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Abstract

The paper establishes the convergence of an infinite dimensional
adaptation of a minimal residual algorithm for solving a class of lin-
ear equations with operators admitting Self-adjoint positive definite and
m-accretive splitting (SAS). This splitting leads to an ADI-like iterative
method which is equivalent to a fixed point problem where the opera-
tor is a 2 by 2 matrix of operators. An infinite dimensional adaptation
of a minimal residual algorithm is then applied to solve the resulting
matrix operator equation. Theoretical analysis shows that the method
converges unconditionally and an upper bound for the rate of residual
decreasing is derived. The convergence of the method is numerically
illustrated on a sample neutron transport problem in 2-D geometry.
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1 Introduction

Linear equations with operators admitting positive definite and m-accretive
splitting often arise in physics and in engineering. They find many applications
in particle transport, radiative transfer, diffusion convection etc...
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Recently, an ADI-like iterative method [12] based on positive definite and
m-accretive splitting for linear operator equations with operators admitting
such splitting has been proposed and analyzed [3]. This method converges
unconditionally. The SOR acceleration of this method [3] yields convergence
results similar to those obtained in presence of finite dimensional systems with
matrices possessing property A [14, 19]. In the particular case where the posi-
tive definite part of the linear equation operator is in addition self-adjoint, an
upper bound for the contraction factor of the iterative method which depends
solely on the spectrum of the self-adjoint part is derived [4]. This method has
been successfully applied to the neutron transport equation in slab and 2-D
cartesian geometry [4] and in 1-D spherical geometry [6].

The self-adjoint and m-accretive splitting leads to a fixed point problem
where the operator is a 2 by 2 matrix of operators. An infinite dimensional
adaptation of a minimal residual algorithm is then applied to solve the ma-
trix operator equation. Theoretical analysis shows that the method converges
unconditionally and an upper bound of the rate of residual decreasing which de-
pends solely on the spectrum of the self-adjoint part of the operator is derived.
The convergence of this solver and its Gauss-Seidel preconditioned version is
numerically illustrated on a sample neutron transport problem in 2-D geome-
try. Various test cases, including pure scattering and optically thick domains
are considered.

The paper is organized as follows. The description and the convergence
properties of the SAS iteration method are given in section 2. In section 3, we
present the minimal residual method and the convergence analysis. Section 4
deals with the application of the method to 2-D neutron transport equation
and the numerical illustration. Some concluding remarks are given in section 5.

2 The SAS Iteration Method
Let us consider a Hilbert space H with inner product (., .) and norm ‖.‖ and
let T be a linear operator on H with domain D(T ) and range R(T ) = H. We
denote by I, the identity operator. Suppose that we need to solve in D(T ),
the following problem

Tu = q, (1)

where q ∈ H is given and u ∈ D(T ) is the unknown.
We assume that the operator T admits the following splitting:

T = S + A, (2)

where S is a bounded self-adjoint positive definite operator and A is a m-
Accretive operator. Therefore, the operator T is positive definite and equation
(1) admits a unique solution in H.
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We consider in D(T ) the norm

‖u‖2
D(T ) = ‖u‖2 + ‖Au‖2. (3)

Let α be a positive constant. The functional ‖.‖A(α) defined on D(T ) by

‖u‖A(α) = ‖(αI + A)u‖, (4)

is a norm on D(T ) equivalent to ‖.‖D(T ) [3].
Let α be a positive constant. The following two-step splitting is obtained

from (2): {
T = (αI + S)− (αI − A)
T = (αI + A)− (αI − S)

. (5)

The two-step splitting (5) leads to the following Self-adjoint and m-Accretive
Splitting (SAS) iteration method [4]:

Given an initial guess u(0) ∈ D(T ), for k = 0, 1, . . . until {u(k)} converges,
calculate {

(αI + S)u(k+ 1
2
) = (αI − A)u(k) + q

(αI + A)u(k+1) = (αI − S)u(k+ 1
2
) + q

. (6)

