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Abstract

The aim of this paper is to contribute to the works on fuzzy lattices
[14, 15] in the following way: Some properties fuzzified by many-valued
equivalence relations are introduced.
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1 Introduction

Lattice theory [3] is one of the areas needed in several mathematical studies.
It is known, that advances in science and technology force to mathematical
studies based on many-valued logic. Therefore, it is unavoidable that the
progress of lattice theory in the frame of many-valued logic. For this reason,
fuzzy partially ordered sets that are many-valued logical counterparts to par-
tially ordered sets in classical lattice theory are improved with their properties
fuzzified by using many-valued equivalence relations [4, 5, 14, 16, 17]. Later,
fuzzy lattices has been studied in several different ways [1, 14, 15, 24]. How-
ever, this work is based on study in [14]. Some natural properties of a lattice
in classical theory are fuzzified for the concept “vague lattice” introduced in
[14] by means of many-valued equivalence relations.
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2 Preliminaries

An integral, commutative cl-monoid (for brevity, iccl-monoid) is an iccqm-
lattice M = (L,≤, ∗) enriched with a binary operation on L (called residuum
operation) satisfying the adjunction property
(AD) α ∗ β ≤ γ ⇔ α ≤ β → γ, ∀α, β, γ ∈ L.
In an iccl-monoid M = (L,≤, ∗), the adjunction property (AD) guarantees
the uniqueness of the residuum operation, and the residuum operation → is
explicitly given by

α → β = ∨{γ ∈ L | α ∗ γ ≤ β}, ∀α, β ∈ L.

Throughout this paper, we will take the iccl-monoid M = (L,≤, ∗) as the
many-valued logical base. The meet operation, the join operation on L, the
bottom and the top elements of L will be denoted by the usual notations ∧,
∨, 0 and 1, respectively, where 0 
= 1. We now give only some properties in
an iccl-monoid in the next proposition, which will be needed in the sequel.

Proposition 2.1 [18, 22] In any iccl-monoid M = (L,≤, ∗), the following
assertions are valid:

(i) α → β = 1 ⇔ α ≤ β, ∀α, β ∈ L,
(ii) 1 → α = α, ∀α ∈ L,
(iii) α ∗ (α → β) ≤ β, ∀α, β ∈ L,
(iv) α ∗ β ≤ α ∧ β, ∀α, β ∈ L.

If ≤ and ∗ are taken as the usual ordering on R and a left-continuous t-norm,
respectively, it is obtained a particular iccl-monoid ([0, 1],≤, ∗) [18, 22].
In this paper, the capital letters X and Y always denote nonempty usual sets.
A function μ : X → L is called a L-fuzzy set of X [23]. The set of all L-fuzzy
sets of X is denoted by LX . An L-fuzzy set ρ of X × Y is called an L-fuzzy
relation from X to Y , or simply a fuzzy relation [23]. If X = Y , then ρ ∈ LX×X

is called a fuzzy relation on X.
A fuzzy relation E ∈ LX×X on X is called an M-equivalence relation on X
[11] iff the following three axioms are satisfied:
(E.1) E(x, x) = 1, ∀x ∈ X, (Reflexivity)
(E.2) E(x, y) = E(y, x), ∀x, y ∈ X, (Symmetry)
(E.3) E(x, y) ∗ E(y, z) ≤ E(x, z), ∀x, y, z ∈ X. (Transitivity)
An M-equivalence relation E on X is called an M-equality relation on X [11]
iff E additionally satisfies the separation property:
(E.1′) E(x, y) = 1 ⇒ x = y, ∀x, y ∈ X.
The classical equality on X is characterized by the M-equality relation Ec

X :
X × X → {0, 1}, given by

Ec
X(x, y) =

{
1 , if x = y
0 , if x 
= y

}
, ∀x, y ∈ X.



