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Abstract

This study investigates the eigenvalues of regular Sturm-Liouville
problem. A quintic spline function is used to develop a numerical
method for approximating the eigenvalues of Sturm-Liouville problem.
We show that the approximate solutions which are obtained by the
present method are better than the conventional methods given in the
references. Two problems have been solved. numerical results are tab-
ulated to illustrate the efficiency and accuracy of the present method.
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1 Introduction

The computation of eigenvalue problem is important in Pure and Applied
Mathematics and Physics. The solutions of many physical systems are con-
nected with eigenpairs of the system. The Sturm-Liouville systems arise from
vibration problem in continuum mechanics and model many phenomena such
as the propagation of sonar in water stratified by varying density, and the
earth’s seismic behavior [7]. A general Sturm-Liouville problem can be writ-
ten in the form

d

dx
(p(x)

dy

dx
) + (r(x)λ− q1(x))y = 0

It can be reduced to a study of the Liouville normal form

y′′ + (λ− q(x))y = 0.

In this study, the Liouville normal form is considered and our aim is to ap-
proximate eigenvalues of this form by using quintic spline relations. For the



578 S. Mehrkanoon et al

solution of the eigenvalues problem, some studies have been carried out. Fox
and Parker [4] used Chebyshev series to solve differential eigenvalue problems.
Andrew and Paine [2] improved the results of Numerov’s method with asymp-
totic correction technique. Vanden Berghe and De Meyer [8] have developed
special two step methods producing very accurate results. We consider the
following normal form

y′′ + (λ− q(x))y = 0 (1)

y(0) = y(π) = 0

where q(x) is continuous and q(x) ≥ 0 on [0, π]. problem (1), has infinite
sequence of real and positive eigenvalues 0 ≺ λ1 ≺ λ2 ≺ λ3 ≺ · · · .
Since the exact eigenvalues λk = k2, k = 1, 2, . . . is known for q(x) = 0, the
closed form of the errors can be calculated as:

e
(n)
k = σ

quin(n)
k − λk k = 1, 2, ...

where σ
quin(n)
k indicates approximate eigenvalues obtained by the method that

we will present for the case q(x) = 0. for q(x) 6= 0, by using The asymptotic
correction just as mentioned in [3], the corrected eigenvalues can be obtained
as :

λ̄
quin(n)
k = λ

quin(n)
k − e

(n)
k k = 1, 2, ...

where λ
quin(n)
k indicates approximate eigenvalues obtained by the method that

we will present for the case q(x) 6= 0. e
(n)
k is the closed form of the error

when q(x) = 0, and λ̄
quin(n)
k is corrected eigenvalue. In this article, we will

use quintic spline for solving(1). In section 2, we give a brief explanation of
quintic spline. We present the spline relations to be used for discretization of
the given problem(1). In section 3, we present a numerical method for Sturm-
Liouville problems of the form(1). Finally in section 4, the results obtained
by our present method are compared with other previous methods which are
given in the references; these results are very encouraging and demonstrate the
efficiency of our new method.

2 Quintic spline

In this section we derive a difference scheme based on quintic splines. Let
s(x) be a quintic spline define on the interval [a, b] with equally spaced knots
xi = a + ih i = 0, 1, 2, · · · , n where h = b−a

n
.

Then, s(x) satisfies the following conditions.

1. s(x) is a polynomial of degree at most five in each subinterval [xi−1, xi].
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2. The first, second, third and fourth derivatives of s(x) are continuous on
[a, b].

Let yi be an approximation to y(xi) obtained by the quintic spline s(xi). More-
over for i = 0, 1, 2, . . . , n, we use the following notation

s(xi) = yi, s(1)(xi) = mi, s(2)(xi) = Mi, s(3)(xi) = ni, s(4)(xi) = Ni.

