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Abstract. In this paper a new type of space has been introduced with the help of 
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1. Introduction 
 
The generalization of open set had been studying from 1963, when  N. Levine [15]  
had introduced semi-open set and semi-continuity in literature. From 1963 to till date 
so many mathematicians like Andrijevic[1], [2], Crossely and Hildebrand [4], Dorsett 
[6],[7], Maheshwari and  Prasad [16], Hatir et al [14] and Noiri [19] and many others  
have worked on this field. Again in 1987 P. Bhattacharyya and B.K. Lahari[3]  have 
also introduced as like similar generalized set  by the name of semi-generalized open 
sets using semi-open set. Actually semi-generalized open set is the generalization of 
semi-open set. Noiri[19] characterized semi-normal spaces using semi-generalized 
open sets. So study of semi-open sets in topological spaces is remarkable. 
The ideal  in topological spaces was first introduced by K. Kuratowski in 1930[13]. 
After that so many mathematicians like Jankovic and Hamlett[12], [8], Hashimoto[9], 
Hatir and  Noiri[10], Hayashi[11], Modak and Bandyopadhyay[17], and 
Vaidyanathaswamy[20], [21] have studied on this field and developed the concept. A   
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topological space (X,τ) with an ideal I on  X  is denoted by  (X,τ,I). This space 
sometimes called ideal topological space [5]. In ideal topological space 
Kuratowski[13] have defined local function. Mathematicians like Hayashi [11],  
Jankovic and  Hamlett [12], Hashimoto[9] have considered this concept and 
discussed the properties of it. They introduced a closure operator with the help of 
local function and defined  a new topology.     
T. Natkaniec[18] in 1986 have introduced another operator ψ  in ideal topological 
spaces.  Hamlett and Jankovic in [8] and Modak and Bandyopadhyay in [17] have 
considered the operator ψ  and discussed the properties of it in detail. They have also 
shown that the operator ψ gives an interior operator which is the interior operator of 
the topology defined by Jankovic and  Hamlett in [12].  
In this paper we consider a new type of space replacing τ of the ideal topological 
space (X,τ, I)  by the set of all semi-open sets of (X,τ). We also introduce two 
operators  ( )*s  and  ψs . Further we discuss the properties of these two operators and 
we shall show that  ( )*s does not give a closure operator and  ψs does not give an 
interior operator. 
 
 

2. Preliminaries 
 
Let  (X,τ)  be a topological space and  A ⊂ X. We denote closure of  A  and interior 
of  A  by clA  and  intA  respectively. 
Definition2.1.[15]. A set A in a topological space  (X,τ) is called semi-open if there 
is an open set  O  such that  O⊂ A⊂ clO. 
Its equivalent definition is: 
Definition2.2.[15]. A set A in a topological space (X,τ) is called semi-open if A⊂ 
clintA.  
The set of all semi-open sets in a topological space (X,τ) is denoted as  SO(X,τ). The 
complement of  semi-open set is said to be semi-closed set. The intersection of all 
semi-closed sets containing  A  is called the semi closure of  A[4] and it is denoted as 
sclA. The semi interior[1] of  A, denoted by  sintA,  is defined to be the union of all 
semi-open sets contained in  A. 
A set  A  in a topological space  (X,τ), A⊂ sclA⊂ clA [16]. 
Definition2.3.[13]. A nonempty collection  I  of subsets of a given  set  X is said to 
be an ideal on  X if  (i).  A∈I  and  B ⊂ A implies  B ∈I (heredity) and (ii).  A∈I  and 
B∈I implies  A ∪B ∈I (finite additivity).  
If  (X,τ)  is a topological space and  I is an ideal on  X, then (X, τ, I) is called ideal 
topological space[5]. 
Let ℘(X) denote the power set of  X. 
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Definition2.4.[21]. Let (X, τ, I) be an ideal topological space. A set operator  ( )* : 
℘(X) → ℘(X),  is called the local function of  I  on  X  with respect to τ,  is defined 
as:   
 (A)* (I, τ) = { x ∈ X:  Ox ∩A ∉ I ,  for every open set Ox  containing x}, for every 
A∈ ℘(X).   
This is simply  called local function and simply denoted as  A* . 
 
