxe−ηy
∞∑
n=1

pne
−µxdR∗n(y)dF ∗n(x)

+

∫ ∞
0

∫ ∞
0

e−ξxe−ηy
∞∑
n=0

Pnµe
−µx[F ∗n(x)− F ∗(n+1)(x)]dR∗(n+1)(y)dx

=
∞∑
n=1

pn[R↑(η)F ↑(µ+ ξ)]n +
∞∑
n=0

Pn[R↑(η)]n+1

[F ↑(µ+ ξ)]n[1− F ↑(µ+ ξ)]R↑(n+1)(η)[µ/µ+ ξ]

Here ↑ denotes Laplace Stieltjes transform.
Using the fact that Pi = 1−

∑i
j=1 Pj

we find

E(e−ξT e−ηÂ) = Φ[R↑(η)F ↑(µ+ ξ)]

+

{
µR↑(η)[1− F ↑(µ+ ξ)]

(ξ + µ)[1−R↑(η)F ↑(µ+ ξ)]

}
×
{

1− Φ[R↑(µ)F ↑(µ+ ξ)]
}

(2.2)

The dependence of supply time on the corresponding time to order for the
supply may be seen easily. Equation (2.2) for η = 0 and ξ = 0 gives respectively

E(e−ξT ) =
[µ+ ξΦ[F ↑(ξ + µ)]]

(ξ + µ)
(2.3)

and

E(e−ηÂ) = Φ[R↑(η)F ↑(µ)] +

{
R↑(η)[1− F ↑(µ)]

1−R↑(η)F ↑(µ)

}
×
{

1− Φ[R↑(η)F ↑(µ)]
}

(2.4)

From (2.3) and (2.4) we obtain by differentiation

E(T ) =
1

µ
(1− Φ[F ↑(µ)]) (2.5)

E(Â) =
−R↑′(0)(1− Φ[F ↑(µ)])

1− F ↑(µ)
(2.6)

Here ′ denotes differentiation.

Numerical Example:
We consider a special case for numerical results for the supply of the units with
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p0 = 0, pk =
e−λλk − 1

k − 1!
, k = 1, 2, ...

F ↑(µ) =
( θ

θ + µ

)

Φ(F ↑(µ)) =
( θ

θ + µ

)
e−
(

λµ
θ+µ

)
Using these results,E(T ) and E(Â) become

E(T ) =
1

µ
[1− Φ(F ↑(µ))]

=
1

µ
[1− θ

θ + µ
e−
(

λµ
θ+µ

)
]

E(Â) = −R↑′(0)
[1− Φ(F

↑
(µ))]

1− F ↑(µ)

= −R↑′(0)
[1−

(
θ

θ+µ

)
e−
(

λµ
θ+µ

)
]

1− θ
θ+µ

= −R↑′(0)
(θ + µ

µ

)
[1−

( θ

θ + µ

)
e−
(

λµ
θ+µ

)
]

Now to calculate E(T ) and E(Â) by using the graph

θ=1,λ=1, −R↑′(0)=0.1

µ E(T) E(Â)
1 0.6967 0.1393
2 0.4144 0.1243
3 0.2940 0.1173
4 0.2275 0.1138
5 0.1855 0.1113
6 0.1566 0.1099
7 0.1354 0.1081
8 0.1193 0.1078
9 0.1065 0.1065

10 0.0963 0.1060
Table 1.1
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Fig1.1

θ=1,λ=4, −R↑′(0)=2

µ E(T) E(Â)
1 0.9323 3.7294
2 0.4882 2.9289
3 0.3292 2.6268
4 0.2480 2.4795
5 0.1988 2.3856
6 0.1659 2.3292
7 0.1423 2.2713
8 0.1246 2.2528
9 0.1108 2.2140

10 0.0998 2.1947
Table 1.2

Fig 1.2

From the table 1.1to1.2 we observe for the fixed values of θ,λ, −R↑′(0) if
the parameter µ increases, the expected time to order and the expected lead
time decrease.
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Model 1.(b): Orders given for both units A and B simultaneously.

In this model instead of taking Â to be sum as in Model 1(a) we assume

Â =max {R1, ., Ri} where i is the number of demands occurred during T.
Proceeding as in Model 1 (a) and Gaver [3] we get

P (T ≤ x, Â ≤ y) =
∞∑
n=1

pn[R(y)]n
∫ x

0

e−µzdF ∗n(z)

+
∞∑
n=1

Pn[R(y)]n+1

∫ x

0

µe−µz[F ∗n(z)− F ∗n+1(z)] (2.7)

Marginal demand time distribution can be obtained from (2.7) as

P (Â ≤ y) = Φ[R(y)F ↑(µ)]

+{R(y)[1− F ↑(µ)]

1−R(y)F ↑(µ)
}{1− Φ[R(y)F ↑(µ)]} (2.8)

3. Model 2

This section treats the case when the two units A and B are supplied when
total demands reach threshold levels, (two cdps). Joint Laplace transform and
marginal demand time distribution as in Models 1(a) and 1(b) are obtained
here for the special case in which the demands of the units have geometric -
thresholds and demands occur to them in accordance with Poisson processes.

Assumptions

(1) Demands occur to unit A and unit B in accordance with two different
and independent Poisson processes with parameters λ and µ respec-
tively.

(2) Demands occurring to two units are allowed to accumulate till either
total demands for unit A or unit B reaches the threshold level of the
same. The threshold levels of unit A and unit B are independent geo-
metric random variables with parameters a and b respectively.