Thus in [xi−1, xi] we can write

s(4)(x) =
1

h
[Ni−1(xi − x) + Ni(x− xi−1)] (2)

Integrating(2) four times with respect to x, we have

s(x) =
1

120h
[Ni−1(xi − x)5 + Ni(x− xi−1)

5]

+
Ai−1(x− xi−1)

3

6
+

Bi−1(x− xi−1)
2

2
+ Ci−1(x− xi−1) + Di−1

where Ai−1, Bi−1, Ci−1, Di−1 are the constant of integration. To calculate
these constants, we use the following conditions

s(xk) = yk, s(2)(xk) = Mk, k = i− 1, i

Then we will have the following relations connecting y and its derivatives
see [1].

i) Λmi =
5

h
(yi+2 + 10yi+1 − 10yi−1 − yi−2)

ii) ΛMi =
20

h2
(yi+2 + 2yi+1 − 6yi + 2yi−1 + yi−2)

iii) Λni =
60

h3
(yi+2 − 2yi+1 + 2yi−1 − yi−2)

iv) ΛNi =
120

h4
(yi+2 − 4yi+1 + 6yi − 4yi−1 + yi−2)

Where the operator Λ is defined by Λwi ≡ wi+2+26wi+1+66wi+26wi−1+wi−2

for any function w evaluated at the mesh points. For example, we obtain (ii)
from the continuity of the first and third derivatives at x = xi . The continuity
of the first derivative implies

Mi−1 + 4Mi + Mi+1 =
6

h2
(yi−1 − 2yi + yi+1) (3)

+
h2

60
(7Ni−1 + 16Ni + 7Ni+1) i = 1, 2, . . . , n− 1.
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And the continuity of the third derivative implies

Mi−1 − 2Mi + Mi+1 =
h2

6
(Ni−1 + 4Ni + Ni+1) (4)

From(3),(4), we obtain

Ni =
−1

2h2
[3Mi−1 + 54Mi + 3Mi+1] +

3

h4
[10yi−1 − 20yi + 10yi+1] (5)

Eliminate Nj for j = i− 1, i, i + 1 from (3) leads to (ii).

3 Description of the method and development

of boundary condition

At the mesh point xi the proposed problem (1) may be discretized by Mi =
(qi − λ)yi where Mi = s′′(xi), qi = q(xi), yi = y(xi). Now By using the spline
relation (ii), after simplifying we have

yi−2[h
2qi−2−20]+yi−1[26h2qi−1−40]+yi[66h2qi +120]+yi+1[26h2qi+1−40]+

yi+2[h
2qi+2 − 20] = h2λ[yi−2 + 26yi−1 + 66yi + 26yi+1 + yi+2]

i = 2, 3, . . . , n− 2 (6)

We have (n− 3) equations in (n+1) unknowns, so we need four additional
relations. Since the boundary conditions of (1) give relations determining
y0 = yn = 0, so we need just two more equations. In order to obtain the
additional conditions we define the following identity.

3∑
j=0

αjyj = h2

3∑
j=0

βjy
′′
j (7)

3∑
j=0

αn−jyn−j = h2

3∑
j=0

βn−jy
′′
n−j (8)

Where {αj}3
j=0 , {βj}3

j=0 , {αn−j}3
j=0 , {βn−j}3

j=0 are arbitrary parameters to
be determined. Since we want the resulting matrices associated with equations
system (6) be symmetric and positive definite matrices, so we find that

(α0, α1, α2, α3) = (αn, αn−1, αn−2, αn−3) = (−80, 140,−40,−20)
(β0, β1, β2, β3) = (βn, βn−1, βn−2, βn−3) = (−8,−65,−26,−1)

therefor for i = 1 we have

−80y0 + 140y1 − 40y2 − 20y3 = h2[−8y′′0 − 65y′′1 − 26y′′2 − y′′3 ]
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for i = n− 1 we have

−80yn + 140yn−1 − 40yn−2 − 20yn−3 = h2[−8y′′n − 65y′′n−1 − 26y′′n−2 − y′′n−3]

by using (1), for i = 1 after simplifying we obtained

y1[140+65h2q1]+y2[−40+26h2q2]+y3[−20+h2q3] = h2λ[65y1+26y2+y3] (9)

and for i = n− 1 we have

yn−3[−20 + h2qn−3] + yn−2[−40 + 26h2qn−2] + yn−1[140 + 65h2qn−1]

= h2λ[yn−3 + 26yn−2 + 65yn−1] (10)

If we rewrite the above equations system (6),(9),(10) in matrix form, we have

(h2BQ + P )Y = h2λBY (11)

where matrices B, Q and P are

B =



65 26 1
26 66 26 1

1
. . . . . . . . . . . .
. . . . . . . . . . . . 1

1 26 66 26
1 26 65


(n−1)(n−1)

, Q =


q1

. . .
. . .

qn−1


(n−1)(n−1)

P =



140 −40 −20
−40 120 −40 −20

−20
. . . . . . . . . . . .
. . . . . . . . . . . . −20

−20 −40 120 −40
−20 −40 140


(n−1)(n−1)