From equation (6), we deduce that u(k+1) satisfies

(αI + A)u(k+1) = M(α)(αI + A)u(k) + N(α)q, (7)

where
M(α) = S1(α)A1(α) and N(α) = 2α(αI + S)−1; (8)

with

S1(α) = (αI − S)(αI + S)−1 and A1(α) = (αI − A)(αI + A)−1. (9)

Therefore, the exact solution u∗ of the problem (1) verifies

‖u(k+1) − u∗‖A(α) ≤ ‖M(α)‖‖u(k) − u∗‖A(α). (10)

Let σ(S) denotes the spectrum of S. Since A is m-accretive and S is self-
adjoint, it is proved that [4, 6]

‖A1(α)‖ ≤ 1 and ‖S1(α)‖ ≤ β(α) < 1, (11)

where
β(α) = sup

λ∈σ(S)

∣∣∣∣
α− λ

α + λ

∣∣∣∣ . (12)

Thus
‖M(α)‖ ≤ β(α) < 1. (13)
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It then follows that, the SAS iteration (6) converges unconditionally to the
solution of (1) with respect to norm ‖.‖α and ‖.‖D(T ). Since for u ∈ D(T ), we
have ‖u‖ ≤ ‖u‖D(T ), the convergence of the SAS iteration with respect to the
norm ‖.‖ follows.

The theoretical optimal parameter α∗ for the bound β(α) is α∗ =
√

λminλmax

with λmin and λmax denoting respectively the lower and upper bound of σ(S)
[12].

Each step of the SAS iterative method is constituted of two-half steps
which require finding solutions of linear equations with operators (αI +S) and
(αI + A). These linear operator equations can be solved approximately using
appropriate methods with respect to the properties of each operators. This
results in the inexact Self-adjoint and m-Accretive splitting (ISAS) iteration
for solving the linear operator equation (1). The convergence analysis of the
incomplete version of SAS iteration is given in [4].

3 Minimal Residual Iteration Method.

3.1 Minimal residual algorithm

The following fixed point equation can be derived from the definition of the
SAS iteration (6):

{
(αI + S)u1 = (αI − A)u2 + q
(αI + A)u2 = (αI − S)u1 + q

. (14)

In the operator form, the system (14) reads

T(α)u = q, (15)
where the matrix of operators T(α) and the vector functions u and q are
defined as follows

T(α) =

(
(αI + S) −(αI − A)
−(αI − S) (αI + A)

)
, u =

(
u1

u2

)
and q =

(
q
q

)
. (16)

Let α be a positive constant. Since A is m-accretive and S is positive definite,
the solution of linear operator equation (15) exits in D(T ) × D(T ) and it is
unique [3]. We also have the following results of equivalence between problems
(1) and (15) [3].

Proposition 3.1 Let α be a positive constant. If u∗ is the exact solution of

problem (1), then u∗ =

(
u∗

u∗

)
is the exact solution of equation (15). Con-

versely, if u∗ =

(
u∗

v∗

)
is the exact solution of equation (15) then u∗ = v∗

and, u∗ is the exact solution of problem (1).
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Let P(α) be the matrix operator defined in D(T )×D(T ) by:

P(α) =

(
(αI + S) 0

0 (αI + A)

)
. (17)

The preconditioning of the system (15) from the right by [P(α)]−1 leads to the
following system

T1(α)u = q (18)

where the matrix of operator T1(α) reads

T1(α) =

(
I −A1(α)

−S1(α) I

)
, (19)

The solution v∗ of problem (15) reads

v∗ = [P(α)]−1u∗, (20)

where u∗ is solution of (18).
Since all the operators of the matrix T1(α) are bounded on H, T1(α) is

bounded on H ×H.
We consider in H × H the inner product 〈, 〉 defined for u = (u1, u2)

t,
v = (v1, v2)

t ∈ H ×H by

〈u,v〉 = (u1, v1) + (u2, v2), (21)

and the associated norm

‖|u‖|2 = ‖u1‖2 + ‖u2‖2. (22)