(3) When the total demands for unit A, [unit B], reaches the threshold level
NA, [NB] before the demands of unit B, (unit A), reachesNB, [NA] then
orders are made for the supply of units A(unit B) and total demands
occurred to unit B (unit A) are also ordered for the supply.

(4) The supply time of i-th demand of the unit A or unit B is Ri and
Ri’s are independent and identically distributed random variables with
distribution function R(y).

It is straight forward to note the threshold distributions are

P (NA = n) = (1− a)an−1, n = 1, 2, ... 0 ≤ a < 1 (3.9)

Similarly we note

P (NB = n) = (1− b)bn−1, n = 1, 2, ... 0 ≤ b < 1. (3.10)

Model 2(a): Demands are supplied one by one.
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Proceeding as in model 1(a) and in [3] and noting Â = R1 + ... + Ri where i
is the number of demands that have occurred during T we obtain using (3.9)
and (3.10)

P (T1 ≤ x, Â ≤ y, T2 ≥ T1) =
∞∑
n=1

∞∑
k=0

R∗n+k(y)

×
∫ x

0

bke−µz(µz)k(1/k!)(1− a)an−1

×λe−λz(λz)n−1(1/(n− 1)!)dz. (3.11)

Here R∗n (y) is the n-fold distribution Stieltjes convolution of R(y) with itself.
The term under the (double) summation symbol is the joint probability that
the units A are ordered on the n-th demand during (0,x), for unit B, k demands

have occurred during (0,x) and
∑n+k

i=1 R ≤ y. Similarly we can find

P (T2 ≤ x, Â ≤ y, T1 > T2) =
∞∑
n=1

∞∑
k=0

R∗n+k(y)

×
∫ x

0

ake−λz(λz)k(1/k!)(1− b)bn−1

×µe−µz(µz)n−1(1/(n− 1)!)dz. (3.12)

Using (3.11) and (3.12) it is seen that

E(e−ξT e−ηÂ) = {λ(1− a)R↑(η)}

×

{∫ ∞
0

e−ξx
∞∑
k=0

e−ηx
[bηxR↑(η)k]

k!

×
∞∑
n=1

e−λx
[aλxR↑(η)]n−1

(n− 1)!
dx

}
+ {µ(1− b)R↑(η)}

×

{∫ ∞
0

e−ξx
∞∑
k=0

e−λx
[aλxR↑(η)k]

k!

×
∞∑
n=1

e−µx
[bµxR↑(η)]n−1

(n− 1)!
dx

}
. (3.13)

Equation (3.13) can easily be simplified as

E(e−ξT e−ηÂ) = R↑(η)
λ(1− a) + µ(1− b)

[ξ + λ+ µ− (aλ+ bµ)R↑(η)]
. (3.14)

Equation (3.14) for η = 0 and ξ = 0 gives respectively,

E(e−ξx) =
λ(1− a) + µ(1− b)

[ξ + λ+ µ− (aλ+ bµ)]
(3.15)
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and

E(e−ηÂ) = R↑(η)
λ(1− a) + µ(1− b)

λ+ µ− (aλ+ bµ)R↑(η)
. (3.16)

From (3.15) and (3.16) we obtain by differentiation,

E(T ) =
1

[λ(1− a) + µ(1− b)]
. (3.17)

E(Â) = E(R){ λ+ µ

λ(1− a) + µ(1− b)
} (3.18)

Numerical Example:
We consider a special case for numerical results for the supply of the units
with

E(T ) =
1

[λ(1− a) + µ(1− b)]
.

E(Â) = E(R){ λ+ µ

λ(1− a) + µ(1− b)
}.

Now to calculate E(T ) and E(Â) using the graph

λ = 0.2,a = 0.8,b = 0.9,E(R) = 0.1

µ E(T) E(Â)
1 7.1428 0.8571
2 4.1666 0.9166
3 2.9411 0.9411
4 2.2727 0.9545
5 1.8518 0.9629
6 1.5625 0.9687
7 1.3513 0.9729
8 1.1904 0.9761
9 1.0638 0.9787

10 0.9615 0.9807
Table 2.1
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Fig2.1

λ=0.1,a = 0.7,b = 0.8,E(R) = 0.1

µ E(T) E(Â)
1 4.3478 0.4782
2 2.3255 0.4883
3 1.5873 0.4920
4 1.2048 0.4939
5 0.9708 0.4951
6 0.8130 0.4959
7 0.6993 0.4965
8 0.6134 0.4907
9 0.5464 0.4972

10 0.4926 0.4975
Table 2.2

Fig 2.2

From the table 2.1to2.2 we observe for the fixed values of λ, a, b, E(R)), if
the parameter µ increases Expected time to order decreases and expected lead
time increases.

Model 2(b): Orders given to both units A and B simultaneously.

As in Model 1(b) we assume Â = max{R1, ...Ri} where i is the number of
demands occurred during T. Proceeding as in Model 2(a) we get,

P (T ≤ x, Â ≤ y) =
∞∑
n=1

∞∑
k=0

[R(y)]n+k
∫ x

0

bke−µz
(µz)k

k!
λ(1− a)an−1e−λz

(λz)n−1

(n− 1)!
dz

+
∞∑
n=1

∞∑
k=0

[R(y)]n+k
∫ x

0

ake−λz
(λz)k

k!
µ(1− b)bn−1e−µz (µz)n−1

(n− 1)!
dz.

(3.19)
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Marginal demand time distribution using (3.20) is seen as

P (Â ≤ y) =
R(y)[λ(1− a) + µ(1− b)]
[λ+ µ− (aλ+ bµ)R(y)]

where 0 ≤ a < 1 and 0 ≤ b < 1.
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