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Abstract

In this paper the unbounded increasing solution of the scalar non-
linear partial equation of the parabolic type for the finite time is inves-
tigated. The sufficient condition for nonlinearity is established under
this condition every solution of the investigated problem is exploded by
absence restriction to smallness on the initial function. The existence
of the solution is proved by smallness of the initial function

1 Introduction

In this paper the unbounded increasing solution of the nonlinear equation of a
parabolic type for the finite times is considered. These type equations describe
the processes of electron and ionic heat conductivity in plasma, diffusion of
neurons and α−particles and etc. Investigation of the unbounded solution or
regime of peaking solutions occur in theory of nonlinear equations.

One of the essential ideas in theory evaluation equations are representations
called as of eigenfunctions of nonlinear dissipative surroundings. It is well
known that even as a simple nonlinearity, subject to critical of exponent, the
solution of nonlinear parabolic type equation for the finite time may increase
unbounded, that is there is the number T > 0 such that

‖u(x, t)‖L2(Rn) → ∞, t→ T <∞.
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In [1] the existence of unbounded solution for finite time with a simple
nonlinearity have been proved. In [2] has been shown that, any nonnegative
solution subject to critical exponent of is unbounded increasing for the finite
time. Similar results were obtained in [3] and corresponding theorems are
called Fujita-Hayakawa’s theorems. More detailed reviews can be found in [4],
[5] and [6].

2 Main Results

This paper is devoted to study of a behavior of the solution of the initial
boundary problem for a second order nonlinear equation of parabolic type in
a nonsmooth domain. We consider the following equation

∂u

∂t
=

n∑
i,j=1

d

dxj

⎛
⎝

∣∣∣∣∣ ∂u∂xi

∣∣∣∣∣
m−2

∂u

∂xi

⎞
⎠ + f(x, t, u) (1)

in a finite domain Ω ⊂ Rn, n ≥ 2 with nonsmooth boundary that is, the
boundary ∂Ω of the domain Ω contains the conic points with opening an-
gle ω ∈ (0, π). Let us denote by Πa,b = {(x, t), x ∈ Ω, a < t < b} , Γa,b =
{(x, t), x ∈ ∂Ω, a < t < b} , Πa = Πa,∞, Γa = Γa,∞.

The f(x, t, u) and ∂f
∂u

(x, t, u) are uniformly continuous functions with re-

spect to u in Π0×{u, | u |≤M} for any M <∞, fx(x, t, 0) ≡ 0, ∂f(x,t,0)
∂u

≡ 0.
In addition, the function f is measurable with respect to all arguments and
does not decrease with respect to u.

For the equation (1) in some domain Π0,a the following Drichlet’s boundary
condition

u = 0, x ∈ ∂Ω (2)

and initial value

u(x, 0) = ϕ(x) (3)

conditions are considered, where ϕ(x) is a given smooth function.
As the solution of the problem (1)-(3) a generalized solution defined by a

standard way from Sobolev’s space W 1
m(Π0,a) in Π0 is understood, or

lim
t→T−0

max
Ω

| u(x, t) |= +∞ (4)

for some T = const.
In [6], [7], it is shown that if the main part of the equation (1) is linear

and if f(x, t, u) =| u |q−1 u, q = const > 1, ϕ ≥ 0, ϕ 
= 0, then for the
solution of the Neumann or Drichlet’s problems the relation (4) is valid. In [7]
the existence of the solution has also been shown for some ϕ.



Explosive solution 235

Within the limits of this paper it is proved that, if solution of problem
(1)-(3) belong to Π0, f(x, t, u) =| u |q−1 u, q > 1, and

lim
t→+∞u(x, t) = 0, (5)

then

| u |< Ce−αt, α = const > 0, (6)

here α independent of u.
It is also proved that if f(x, t, u) =| u |q−1 , and the function ϕ(x) ≥ 0 and

it is not small enough then for the solution u(x, t) of the problem (1)-(3) is
valid the relation (4), that is, this solution is “blow-up”. Ignoring smallness
of the function ϕ(x) the necessary conditions for the function f(x, t, u) are so
established that in any solution of the problem (1)-(3) blow-up occurs.

Let us formulate some auxiliary results from [8], [9]. For this, at first the

p-harmonic operator Lpu = div
(
|∇u|p−2 ∇u

)
, p > 1 is defined.