The minimal residual iteration method for the solution of problem (18)
minimizes the functional ε(u) = ‖|q− T1(α)u|‖2 as follows [1, 2, 14, 17]:

Let u(0) ∈ H ×H, r(0) = q− T1(α)u(0), p(0) = r(0), x(0) = T1(α)p(0).
While ‖|r(n)‖| > λk do
begin

ρ(n) = 〈r(n),x(n)〉/〈x(n),x(n)〉;
u(n+1) = u(n) + ρ(n)p(n);
r(n+1) = r(n) − ρ(n)x(n);
θ(n+1) = −〈T1(α)r(n+1),x(n)〉/〈x(n),x(n)〉;
p(n+1) = r(n+1) + θ(n+1)p(n);
x(n+1) = T1(α)r(n+1) + θ(n+1)x(n);

end.
In the previous algorithm, we have to make clear how the product T1(α)

times a vector is computed, since T1(α) contains some inverse operator. Let
u = (u1, u2)

t ∈ H ×H. The components of T1(α)u = (v1, v2)
t verify

{
v1 = u1 − (A− αI)ϕ2

v2 = u2 − (S − αI)ϕ1
, (23)
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where ϕ1 ∈ H satisfies the integral equation

(S + αI)ϕ1 = u1 (24)

and ϕ2 ∈ D(T ) satisfies the differential equation

(A + αI)ϕ2 = u2 . (25)

Once ϕ1 and ϕ2 are calculated, the components of T1(α)u in (26) are easily
computed. The integral equation (28) and the differential equation (29) can
be solved numerically.

3.2 Convergence results

From the analysis of the minimal residual algorithm [14], the following estimate
on the residual holds:

Proposition 3.2 Given an initial guess u(0). If the functions u(k) (k > 0)
are computed by the minimal residual algorithm, then

ε(u(k+1)) ≤ λ(α, k)ε(u(k)), (26)

where

λ(α, k) =

(
1− 〈r(k), T1(α)r(k)〉

〈r(k), r(k)〉
〈r(k), T1(α)r(k)〉

〈T1(α)r(k), T1(α)r(k)〉
)

. (27)

The convergence of the minimal residual method is guaranteed, if λ(α, k) < 1.
Let α be a positive constant. The following properties are characteristic of

the operator T1(α):

Proposition 3.3 For all u ∈ H ×H, the following inequalities hold true:

〈T1(α)u,u〉 ≥ 1− β(α)

2
‖|u|‖2; (28)

〈T1(α)u,u〉 ≥ 1

2
〈T1(α)u, T1(α)u〉. (29)

Proof. Let u = (u1, u2)
t. We have

〈T1(α)u,u〉 = ‖u1‖2 + ‖u2‖2 − (A1(α)u2, u1)− (S1(α)u1, u2)
≥ ‖u1‖2 + ‖u2‖2 − (‖A1(α)‖+ ‖S1(α)‖)‖u1‖‖u2‖
≥ ‖|u|‖2 − (1 + β(α))‖u1‖‖u2‖
≥ 1−β(α)

2
‖|u|‖2;
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and

〈T1(α)u,u〉 − 1
2
〈T1(α)u, T1(α)u〉 = 1

2
(‖u1‖2 + ‖u2‖2)

−1
2
(‖S1(α)u1‖2 + ‖A1(α)u2‖2)

≥ 1
2
(1− β2(α))‖u1‖2

≥ 0.