We obtained the approximated eigenvalue from solving generalized matrix
eigenvalue problem (B−1P +h2Q)Y = h2λY by using the function EIGENSYS-
TEM in MATHEMATICA. We know that problem (1) has an infinite sequence
of real and positive eigenvalues. Since the matrix B is positive definite, so the
matrix B−1 is positive definite. It is easily verified that B−1 and P commute.
Thus the matrix B−1P is positive definite. Further q(x) ≥ 0 on [0, π], therefore
Q ≥ 0 and hence the matrix B−1P + h2Q is symmetric and positive definite.
Thus our method gives real and positive approximations of eigenvalues of (1).
We utilized asymptotic correction technique for correcting eigenvalues. So the
first closed form of the errors is

e
(n)
k = σ

quin(n)
k − λq=0

k k = 1, 2, ...
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Where λq=0
k is exact eigenvalue (for the case q(x) = 0) and σ

quin(n)
k is obtained

by our present method for the case q(x) = 0.
And then we calculated the corrected eigenvalues of (1) as follows

λ̄
quin(n)
k = λ

quin(n)
k − e

(n)
k k = 1, 2, ...

Where λ
quin(n)
k is obtained by our method for q(x) 6= 0 and λ̄

quin(n)
k is the

corrected eigenvalues of (1).

4 Numerical result

In order to facilitate comparison with the results of [2, 6, 5], we choose the same
function q in (1) for our numerical calculations, namely q(x) = ex and q(x) =
(x+0.1)−2 . In the following computation, all the generalized matrix eigenvalue
problems are solved using the function EIGENSYSTEM in MATHEMATICA
5.1. In table (1), we compare approximate eigenvalues which have been ob-
tained in [2, 6, 5] with approximate eigenvalues obtained by our method for
the case q(x) = ex and n = 39. Four sets of errors in table (1) are multiplied
by 10+3.

Pain[6] Andrew[2] Ghelardoni[5] our method

K λk (λk − λ̃
(39)
k )× 103 (λk − Λ̃

(39)
k )× 103 (λk − σ̃

(39)
k )× 103 (λk − λ̄

quin(39)
k )× 103

1 4.8966694 2.4 0.0027 0.0139 0.0024
2 10.045190 9.1 0.0325 0.0753 0.0130
3 16.019267 13.1 0.1137 0.2940 0.0322
4 23.266271 12.4 0.2317 0.4927 0.0436
5 32.263707 11.3 0.3879 1.1286 0.0475
6 43.220020 10.7 0.5820 1.6781 0.0500
7 56.181594 10.7 0.8158 0.7448 0.0582
8 71.152998 11.0 1.0913 5.7267 0.0703
9 88.132119 11.3 1.4108 5.7250 0.0903
10 107.11668 11.8 1.7778 2.2789 0.1141
11 128.10502 12.4 2.1962 23.286 0.1600
12 151.09604 13.2 2.6709 21.656 0.2100
13 176.08900 14.0 3.2082 10.082 0.2600
14 203.08337 15.0 3.8153 68.490 0.3400
15 232.07881 16.0 4.5015 82.532 0.4200
16 263.07507 17.3 5.2781 26.684 0.5000
17 296.07196 19.0 6.1589 117.02 0.5900
18 331.06934 20.4 7.1615 254.16 0.6800
19 368.06713 22.4 8.3076 118.14 0.7000
20 407.06524 24.5 9.6248 51.722 0.7100

Table 1: Absolute Errors (×10+3) in various estimates for q(x) = ex.

In this table λk is exact eigenvalue and λ̃
(39)
k , Λ̃

(39)
k and σ̃

(39)
k are cor-

rected approximate eigenvalues which have been obtained in [6, 2, 5] respec-

tively. Also λ̄
quin(39)
k is corrected approximate eigenvalue which obtained by
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our method. as you can see, absolute max error for our method is 0.71× 10−3,
but for Pain’s, Andrew’s and Ghelardoni’s methods, absulote max errors are
respectively 24.5× 10−3, 9.62× 10−3 and 118.14× 10−3.