Lemma 1. ([8]). There is positive eigenvalue of the corresponding to Lp

spectral problem of which corresponds the positive eigenfunction in Ω.
Lemma 2. ([9]). Let us u, v ∈W 1

p (Ω), u ≤ v on ∂Ω, and

∫
Ω
Lp(u)ηxi

dx ≤
∫
Ω
Lpηxi

dx

for any η ∈ o

W 1
p(Ω), and η ≥ 0. Then u ≤ v in Ω.

The generalized solution of the problem (1)-(3) in Πa,b with boundary Γa,b

is defined as follows
Definition 1.The function u(x, t) ∈W 1

p (Πa,b), u(x, t) ∈ L∞(Πa,b) is called
a generalized solution of the problem (1)-(3) if the following integral

∫
Πa,b

ψ
∂u

∂t
dxdt+

n∑
i,j=1

∫
Πa,b

∣∣∣∣∣ ∂u∂xi

∣∣∣∣∣
p−2

∂u

∂xi

∂ψ

∂xj
dxdt =

∫
Πa,b

f(x, y, u)ψ(x, t)dxdt

(7)
holds for any function ψ(x, t) from W 1

p (Πa,b) and ψ|Γa,b
= 0, here a and b are

any constants.
Let the function u0(x) > 0 be the eigenfunction corresponding to eigenvalue

λ = λ1 of the operator Lp, and
∫
Ω u0(x)dx = 1. Suppose that the condition

(Lpu0, u) ≥ (Lpu, u0)

is satisfied. This condition means that

∫
Ω

⎛
⎝

∣∣∣∣∣∂u0

∂xi

∣∣∣∣∣
p−2

−
∣∣∣∣∣ ∂u∂xi

∣∣∣∣∣
p−2

⎞
⎠ ∂u

∂xi

∂u0

∂xi
dx ≥ 0.
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Theorem 1. Let f(x, t, u) ≥ α0 |u|σ−1 u for (x, t) ∈ Π0, u ≥ 0, here
σ = const > 1, α0 = const > 0. There is k = const > 0 such that, if
u(x, 0) ≥ 0,

∫
Ω u(x, 0)u0dx ≥ k, and the condition is fulfilled, then for the

solution u(x, t) the relation lim
t→T−0

max
Ω

u(x, t) = ∞ is valid, where T = const.

Proof. Assume of contrary. Then the solution u(x, t) of the equation belong
to Π0 and the condition (2) is fulfilled. By virtue of the Lemma 2 u(x, t) > 0
on Π0 . Let us substitute in (7) ψ = ε−1u0(x), b = a+ ε, a > 0, ε > 0, where
u0(x) > 0 is eigenfunction of the corresponding eigenvalue λ1 of the operator
Lp. By virtue to Lemma 1, these eigenvalue and eigenfunction exist.

As a result we have

ε−1
[∫

Ω
u0(x)u(x, a+ ε)dx−

∫
Ω
u0(x)u(x, a)

]
+

ε−1λ1

∫
Πa,a+ε

u(x, t)u0(x)dxdt =

ε−1
∫
Πa,a+ε

uf(x, t, u)dxdt+ ε−1
∫
∏

a,a+ε

⎛
⎝

∣∣∣∣∣∂u0

∂xi

∣∣∣∣∣
p−2

−
∣∣∣∣∣ ∂u∂xi

∣∣∣∣∣
p−2

⎞
⎠ ∂u

∂xi

∂u0

∂xi
dxdt.

Tending ε to zero, in this equality for all t > 0 we get

∂

∂t

∫
Ω
u0(x)u(x, t)dx = −λ1

∫
Ω
u0(x)u(x, t)dx+

∫
Ω
u0(x)f(x, t, u)dx.

Denoting by

g(t) =
∫
Ω
u0(x)u(x, t)dx,

we have g′(t) ≥ −λ1g + a0

∫
Ω u0(x)u(x, t)dx. According to Holder’s inequality

(∫
Ω
u(x, t)u0dx

)σ

≤
[(∫

Ω
uσu0dx

) 1
σ

(∫
Ω
u0dx

) σ−1
σ

]σ

≤ C1

∫
Ω
uσu0dx,

we have

g′(t) ≥ −λ1g(t) + Cgσ(t), C = const > 0. (8)

If g(0) > C2 =
(

λ1

C

)1/σ
, then from (8) we get lim

t→T−0
g(t) = +∞. It means

that lim
t→T−0

max
Ω

u(x, t) = ∞. This proves the theorem.