Definition2.5.[18]. Let (X, τ, I) be an ideal topological space. An operator  ψ : ℘(X) 
→ τ  is defined as: ψ(A) = {x ∈ X:  there exists a open set  Ox containing x  such that  
Ox – A ∈ I }, for every A∈℘(X).  
Its equivalent definition is; ψ(A) = X – (X – A)*. 
 

3. ( )*s   Operator 
In this section we shall introduce semi ideal space and ( )*s operator and discuss 
various properties of this operator. 
Let (X,τ)  be a topological space and  I  be an ideal on X, then  (X, SO(X,τ), I) is 
called semi ideal space. Now we shall define the operator  ( )*s. 
Definition3.1.  Let (X, SO(X,τ), I ) be a semi ideal space.   A set operator  ( )*s : 
℘(X) → ℘(X),  is called the semi local function of  I  on  X  with respect to 
SO(X,τ),  is defined as:  (A)*s (I, SO(X,τ)) = { x ∈ X:  Ux ∩A ∉ I ,  for every semi-
open set Ux  containing x }, for every A∈ ℘(X).   
This is simply called semi local function and simply denoted as  A*s . 
We have discussed the properties of semi local function in following theorem:  
Theorem3.1.  Let (X, SO(X,τ), I ) be a semi ideal space, and let A, B, A1, A2, ----- 
Ai,---- be subsets of  X. Then     
                   (i).    φ*s = φ 
                  (ii).    A ⊂ B implies A*s ⊂ B*s. 
                  (iii).   for another ideal  J ⊇ I on X, A*s(J) ⊂ A*s(I). 
                  (iv).   A*s ⊂ A*. 
                  (v).    A*s ⊂  sclA. 
                  (vi).   A*s ⊂ A* ⊂ clA. 
                  (vii).  A*s ⊂ sclA ⊂ clA.   
                  (viii). (A*)*s ⊂ A*. 
                  (ix).   (A*s)* ⊂ A*.   
                  (x).  (A*s)*s ⊂ A*. 
                  (xi).  A*s is a semi-closed set.  
                  (xii).  (A*s)*s ⊂ A*s. 
                  (xiii). A*s ∪ B*s ⊂ (A ∪ B)*s 
                  (xiv). ∪i

 Ai
*s ⊂ (∪i

 Ai)*s . 
                 (xv).  (A∩B)*s ⊂ A*s∩B*s. 
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                 (xvi).  for open set  O,  O∩A*s = O∩(O∩A)*s ⊂ (O∩A)*s. 
                 (xvii). for semi-open set  U,  U∩(U∩A)*s ⊂ U∩A*s. 
                 (xviii). for I∈I,  (A∪I)*s = A*s = (A – I)*s . 
Proof.  (i).  Proof is obvious from the definition of semi local function. 
 