2

Proposition 3.4 Convergence results.
Let α be a positive constant. Given an initial guess u(0) ∈ H × H, if the

sequence
{
u(k)

}
k≥0

is obtained by the minimal residual algorithm, then the
following error estimations hold

ε(u(k+1)) ≤ 3 + β(α)

4
ε(u(k)), (30)

‖|u(k+1) − u∗|‖ ≤ 2

1− β(α)
ε(u(k+1))

1
2 . (31)

where u∗ is the exact solution of problem (18). Thus
{
u(k)

}
k≥0

converges
toward u∗.

Proof. We deduce from inequalities (28) and (29) that:

λ(α, k) ≤ 1− β(α)

4
, k ≥ 0.

It then follows from (26) that ε(u(k+1)) ≤ 3+β(α)
4

ε(u(k)).
Substituting u in (28) by (u(k+1) − u∗) yields

‖|u(k+1) − u∗|‖2 ≤ 2
1−β(α)

〈T1(α)u(k+1) − q,u(k+1) − u∗〉
≤ 2

1−β(α)

(
ε(u(k+1)

) 1
2 .‖|u(k+1) − u∗|‖,

and the estimation (31) then follows. 2

4 Numerical Results

We apply the preceding minimal residual algorithm for solving neutron trans-
port equation in 2-D geometry.
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4.1 The neutron transport equation

The single group steady state first order neutron transport equation in 2-D
cartesian geometry verified by the neutron flux u(r, ω) : Q := R × B → R+,
reads:{

Tu(r, ω) := Au(r, ω) + Σu(r, ω)−Ku(r, ω) = q(r, ω), (r, ω) ∈ Q
u(r, ω) ∈ D(T )

. (32)

The operators A, Σ and K are defined by:

Au = ω∇ru; Σu = σ(r)u; Ku =

∫

B

κ(r, ω, ω′)u(r, ω′)dω′ (33)

and,
D(T ) = {u ∈ L2(Q) : ω∇ru ∈ L2(Q) and u|Γ− = 0}, (34)

where Γ− = {r ∈ ∂R×B : µnx+ηny < 0} (n = (nx, ny) being the outer normal
to ∂R), r = (x, y), ω = (µ, η), R =]0, 1[×]0, 1[ and B = {ω ∈ R2 : |ω| < 1}.
The function σ(r) represents the total cross section and κ(r, ω, ω′) is a non
negative kernel describing the scattering of particles. The function q is the
non negative source term.

In the following, it is assumed that:

(a1) σ ∈ L∞(Q) and ∃σ0 > 0 such that σ(r) ≥ σ0 a.e on Q;

(a2) κ(r, ω, ω′) = κ(x, ω′, ω) and κ is non negative;

(a3) ∃c ∈ [0, 1),

∫

B

κ(r, ω, ω′)dω′ ≤ σ0c a.e on Q.

The operator A is m-accretive [10]. From assumptions (a1)− (a3) made on σ
and κ, follows that operator S = σI −K is self-adjoint and positive definite
[10]. Thus T is positive definite and it follows the existence and uniqueness
of the solution of problem (32). Moreover, T admits a self-adjoint positive
definite and m-accretive splitting (SAS) which yields the SAS iteration method.
The SAS iteration method and the preceding minimal residual method for the
solution of equation (32) converge. The equation (32) is known to be near
singular when c ≈ 1 [10].

In the case of isotropic scattering where the integral operator is defined by

Kψ = σs(x)Pu, (35)

with
Pu =

1

π

∫

B

u(x, Ω′)dΩ′,

the inverse of the operator (αI + S) is given by [4]:

(αI + S)−1 =
1

σ(x)− σs(x) + α
P +

1

σ(x) + α
(I − P ). (36)
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Therefore, the linear integral equation (28) can be solved explicitly. Moreover,
the second component v2 in (26) can be calculated as follows:

v2 = u2 − P1u1, (37)

where
P1 =

(
α− σ − σs

α + σ − σs

− α− σ

α + σ

)
P +

α− σ

α + σ
I. (38)

Here, σs and σa = σ − σs denote the scattering and the absorption cross
sections respectively. For the physical interest, the scattering ratio and the
optical coefficient are respectively defined as follows:

γ = max
x∈R

(
σs(x)

σs(x) + σa(x)

)
and ν = min

x∈R
(σs(x) + σa(x)) diam(R), (39)

where diam(R) denotes the diameter of domain R. The values γ = 1 and
ν >> 1 (σa >> 1) correspond to pure scattering and optically thick domains
respectively, and represent two extreme situations in computational transport
where conventional methods suffer some difficulties to solve accurately the
transport problem [15].

