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Abstract

In this paper, we consider variational iteration method (VIM) to
obtain exact solution to the Fisher’s equation. The variational iteration
method is based on Lagrange multipliers for identification of optimal
value of parameters in a functional. Using this method, it is possible to
find the exact solution or an approximate solution of the problem.
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1 Introduction

In this work, we consider the Fisher’s equation

ut = uxx + u(1 − u), (1)

where ut = ∂u
∂t

, uxx = ∂2u
∂x2 .

Fisher proposed Eq. (1) as a model for the propagation of a mutantgene,
with u denoting the density of an advantageous. This equation is encoun-
tered in chemical kinetics [7] and population dynamics which includes prob-
lems such as nonlinear evolution of a population in a one-dimensional habitat,
neutron population in a nuclear reaction. Moreover, the same equation occurs
in logistic population growth models [1], flame propagation, neurophysiology,
autocatalytic chemical reactions, and branching Brownian motion processes.

Ji-Huan He proposed the well-known variational iteration method (VIM)
to have a series solution of a nonlinear differential equation using an iterative
formula [2, 3, 4]. In this paper, we solve the Fisher’s equation via variational
iteration method.
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2 Variational iteration method

To illustrate the basic concepts of VIM, consider the following general non-
linear partial differential equation:

Lu(x, t) + Ru(x, t) + Nu(x, t) = g(x, t), u(x, 0) = f(x), (2)

where L ≡ ∂
∂t

, R is a linear operator which has partial derivatives with respect
to x,Nu(x, t) is a nonlinear term and g(x, t) is an inhomogeneous term.

According to the VIM [2, 3, 4], we can construct the following iteration
formula:

un+1(x, t) = un(x, t) +

∫ t

0

λ{Lun + Rũn + Nũn − g}dτ, (3)

where λ is called a general Lagrange multiplier [5] which can be identified
optimally via variational theory, ũn is considered as restricted variations [2],
i.e. δũn = 0.

Calculating variation with respect to un, the following stationary conditions
are obtained:

λ′(τ) = 0, (4)

1 + λ(τ)|τ=t = 0, (5)

The Lagrange multiplier, therefore, can be identified as λ = −1.
Substituting the identified multiplier into Eq. (3) results in the following

iteration formula:

un+1(x, t) = un(x, t) −
∫ t

0

{Lun + Run + Nun − g}dτ. (6)

The second term on the right is called the correction term. Eq. (6) can be
solved iteratively using u0(x, t) = f(x) as an initial approximation.
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optimally via variational theory, ũn is considered as restricted variations [2],
i.e. δũn = 0.
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The Lagrange multiplier, therefore, can be identified as λ = −1.
Substituting the identified multiplier into Eq. (3) results in the following
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0

{Lun + Run + Nun − g}dτ. (11)

The second term on the right is called the correction term. Eq. (6) can be
solved iteratively using u0(x, t) = f(x) as an initial approximation.

4 Implementation of the VIM

in this section, we consider the Fisher’s equation

ut = uxx + u(1 − u), (12)

subject to the initial condition u(x, 0) = α.
To solve Eq. (7) by means of the VIM, substitute in Eq. (6) by

Lu = unτ , Run = −unxx , Nun = −un(1 − un),

and
g = 0,

and obtain the following iteration formula:

un+1(x, t) = un(x, t) −
∫ t

0

{unτ − unxx − un(1 − un)}dτ, (13)

with the initial approximation u0(x, t) = α.
The iteration formula (8) will give several approximations, and the exact

solution is obtained at the limit of the resulting successive approximations.
By using iteration formula (8) and MATLAB software, we can obtain

u1(x, t) = α + α(1 − α)t,

u2(x, t) = α + α(1 − α)t + α(1 − α)(1 − 2α)
t2

2!
+ [−α2(1 − α)2 t3

3!
],
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u3(x, t) = α + α(1 − α)t + α(1 − α)(1 − 2α)
t2

2!
+ α(1 − α)(1 − 6α + 6α2)

t3

3!

+ [−α2(1 − 2α)(1 − α)2 t4

3
− α2(1 − α)2(3 − 20α + 20α2)

t5

60

+ α3(1 − 2α)(1 − α)3 t6

18
− α4(1 − α)4 t7

63
],

u4(x, t) = α + α(1 − α)t + α(1 − α)(1 − 2α)
t2

2!

+ α(1 − α)(1 − 6α + 6α2)
t3

3!
+ α(1 − α)(1 − 2α)(1 − 12α + 12α2)

t4

4!

+ [−α2(1 − α)2(11 − 52α + 52α2)
t5

60

− α2(1 − 2α)(13 − 120α + 120α2)(1 − α)2 t6

360

− α2(5 − 148α + 728α2 − 1160α3 + 580α4)(1 − α)2 t7

1260

+ α3(1 − 2α)(203 − 1420α + 1420α2)(1 − α)3 t8

10080

+ α3(21 − 476α + 2196α2 − 3440α3 + 1720α4)(1 − α)3 t9

11340

− α4(1 − 2α)(49 − 330α + 330α2)(1 − α)4 t10

9450

− α4(189 − 5720α + 27720α2 − 44000α3 + 22000α4)(1 − α)3 t11

831600

+ α5(1 − 2α)(7 − 60α + 60α2)(1 − α)5 t12

15120

− α6(1 − 2α)(1 − α)7 t13

147420

+ α7(1 − 2α)(1 − α)7 t14

7938
− α8(1 − α)68

t15

59535
],

and so on. The solution in a closed form is given by

u(x, t) = α + α(1 − α)t + α(1 − α)(1 − 2α)
t2

2!
+ α(1 − α)(1 − 6α + 6α2)

t3

3!
+ · · ·

=
αet

1 − α + αet
,

which is in full agreement with the results in [6].
Fig. 1 shows the comparison between the 7-iterative of VIM and the exact
solution.
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Fig. 1. The exact solution and the 7-iterate VIM for the Fisher’s equation (α = 2).

5 Conclusion

In this paper, exact solution for the Fisher’s equation has been obtained by
variational iteration method. The results show that the Variational iteration
method is a powerful mathematical tool for finding the exact and approximate
solutions of nonlinear equations. In our work we use the MATLAB to calculate
the series obtained from the variational iteration method.
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