(ii).   Let  x ∈ A*s. Then for every semi-open set Ux  containing x,  Ux∩A∉I. Since 
Ux∩A⊂ Ux∩B, then Ux∩B∉I. This implies that x ∈ B*s. 
(iii). Let  x ∈ A*s(J). Then for every semi-open set Ux (containing x),  Ux∩A∉J . 
This implies that  Ux∩A∉I , so x ∈ A*s(I).  Hence  A*s(J) ⊂ A*s(I).  
(iv).  Let  x ∈ A*s.  We claim that  x ∈ A*. If not, then there is an open set  Ox 
(containing x),  Ox∩A∈I.  Let  Ux be the semi-open set containing x. Now  Ox∩ Ux 
∩A⊂ Ox∩A∈I, a contraction to the fact that Ox∩ Ux  is a semi-open set containing 
x[16]. So  x ∈ A* and hence A*s ⊂ A*. 
(v).  Let  x ∈ A*s. Then for every semi-open set Ux  containing x,  Ux∩A∉I. This 
implies that  Ux∩A ≠ φ.  Hence x ∈ sclA. 
(vi).  We know  A* ⊂ clA[12], and from result (iv),  A*s ⊂ A* ⊂ clA  holds. 
(vii).  We know  sclA⊂ clA[16], and from result (v),  A*s ⊂ sclA ⊂ clA  holds. 
(viii). From (iv), we get  (A*)*s ⊂ (A*)* , and we know that (A*)* ⊂ A*[12]. Hence the 
result. 
(ix). From (iv),  A*s ⊂ A*. Then (A*s)* ⊂ (A*)* ⊂ A*[12]. 
(x).  Proof is obvious from (iv) and (viii). 
(xi). From definition of semi neighbourhood[16], each semi neighbourhood  M of x 
contains an semi-open set  Ux  containing  x . Now if A∩M∈I  then for A∩Ux ⊂ 
A∩M,  A∩Ux ∈I. It follows that  X - A*s is the union of semi-open sets. We know 
that arbitrary union of semi-open sets is a semi-open set[15].  So X - A*s  is a semi-
open set and hence  A*s is a semi-closed set[16]. 
(xii).  From (v),  (A*s)*s ⊂ scl A*s = A*s [16], since A*s  is a semi-closed set.  
(xiii). We know that  A ⊂ (A∪B)  and  B ⊂ (A∪B). Then from (ii), A*s⊂ (A∪B)*s 
and  B*s ⊂ (A∪B)*s. Hence  A*s∪ B*s ⊂ (A∪B)*s . 
(xiv). Proof is obvious from (xiii). 
 
(xv). We know that  A∩B⊂A and  A∩B⊂B, then from (ii), (A∩B)*s⊂A*s and  
(A∩B)*s⊂B*s. Hence (A∩B)*s⊂A*s∩ B*s. 
(xvi). Let x∈O∩A*s. Let  Ux be a semi-open set containing x,  then Ux∩O∩A ∉I, 
since x∈A*s and  Ux∩O is a semi-open set containing x[16].  Hence  x∈(O∩A)*s. So  
O∩A*s ⊂ (O∩A)*s. Therefore  
                           O∩A*s⊂ O∩(O∩A)*s ---------(i). 
Again for  O∩A ⊂ A, (O∩A)*s ⊂ A*s.  So  
                          O∩(O∩A)*s ⊂ O∩A*s ---------(ii). 
From (i) and (ii), we have  O∩A*s = O∩(O∩A)*s . 
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Hence the result. 
(xvii). Since  U∩A ⊂ A, then  (U∩A)*s ⊂ A*s . So  U∩(U∩A)*s ⊂ U∩A*s. 
 
Remark3.1. The reverse inclusion of the above result does not hold because the 
intersection of two semi-open sets may not be a semi-open in general. 
 Proof of the Theorem3.1.(xviii).  Since  A ⊂ (A∪I), then  
                                            A*s ⊂ (A∪I)*s  ----------------(i). 
Let x∈(A∪I)*s. Then for every semi-open set Ux containing x,  Ux∩(A∪I) ∉I. This 
implies that  Ux∩A∉I ( If possible suppose that  Ux∩A∈I. Again Ux∩I ⊂ I implies  
Ux∩I∈I  and hence  Ux∩(A∪I) ∈I , a contradiction). Hence x∈A*s and  
                                           (A∪I)*s ⊂ A*s -------------------(ii). 
From (i) and (ii) we have 
                                            (A∪I)*s = A*s -------------------(iii). 
Since  (A - I) ⊂ A,  then 
                                            (A - I)*s ⊂ A*s -------------------(iv). 
For reverse inclusion, let  x∈A*s.  We claim that x∈(A - I)*s, if not, then  there is a 
semi-open set  Ux containing  x, Ux∩(A - I)∈I. Given that  I∈I,  then  I∪(Ux∩(A - 
I)∈I.     This implies that I∪(Ux∩A)∈I. So, Ux∩A∈I, a contradiction to the fact that 
x∈A*s. Hence 
                                             A*s⊂ (A - I)*s --------------------(v). 
From (iv) and (v) we have 
                                               A*s = (A - I)*s -------------------(vi). 
Again from (iii) and (vi), we get  (A∪I)*s = A*s = (A – I)*s. 
Following example shows that A*s ∪ B*s = (A ∪ B)*s

  does not hold in general. 
 