Thus, in Π0 the solution of equation (1) does not exist which fulfills the
boundary condition (2) if the function u(x, 0) ≥ 0 and it is not small enough.
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Now we will show that if |u(x, 0)| is small, then the solution of the problem
(1)-(3) exist in Π0.

Theorem 2. Let |f(x, t, u)| ≤ (C1 +C2t
m) |u|σ , σ > 1. There is a number

δ > 0 such that |ϕ(x)| ≤ δ then the solution of the problem (1)-(3) exist in Π0

and u(x, t) ≤ Ce−αt, α = const > 0, where α = const independent of u.

Proof. Let Ω ⊂ BR, where BR = {x :|x| ≤ R }. Let ν > 0 be eigenfunction
in BR corresponding to eigenvalue λ1 of the boundary value problem

Lmu+ λu = 0, x ∈ Ω, u = 0, x ∈ ∂Ω. (9)

Let us consider the function V (x, t) = εe−λ1t/2υ(x). If ε > 0 is a small
enough number then we have

Vt − LmV − f(x, t, V ) =
1

2
ελ1e

−λ1t/2υ(x)−

(C1 + C2t
m)εσe−λ1t/2υσ ≥ 0, (x, t) ∈ Π0 and V > 0, (x, t) ∈ Γ0. (10)

The inequality is understood in weak sense, ([10]). Taking into consideration
(10) and Lemma 2 for the u(x, t) we have the following estimation |u| ≤ V ≤
Ce−λ1t/2, if |ϕ(x)| ≤ σ = εmin

Ω
υ(x).

Now we define the classK of functions consisting of all continuous functions
ω(x, t) in Π(−∞,+∞), which are equal to zero t ≤ T, and such that |ω| ≤ Ke−ht.
The space K is subspace of Π(−∞,+∞) of Banach space of continuous functions

with norm ‖ω‖ = sup
Π(−∞,+∞)

∣∣∣ωeht
∣∣∣.

Let θ(t) ∈ C∞(R1), θ(t) ≡ 0, t ≤ T, θ(t) = 1, t > T +1. Let us define the
operatorH onK, substitutingHω = θ(t)z, where the function z is a solution of
linearized problem, ω ∈ K. By virtue of obtained estimate H : K → K, if T is
large enough number. The operator H is fully continuous. It is should appear
from obtained estimation and from Holderness of the solution of a problem
for parabolic equation Πa,a for any a [10]. According to the Lere Schauder’s
theorem, it is should appear that the operator H have a fixed point z. Hence,
it is also should appear the existence of the solution.

From Theorem 2 it follows that, if u(x, 0) ≥ 0, and |u(x, 0)| ≤ σ, then the
solution of the problem (1)-(3) exists in Π0 and it is positive.

Now we will write the sufficient condition of where all nonnegative solutions
of the problem (1)-(3) the following relation occur

lim
t→T−0

max
Ω

u(x, t) = +∞, here, T = const > 0. (11)

Theorem 3. Let f(x, t, u) ≥ Ceλ1σtuσ for (x, t) ∈ Π0, u ≥ 0, σ = const >
1, and λ1 is positive eigenvalue of the problem (9) in domain Ω, of which
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corresponds the positive eigenfunction in Ω. If u(x, 0) ≥ 0, u(x, t) 
= 0, where
u(x, t) is solution of the problem (1)-(3), then it is valid the relation (11)

Proof. By analogy to above established formula (8), in this case, we have
the following inequality

g′(t) ≥ −λ1g + Ceλ1σtgσ(t), (12)

here, g(t) =
∫
Ω u0(x)u(x, t)dx.

Let g(t) = ψ(t)e−λ1t. From (12) it should be that, ψ′ ≥ Cψσ. Hence,
ψ(t) → +∞ for t → T − 0 , therefore max

Ω
u(x, t) approaches to infinity too.

The Theorem 3 has been proved.
Using the Theorem 3, we can prove the following property of the solution

of equation (1).
Corollary 1. Let f(x, t, u) ≥ Ceλ1σtuσfor (x, t) ∈ Π0, u ≥ 0, where σ > 1,

and λ1 is positive eigenvalue of the problem (9) which corresponds to positive
eigenfunction in Ω, then the positive solution of the equation (1) does not exist
in Π0 .

Note. The results obtained above are valid for the more general class of
equations as

∂u

∂t
=

n∑
i=1

d

dxi
ai(x, t, u, ux) + f(x, t, u) (13)

under certain conditions on the coefficients ai(x, u, ux) of the equation (13).
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