In table (2) we also list the absolute error(λk − λ̄
quin(n)
k ) for n=79,159.

our method

λk − λ̄
quin(n)
k

K λk n=79 n=159

1 4.8966694 0.0000001 0.0000000
2 10.045190 0.000000 0.000000
3 16.019267 0.000002 0.000000
4 23.266271 0.000002 0.000000
5 32.263707 0.000002 0.000000
6 43.220020 0.000002 0.000000
7 56.181594 0.000002 0.000000
8 71.152998 0.000002 0.000000
9 88.132119 0.000002 0.000000
10 107.11668 0.00000 0.00000
11 128.10502 0.00000 0.00000
12 151.09604 0.00000 0.00000
13 176.08900 0.00000 0.00000
14 203.08337 0.00000 0.00000
15 232.07881 0.00001 0.00000
16 263.07507 0.00001 0.00000
17 296.07196 0.00001 0.00000
18 331.06934 0.00001 0.00000
19 368.06713 0.00001 0.00000
20 407.06524 0.00001 0.00000

Table 2: Absolute errors for q(x) = ex, with n=79, 159.

It was expectable that when we increase n, we could obtain better results,
and this can be seen in table(2), obviously.

To illustrate that the technique discussed does in fact have general applica-
bility, we list in table (3) the same items as in table(1) for q(x) = (x + 0.1)−2

with n = 39.
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Pain[6] Andrew[2] Ghelardoni[5] our method

K λk (λk − λ̃
(39)
k )× 103 (λk − Λ̃

(39)
k )× 103 (λk − σ̃

(39)
k )× 103 (λk − λ̄

quin(39)
k )× 103

1 1.5198658 0.4 0.046 0.0868 0.0275
2 4.9433098 1.6 0.293 0.5548 0.2977
3 10.284663 4.2 0.903 1.7289 0.908
4 17.559958 7.7 2.011 3.8803 2.000
5 26.782863 12.0 3.717 7.3116 3.663
6 37.964426 16.9 6.095 12.144 5.963
7 51.113358 22.3 9.198 18.296 8.047
8 66.236448 28.2 13.07 27.192 12.657
9 83.338962 34.6 17.75 36.928 17.133
10 102.42499 41.5 23.29 47.755 22.43
11 123.49771 49.2 29.72 66.529 28.58
12 146.55961 57.5 37.10 81.467 35.67
13 171.61264 66.5 45.49 96.132 43.75
14 198.65837 76.6 54.97 135.13 52.95
15 227.69803 87.6 65.63 161.78 63.36
16 258.73262 99.8 77.57 170.50 75.13
17 291.76293 113.1 90.92 243.50 88.42
18 326.78963 128.0 105.8 334.06 103.44
19 363.81325 144.5 122.5 337.51 120.43
20 402.83424 162.8 141.0 367.43 139.69

Table 3: Absolute errors(×10+3) for q(x) = (x + 0.1)−2, with n=39.

According to above table, absolute max error for our method is 139.69 ×
10−3, but for Pain’s, Andrew’s and Ghelardoni’s methods, absulote max errors
are respectively 162.8× 10−3, 141.0× 10−3 and 367.43× 10−3.

In table (4) we give also the absolute errors obtained by presented method
for q(x) = (x + 0.1)−2 with n=79,159.
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our method

λk − λ̄
quin(n)
k

K λk n=79 n=159

1 1.51987 0.00001 0.00000
2 4.94331 0.00002 0.00000
3 10.28466 0.00007 0.00000
4 17.55996 0.00016 0.00001
5 26.782863 0.00029 0.00002
6 37.96443 0.00047 0.00004
7 51.113358 0.00069 0.00005
8 66.23645 0.00098 0.00007
9 83.338962 0.00131 0.00009
10 102.42499 0.0017 0.00011
11 123.49771 0.0021 0.00015
12 146.55961 0.0026 0.00018
13 171.61264 0.0032 0.00021
14 198.65838 0.0038 0.00025
15 227.69803 0.0045 0.00029
16 258.73262 0.0052 0.00034
17 291.76293 0.0060 0.00039
18 326.78963 0.00685 0.00044
19 363.81325 0.00717 0.00050
20 402.83424 0.00727 0.00056

Table 4: Absolute errors for q(x) = (x + 0.1)−2, with n=79, 159.

As you can see, when we increased n, we obtained better results (absolute
max error decreased), and this case was expectable.

5 Conclusion

Numerical results indicate that, our method gives accurate results which is
encouraging and interesting results in comparison with the conventional and
existing methods for solution of regular Sturm-liouville problems. Since the
present method gives real and positive eigenvalue for all n, if higher accuracy
is required, we can simply increase n.
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