Example3.1.  Let  X = {a, b, c, d}, τ = {φ, X,{a}, {b},{a,b}}, I = {φ, {c}}. Then  
C(τ) (closed sets) = {φ, X, {b,c,d},{a,c,d},{c,d}} and SO(X,τ) = {φ,X,{a},{b},{a,b}, 
{a,c}, {a,d}, {b,c}, {b,d},  {a,b,c},{a,b,d},{a,c,d},{b,c,d}}. Semi-open sets 
containing ‘a’ are: X,{a},{a,b}, {a,c}, {a,d}, {a,b,c},{a,b,d},{a,c,d}; semi-open sets 
containing ‘b’ are: X,{b},{a,b}, {b,c}, {b,d}, {a,b,c},{a,b,d},{b,c,d}; semi-open sets 
containing ‘c’ are: X,{a,c},{b,c}, {a,b,c}, {a,c,d},{b,c,d}; semi-open sets containing 
‘d’ are: X,{a,d},{b,d}, {a,b,d},{a,c,d},{b,c,d}. Consider  A = {a,c}  and  B = {b,c}, 
then  A*s = {a} and  B*s = {b}. Now  (A ∪ B)*s

  = {a,b,c}*s = {a,b,c,d}. Hence  A*s ∪ 
B*s ≠ (A ∪ B)*s.  
 
In [12], Jankovic and Hamlett have shown that  A∪A*  is a closure (Kuratowski 
Closure) operator. But we are not able to define a closure operator with the help of 
semi local function( ( )*s operator ) because A*s ∪ B*s ≠ (A ∪ B)*s. 
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4. ψs  operator 
 
In this section we shall introduce another set operator  ψs in (X, SO(X,τ), I ). In [13], 
Kuratowski has shown that,  clA = X – int(X – A). This relation is the motivation of 
defining the operator ψs . We shall also discuss the behavior of this operator.   
 
Definition4.1. Let (X, SO(X,τ), I ) be a semi ideal space. An operator  ψs : ℘(X) → 
SO(X,τ) is defined as: ψs(A) = {x ∈ X:  there exists a semi-open set  Ux containing x  
such that  Ux – A ∈ I }, for every A∈℘(X).  
We observe that  ψs(A) = X – (X – A)*s. 
Before starting the discussion of the property of  ψs operator, following two results 
are needed: 
Theorem4.1 [1].  Let  A  be a subset of a topological space (X,τ). Then  
 (i).  sclA = A∪int(clA)  
 (ii). sintA = A∩cl(intA). 
Theorem4.2.  Let (X,τ) be a topological space. Then for any  A⊂ X, 
sintA = X – scl(X – A). 
Proof.  X – sintA = X - A∩cl(intA) = (X – A)∪(X – cl(intA)) = (X – A)∪ int(X –int 
A)=(X – A)∪intcl(X – A) = scl(X – A) (by Theorem4.1.). Therefore  sintA = X – 
scl(X – A). 
The behaviors of the operator  ψs  have been discussed in the following theorem: 
Theorem4.3.  Let (X, SO(X,τ), I ) be a semi ideal space. 
                 (i).   If A⊆X, then  ψs(A) ⊃ sintA. 
                (ii).   If A⊆X, then  ψs(A)  is semi-open. 
                (iii).  If A⊆B, then ψs(A) ⊆ ψs(B). 
                (iv).  If A, B∈℘(X),  then ψs(A) ∪ψs(B) ⊂ ψs(A∪B). 
                (v).  If A, B∈℘(X),  then ψs(A∩B) ⊂ ψs(A) ∩ψs(B). 
                (vi).   If  O∈τ, then  O ⊂ ψs(O). 
                (vii).   If  U∈SO(X,τ), then  U ⊂ ψs(U). 
                (viii).  If A⊆X, then  ψs(A) ⊃ ψ(A).    
                (ix).  If A⊆X, then  ψs(A) ⊂ ψs(ψs(A)).     
                (x).   If  A⊆X,  I∈I,  then  ψs(A - I) = ψs(A). 
                (xi).   If  A⊆X,  I∈I,  then  ψs(A∪I) = ψs(A) . 
                (xii).  If  (A – B) ∪(B – A) ∈I,  then ψs(A) = ψs(B). 
Proof.(i). From definition of ψs  operator, ψs(A) = X – (X – A)*s. Then ψs(A) = X – 
(X – A)*s ⊃ X - scl(X – A), from Theorem3.1(v). Hence ψs(A) ⊃ sintA (using 
Theorem4.2.). 
(ii). Since (X – A)*s is a semi-closed set (from Theorem3.1(xi)), then  X - (X – A)*s is 
semi-open set[4]. Hence ψs(A) is semi-open. 
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(iii).  Given that A⊆B, then  (X – A) ⊇ (X – B). Then from Theorem3.1(ii), (X – A)*s 
⊇ (X – B)*s  and hence  ψs(A) ⊆ ψs(B). 
(iv).  Proof is obvious from above property. 
(v).  Since A∩B ⊂ A  and  A∩B ⊂ B, then from (iii),  ψs(A∩B) ⊂ ψs(A) ∩ψs(B). 
 