Some properties of vague lattices 1513

The element E(x, y) ∈ L can be interpreted to be degree of similarity and
indistinguishability of x, y ∈ X. The concept of M-equivalence relation above
mentioned has been introduced, named and studied in several different ways
[2, 6, 7, 8, 11, 19, 21, 25, 26]. Now, it will be useful to give some other concepts
in the present paper:

Let E and F be M-equivalence relations on X and Y , respectively. A fuzzy
relation ρ ∈ LX×Y is called a perfect fuzzy function from X to Y w.r.t. E and
F iff ρ satisfies the following four conditions [9, 10, 11]:

(EX.1) ρ(x, y) ∗ E(x, x′) ≤ ρ(x′, y), ∀x, x′ ∈ X, ∀y ∈ Y, (Extensionality
w.r.t. E)

(EX.2) ρ(x, y) ∗ F (y, y′) ≤ ρ(x, y′), ∀x ∈ X, ∀y, y′ ∈ Y, (Extensionality
w.r.t. F )
(F.1) For each x ∈ X, ∃y ∈ Y such that ρ(x, y) = 1,

(PF) ρ(x, y) ∗ ρ(x, y′) ≤ F (y, y′), ∀x ∈ X, ∀y, y′ ∈ Y.

A fuzzy relation ρ ∈ L(X×X)×X satisfying the condition (F.1) is said to be
M-binary operation on X [14].
Let P and E be M-equivalence relations on X × X and X, respectively. A
perfect fuzzy function from X × X to X w.r.t. P and E is called perfect
M-vague binary operation w.r.t. P and E [12].

If E is an M-equivalence relation on X, then a transitive fuzzy relation R ∈
LX×X is called a vague partial ordering on X w.r.t. E, for short an M-E-
partial ordering on X, if the following two axioms are satisfied [5, 14, 17]:

(VP.1) E(x, y) ≤ R(x, y), ∀x, y ∈ X, (E-reflexivity)
(VP.2) R(x, y) ∗ R(y, x) ≤ E(x, y), ∀x, y ∈ X. (E-antisymmetry)

An M-E-partial ordering R ∈ LX×X on X is called a vague linear ordering on
X w.r.t. E, or simply an M-E-linear ordering on X iff R additionally satisfies
the linearity axiom:

(VP.3) R(x, y) = 1 or R(y, x) = 1, ∀x, y ∈ X.

Given an M-E-partial (linear) ordering R ∈ LX×X on X, the ordered pair
(X, R) is called an M-E-partially (linearly) ordered set.

If we take the minimum operation ∧ on L as the operation in the condition
(VP.2), then we obtain another kind of antisymmetry condition called the
strong E-antisymmetry condition. If the M-equivalence relation E is taken as
an M-equality on X, then a fuzzy relation R ∈ LX×X on X, provided with the
conditions (VP.1), strong E-antisymmetry and (VP.3), is called an M-order
on X in [2]. By the fact that strong E-antisymmetry entails E-antisymmetry,
an M-order on X is nothing but a special M-E-partial ordering on X. Given
an M-order R ∈ LX×X on X, (X, R) is called an M-B-E-partially ordered
set.

Vague lattices are introduced in detail by Demirci [14, 13]: Let (X, R) be an
M-E-partially ordered set. The fuzzy relations ̃, �̃ from X×X to X, defined
by
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̃(x, y, z) = [R(x, z) ∧ R(y, z)] ∧ [
∧
t∈X

((R(x, t) ∧ R(y, t)) → R(z, t))], (1)

�̃(x, y, z) = [R(z, x) ∧ R(z, y)] ∧ [
∧
t∈X

((R(t, x) ∧ R(t, y)) → R(t, z))] (2)

are called the vague join and vague meet operation on X w.r.t. the M-E-partial
ordering R, for brevity the M-E-join operation and the M-E-meet operation
on X, iff ̃, �̃ are M-binary operations on X. The quadruple (X, R, ̃, �̃) is
called a vague lattice w.r.t. the M-E-partial ordering R, for simplicity an M-
E-lattice, iff �̃ and ̃ are the M-E-meet operation and the M-E-join operation
on X, respectively. The L-fuzzy sets ⊥̃X and �̃X of X, defined by

⊥̃X(z) =
∧

x∈X

R(z, x), �̃X(z) =
∧
x∈X

R(x, z), ∀z ∈ X (3)

are called the fuzzy set of all bottom elements of X and the fuzzy set of all
top elements of X, respectively.
In the case of that (X, R) is an M-B-E-partially ordered set, (X, R, ̃, �̃)
is called an M-B-E-lattice iff for an arbitrarily fixed x, y ∈ X, there exist
u, v ∈ X such that �̃(x, y, z) = E(u, z) and ̃(x, y, z) = E(v, z), ∀z ∈ X.

