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Abstract

Let v be a valuation of an algebraically closed field K with residue
field kv , F/K be an algebraic function field of one variable, w be an
extension of v to F with residue field kw. In this paper the residue
fields of F/K are studied when F/K is an elliptic function field and
F/K is a hyperelliptic function field respectively. Then it is shown
that if k/kv is an elliptic function field with genus g then there exists
a function field F/K such that F/K is an elliptic function field which
has an extension of v as w, kw is isomorphic to k and F/K has a good
reduction at w. Also it is shown that if k/kv is a hyperelliptic function
field with genus g then there exists a function field F/K such that F/K
is hyperelliptic function field which has an extension of v as w, kw is
isomorphic to k and F/K has a good reduction at w.
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1 Preliminaries

Let v be a valuation on K with value group Gv and residue field kv. For
any t in the ring of v, we shall denote by t∗ the image of v under the canon-
ical homomorphism from the valuation ring of v onto the residue field of v.
Throughout the paper K(x) denotes the rational function field of one variable
over an algebraically closed field K and v∗ for the Gaussian valuation of K(x)
that extends v and that is defined by

vx(
∑

i

aix
i) = min

i
(v(ai)), ai ∈ K

In this case the residue field of vx is kvx = kv(x
∗), where x∗ trans/kv.
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Throughout the paper g(L/M) denotes the genus of a function field of one
variable L/M .

Let v be a valuation on the algebraically closed field K, F/K be a function
field, w be an extension of v to F and kv and kw be the residue fields of v and
w respectively. We assume that kw/kv is also function field of one variable.

Let D(F |K ), D(kw |kv) denote the groups of divisors of F |K and kw |kv

respectively, There is a homomorphism called divisor reduction map;

r : D(F |k) → D(kw |kv)

such that the following properties hold:
Let A ∈ D(F |K) and denote by r(A) ∈ D(kw |kv) its image.

1. deg(A) = deg(r(A))

2. If A is an integral divisor then r(A) is an integral divisor

3.
A = (f)
v(f) = 0

}
⇒ r(A) = (f ∗)

(Here the parantheses indicate principle divisors in respective fields).
Let F/K be a function field of one variable, v be a valuation on K and w

be an extension of v to F . F/K is said to have a good reduction if

i) F/K has the same genus as kw/kv.

ii) There exists a non-constant function f ∈ F such that w(f) = 0,

[F : K(f)] = [kw : kv(f
∗)]

iii) kv is the exact constant field of kw.

2 Residue Fields of Elliptic Function Fields

Theorem 2.1: Let v be a valuation on the algebraically closed field K, F/K
be an elliptic function field, w be an extension of v to F and kv and kw be the
residue fields of v and v respectively. We assume that kw/kv is also function
field of one variable. Then kw/kv is either a rational function field or is an
elliptic function field or it has divisors with only even degree.

Proof: It is known that g(kw/kv) ≤ g(F/K) [3]. Then g(kw/kv) is either 1
or 0. Hence it is easily obtained that if g(kw/kv) = 1 and kw/kv has a divisor of
degree one then kw/kv is an elliptic function field. If g(kw/kv) = 0 and kw/kv

has a divisor of degree one then kw is a rational field over kv. In other case
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kw/kv has divisor with only even degree.

Corollary 2.2: (See also [5]) Let v be a valuation on K, F/K be an
algebraic function field of one variable and w be an extension of v to F . We
assume that F/K has a good reduction at w. If F/K is an elliptic function
field then kw/kv is an elliptic function field.

Proof: If F/K has a good reduction at w then g(F/K) = g(kw/kv). If
F/K is an elliptic function field then it has a divisor of degree one. Since
divisor reduction map preserves the degree of divisors then kw/kv has a divisor
of degree one and kw/kv is an elliptic function field.

Theorem 2.3: Let v be a valuation on K, k/kv be an elliptic function
field. Then there exists a field F such that F/K is an elliptic function field
which has an extension of v as w and kw is kv− isomorphic to k and F has a
good reduction at w.