4.2 Discretization and numerical results

The discretization is carried out by a DSN scheme [4, 10] consisting of using a
finite set of L discrete angular directions ΩL = {ωi = (µi, ηi)}i=L

i=1 ⊂ B, which
have nonzero components and are symmetric about the origin for the angular
approximation and, a difference method based on control volume approach and
cell averaging for the spatial approximation. The numerical grid is defined by:

Rh = {(xi, yj), 0 ≤ i ≤ N, 0 ≤ i ≤ M} , (40)

where x0 = 0, xi = xi−1 + (∆x)i, xN = 1, y0 = 0, yj = yj−1 + (∆y)j, yM = 1
and h = max

ij
((∆x)i, (∆y)j). The cell center grid points are defined as: xi+ 1

2
=

xi+1 − xi

2
, yj+ 1

2
=

yj+1 − yj

2
, (∆x)i+ 1

2
= xi+1 − xi and (∆y)j+ 1

2
= yj+1 − yj.

For the numerical results, we took particular data for which an exact solu-
tion of problem (32) is known in each case. For the iterative methods tested
here, the iterations are stopped when the relative error ‖U−Uexact‖2

‖Uexact‖2 is less than
a prescribed ε > 0.

For x = (x1, x2) ∈ R and Ω = (µ, η) ∈ B, we set σ(x) = σ, κ(x, Ω, Ω′) = σc
π

and

q(x, µ) =





µx2 + ηx1 + σx1x2 − σc
4
, µ > 0, η > 0;

−µx2 + η(1− x1) + σ(1− x1)x2 − σc
4
, µ < 0, η > 0;

−µ(1− x2)− η(1− x1) + σ(1− x1)(1− x2)− σc
4
, µ < 0, η < 0;

µ(1− x2)− ηx1 + σx1(1− x2)− σc
4
, µ > 0, η < 0.
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The exact solution of this test problem is given by:

ψ(x, µ) =

{
x1x2, µ > 0, η > 0; (1− x1)x2, µ < 0, η > 0;
(1− x1)(1− x2), µ < 0, η < 0; x1(1− x2), µ > 0, η < 0.

In this problem, σc is the scattering cross section and σa = σ(1 − c) rep-
resents the absorption cross section of neutrons in R. The parameter c is the
scattering ratio and σ is the optical coefficient.

For the numerical test, we take ∆x = ∆y = 1
10

and L=100. We study
the behavior of the Minimal residual method with respect to parameter σ, c
and α. For the example problem, the theoretical optimal parameter which
minimizes the bound β(α) is αt = σa = σ(1 − c). It is observed in [4] that,
for fixed c and σ, numerical optimal value of α can be localized in the interval
[σ(1− c), σ(1− c/2)]. The value

α∗ =





σ(1− 19c/32), 0 < c < 0.9
σ(1− 23c/32), 0.9 ≤ c < 0.97
1, 0.97 ≤ c ≤ 1

yielded good convergence results for the SAS iteration applied to the exam-
ple problem as compare to the standard source ietration method, a spatial
multigrid algrithm and some Krylov subspace methods such as GMRES and
BiCGStab iterative algorithms [4]. The minimal residual iteration method was
applied to the example problem for several values of c and σ using the param-
eter αt. We observed the convergence of the method. It is also observed for
some values of σa and c (σa ≥ 4 and c > 0.5), the convergence of the minimal
residual seems to be faster as compare to the SAS method using αt. This re-
sults also holds for large value of σ when using the SAS method with α∗. For
the other cases, we used a Gauss-Seidel preconditioned version of the minimal
residual algorithm.