(vi).  Given that  O∈τ, then X – O is closed. Now from Theorem3.1.(vi),  (X – O)*s ⊂  
cl (X – O) = (X – O). So O ⊂ X -  (X – O)*s  thus  O ⊂ ψs(O). 
(vii).  Let  U∈SO(X,τ). Then  (X – U)  is a semi-closed set and hence scl(X – U) = (X 
– U)[4]. This implies that (X – U)*s ⊂ scl(X – U) = (X – U). Hence  U⊂ X - (X – 
U)*s, so  U⊂ ψs(U). 
(viii). From Theorem3.1.(iv), we have that  (X – A)*s ⊂ (X – A)*. This implies that  X 
- (X – A)*s ⊃ X - (X – A)* and hence  ψs(A) ⊃ ψ(A).    
(ix).  From (ii),  ψs(A) ∈SO(X,τ). Again from (vii), ψs(A) ⊂ ψs(ψs(A)). 
(x).  We know that  X- (X – (A – I))*s = X – ((X – A)∪I)*s = X – (X – A)*s (from 
Theorem3.1.(xviii)).  So ψs(A - I) = ψs(A). 
(xi).  We know that  X – (X - A∪I)*s = X – ((X – A) – I)*s = X – (X – A)*s (using the 
Theorem3.1.(xviii)). Thus  ψs(A∪I) = ψs(A). 
(xii). Given that (A – B) ∪(B – A) ∈I,  and let  A – B = I1,  B – A = I2. We observe 
that  I1  and  I2 ∈I  by heredity.  Also observe that  B = (A – I1)∪I2.  Thus  ψs(A) = 
ψs(A – I1) = ψs((A – I1) ∪I2 ) = ψs(B).  
In following example we shall show that ψs(A∩B) = ψs(A) ∩ψs(B)  does not hold in 
general. 
Example4.1.  Consider the Example3.1. Here we consider  A = {b,d} and  B = {a,d}, 
then ψs(A) = X – {a,c}*s = X – {a} = {b,c,d} and  ψs(B) = X – {b,c}*s = X – {b} = 
{a,c,d}. Now  ψs({d}) = X – {a,b,c}*s = X – {a,b,c,d} = φ.  
In [8], Hamlett and Jankovic  have shown that  A∩ψ(A)  is an interior operator. Here 
we are not able to define an interior operator with the help of  ψs  operator because  
ψs(A∩B) ≠ ψs(A) ∩ψs(B)  in general.  
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