Proof: Case I: Let charkv �= 2. Therefore k can be written as k = kv(t, u)
where t is transcendental over kv and u2 = h(t) is a square-free monic polyno-
mial over kv of degree 3. write

h(t) = (t − a∗
1)(t − a∗

2)(t − a∗
3), ai ∈ K, i = 1, 2, 3, v(ai) ≥ 0

Define a square-free polynomial H(x) ∈ K[x] by

H(x) = (x − a1)(a − a2)(x − a3)

and set
F = K(x,

√
H(x))

Then g(F/K) = 1. Let w be the valuation of F which extends the Gaussian
valuation vx of K(x). Since H(x) ∈ K[x] is chosen so that H(x)∗ = h(x∗), it

follows from Lemma 2.1 of [4] that the residue field of w is kv(x
∗,

√
h(x∗)) and

hence is kv− isomorphic to k. Also [F : K(x)] = [kw : kv(x
∗)] and then F/K

has a good reduction at w. Case II: Let charkv = 2. Since charkv = 2 then k
can be written as k = kv(t, u), t is transcendental over kv and u2 + u = p(t)
where p(t) is a polynomial over kv with degp(t) = 3.

1. We assume that charK = 0. Define a polynomial P (x) ∈ K[x] such that
vx(P (x)) = 0 and P (x)∗ = p(x∗). Define a square free polynomial

f(x) = 1 + 4P (x)

and set F = K(x,
√

f(x)) Let w be the valuation of f which extends

the Gaussian valuation valuation vx of K(x). It follows from Lemma 2.2
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of [4] that the residue field of w is kv- isomorphic to k = kv(t, u) and
g(k/kv) = 1. Also [F : K(x)] = [kw : kv(t)] and then F/K has a good
reduction at w.

2. Let charK = 2. We choose that Q(x) ∈ K[x] such that vx(Q(x)) = 0
and Q(x)∗ = p(x∗) Set F = K(x, y) where y satisfies y2 + y + Q(x) = 0.
Hence g(F/K) = g(k/kv) = 1 and [F : K(x)] = [k : kv(x

∗)] and F has a
good reduction at w.

3 Residue Fields of Hyperelliptic Function Fields

Theorem 3.1: Let v be a valuation on a field K, vx be Gaussian extension
of v to K(x) and w be an extension of vx to F . We assume that one of the
following conditions are satisfied.

i) charK �= 2, F = K(x,
√

f(x)) is a hyperelliptic function field where

f(x) ∈ K[x] is square free polynomial with degf(x) = 2g(F/K) + 1 or
2g(F/K) + 2.

ii) charK = 2, F = K(x, y) is a hyperelliptic function field such that
y2+y+f(x) = 0 where f(x) ∈ K[x], or degf(x) = 2g(F/K)+1 or 2g(F/K)+2.

Let w(f(x)) = 0 for two conditions. If kw/kv is a hyperelliptic function
field then degf(x) ≥ 5.

Proof:

i) Three cases are considered for proof. Case I: Let charK = 0 and
charkv �= 2. Then using the Lemma 2.1. of [4] it is obtained that kw =

kv(x
∗,

√
f(x)∗) . It is known that degf(x)∗ ≤ deg(x) . If f(x)∗ is a square of

any polynomial of kv[x
∗] then kw is a rational field over kv. Let f(x)∗ be a

nonsquare polynomial. If degf(x)∗ = 2 then g(kw/kv) = 0 is obtained using
the Hurwitz genus formulas. If kw/kv has a divisor of degree one then kw is a
rational function field if not kw/kv has divisors which have only even degree.
If degf(x)∗ = 3 then g(kw/kv) = 1 from the Hurwitz genus formulas. Then
if kw/kv has a divisor of degree one then kw/kv is an elliptic function field if
not kw/kv has divisors which have only even degree. If degf(x)∗ = 4 then
g(kw/kv) = 1 from Hurwitz genus formulas. If kw/kv has a divisor of degree
one then kw/kv is an elliptic function field otherwise kw/kv has divisors with
only even degree.