We presented comparative numerical results (number of iterations) of the
previous minimal residual algorithm (Minres), the Minres with Gauss-Seidel
preconditioning (GS-Minres), the SOR acceleration of SAS with relaxation
parameter w = 0.93, setting α = αt (we set α = αt + c for values of c close
to 1) and the SAS iterations using α = αt and α = α∗. There is two sets of
tests: one at fixed σ and another at fixed c. As shown by figure 1 to figure 6,
all the methods converge. At fixed σ = 100 and σ = 1000, we compare the
c−dependence of the iterative methods used here. The figure 1 and figure 2
plot the number of iterations of methods as function of c ∈ [0.1, 0.99] for
σ = 100 and σ = 1000 respectively. We observe in figure 1 (σ = 100) that
the Minres method is faster than the SAS(σt) for 0.5 < c ≤ 0.96 and is slower
than SAS(α∗) 0.1 ≤ c ≤ 0.99. For c close to 1 (c ∈ [0.98, 0.99999]), it can
be observed in Figure 3 that, for σ = 100 the Minres method is faster than
the SOR method for c > 0.9975. Setting σ = 1000, we observed that in
Figure 4 the Minres method is faster than the SAS(αt) except for c = 0.999,
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Figure 1: Comparison of methods at
fixed σ = 100, for c ∈ [0.1, 0.99](ε =
1E − 08).
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Figure 2: Comparison of methods at
fixed σ = 1000, for c ∈ [0.1, 0.99](ε =
1E − 08).

SAS SOR Minres GS-Minres
σ = 50 203 286 248 136

σ = 100 292 436 361 192
σ = 1000 487 850 643 334

Table 1: Number of iteration of SAS, SOR, Minres and GS-Minres for c = 1
(α = 1)

and SAS(α∗) for 0.98 ≤ c ≤ 0.995. It can be seen that, for this set of test, the
GS-Minres method is efficient than all the methods tested here.

The σ−dependence of iterative methods at fixed c = 0.98 is plotted by
figure 5 and figure 6 for σ ∈ [1, 500] and for large values of σ respectively. It
can be observed that the Minres algorithm is faster than SAS(αt), SAS(α∗)
and SOR methods for σ > 150, σ > 200 and σ > e7 respectively and it
is comparable to GS-Minres method for σ = e10. The Table 1 presents the
number of iteration of the methods tested here at c = 1 for σ ∈ {50, 100, 1000}.
It can be observed tha, the number of iteration increase with the value of σ.
The GS-Minres presents good convergence results as compare to other method.
Finally We notice that the GS-Minres method is efficient than all the methods
for this set of tests.
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Figure 3: Comparison of meth-
ods at fixed σ = 100, for c ∈
[0.98, 0.99999](ε = 1E − 06).
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Figure 4: Comparison of meth-
ods at fixed σ = 1000, for c ∈
[0.98, 0.99999](ε = 1E − 06).
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Figure 5: Comparison of methods at
fixed c = 0.98, for σ ∈ [1, 500](ε =
1E − 08).
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Figure 6: Comparison of methods at
fixed c = 0.98, for large value of σ
(σ ∈ [e4, e10] and ε = 1E − 08).
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5 Conclusion
We have presented a minimal residual method for the solution of a class of
linear operator equation,with positive definite operator admitting the Self-
adjoint and m-Accretive Splitting in a Hilbert space H. Previous numerical
results illustrate the convergence of the method for the solution of a 2-D neu-
tron transport problem. Moreover, the Gauss-Seidel preconditioning of this
minimal residual solver gives excellent results than the SAS method and its
SOR acceleration.
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