Case II: Let charK = 0 and charkv = 2. Since f(x) can be written as;
f(x) = 1 + 4B(x), B(x) ∈ K[x], degB(x) = degf(x), v(B(x)) = 0 using the
Lemma 2.2 of [4] kw = kv(x

∗, u), u2 + u + B(x)∗ = 0 is obtained. Under
the above considerations we obtain that if degf(x) < 5 then kw/kv is not a
hyperelliptic function field.
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Case III: Let charK = charkv �= 2. Then using the Lemma 2.1. of [4] it is

obtained that kw = kv(x
∗,

√
f(x)∗). Under the above considerations we obtain

that if degf(x) < 5 then kw/kv is not a hyperelliptic function field.

ii) Let charK = charkv = 2. Then kw = kv(x
∗, y∗), y∗2

+ y∗ + f(x)∗ = 0.
Hence using the above observations the proof is completed.

Corollary 3.2: (See also [5]) Let v be a valuation on K, F/K be an
algebraic function field of one variable and w be an extension of v to F . We
assume that F/K has a good reduction at w. If F/K is a hyperelliptic function
field then kw/kv is hyperelliptic function field.

Proof: If F/K is a hyperelliptic function field then there exists a field
S such that K ⊆ S ⊆ F , g(S/K) = 0 and [F : S] = 2. Since F/K has
a good reduction at w then F has a regular element f such that v(f) = 0
and [F : K(f)] = [kw : kv(f

∗)]. We assume that K(f) ⊆ S ⊆ F . Let
kv′ be the residue field of v′ where v′ is the restriction of w to S. We write
that [F : K(f)] = [kw : kv(f

∗)] = n, [S : K(f)] = m, [kw : kv′ ] = p,
[kv′ : kv(f

∗)] = t . Since [F : S] = 2 then 2m = pt, p ≤ 2, t ≤ m. If
p = 2 then g(S/K) = g(kv/kv) = 0 and the proof is completed. If p = 1 then
n = 2m = t but it is a contradiction. We assume that S ⊆ K(f) ⊆ F . We
write that [F : K(f)] = [kw : kv(f

∗)] = n, [K(f) : S] = m, [kv(f
∗) : kv′ ] = t,

2 = nm = nt, t ≤ m. If n = 1 then F = K(f) and it is obtained that
g(F/K) = 0. But it is a contradiction. Therefore n = 2 and m = 1. Since
t ≤ m = 1 then t = 1. Hence kw/kv is a hypereliptic function field.

Theorem 3.3: Let v be a valuation on K, k/kv be a hyperelliptic function
field with genus g. Then there exists a field F such that F/K is a hyperelliptic
function field which has an extension of v as w and kw is kv- isomorphic to k
and F has a good reduction at w.

Proof: Since k/kv is a hyperelliptic function field then g(k/kv) ≥ 2 and k
contains a rational subfield kv(t) ⊆ k with [k : kv(t)] = 2, ttrans/kv.

Case I: Let charkv �= 2. Then k = kv(t, u) where t is transcendental over kv,
u2 = h(t) where h(t) ∈ kv[t] is a square free polynomial with degh(t) = 2g + 1
or 2g + 2. H(x) ∈ K[x] can be choosen as vx(H(x)) = 0, degH(x) = degh(x∗)
and H(x)∗ = h(x∗). If we set the field F = K(x,

√
H(x)) then g(F/K) =

g(k/kv). Let w be the valuation of F which extends vx of K(x). Then kw is
kv- isomorphic to k from choosing of H(x). Since also degH(x) = degh(x∗)
then F has a good reduction at w.

Case II: Let charkv = 2. Then k = kv(t, u) where t is transcendental over
kv, u2 + u = h(t), degh(t) = 2g + 1 or 2g + 2. Using the similar method as
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above then the proof is completed.
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