3 Some Natural Properties of Vague Lattices

In the classical theory of lattices, following implication is satisfied in any lattice
(X,�,,�) for all x, y ∈ X:

x � y ⇒ (x  y = y and x � y = x).

In the following proposition, it is shown how this property can be extended to
vague lattices:

Proposition 3.1 In any M-B-E-lattice (X, R, ̃, �̃) the following inequal-
ities are satisfied:

(i) R(x, y) ∗ ̃(x, y, z) ≤ E(y, z), ∀x, y, z ∈ X,
(ii) R(x, y) ∗ �̃(x, y, z) ≤ E(x, z), ∀x, y, z ∈ X.

Proof.We only give the proof of (i). The proof of (ii) is similarly seen. Let
us fix x, y, z ∈ X. From the equality (1), we have ̃(x, y, z) ≤ R(y, z), and
using this inequality, we can write that

R(x, y) ∗ ̃(x, y, z) ≤ ̃(x, y, z) ≤ R(y, z).
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On the other hand, considering the equality (1), taking t = y in this equality
and applying Proposition 2.1 (iii), we get

R(x, y) ∗ ̃(x, y, z)

= R(x, y) ∗ [[R(x, z) ∧ R(y, z)] ∧ [
∧
t∈X

((R(x, t) ∧ R(y, t)) → R(z, t))]]

≤ R(x, y) ∗ [[1 ∧ 1] ∧ [(R(x, y) ∧ R(y, y)) → R(z, y)]]

= R(x, y) ∗ [R(x, y) → R(z, y)]

≤ R(z, y).

From the strong E-antisymmetry of R, we obtain

R(x, y) ∗ ̃(x, y, z) ≤ R(y, z) ∧ R(z, y) ≤ E(y, z).

In any classical lattice (X,�,,�), the following properties are satisfied for
all x, y ∈ X:

x � x = x, x  x = x, [(x  y = x � y) ⇒ x = y].

The following proposition gives these properties extended to vague lattices:

Proposition 3.2 In any M-B-E-lattice (X, R, ̃, �̃) the following inequal-
ities are satisfied:

(i) �̃(x, x, z) ≤ E(x, z), ∀x, z ∈ X,
(ii) ̃(x, x, z) ≤ E(x, z), ∀x, z ∈ X,
(iii) ̃(x, y, z) ∗ �̃(x, y, z) ≤ E(x, y), ∀x, y, z ∈ X.

Proof.(i) Let us fix x, z ∈ X. From the equality (2), Proposition 2.1 (ii)
and strong E-antisymmetry of R, we have

�̃(x, x, z) ≤ R(z, x) ∧ (R(x, x) → R(x, z)) = R(z, x) ∧ R(x, z) ≤ E(x, z).

(ii) and (iii) are similarly proved.
The absorption property in any classical lattice (X,�,,�) is given by

x � (x  y) = x  (x � y) = x, ∀x, y ∈ X.

It has been given in Theorem 4.6, Theorem 6.1 in [14] that the fuzzy relations
̃, �̃ are perfect M-vague binary operations and the vague version of absorb-
tion property under some conditions. We give these properties with a weaker
condition in the following proposition:
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Proposition 3.3 In any M-B-E-lattice (X, R, ̃, �̃), the relations ̃, �̃ are
perfect M- vague binary operations on X w.r.t. Ec

X×X and E and the following
property is satisfied for each ρ, ν ∈ {̃, �̃} with ρ 
= ν:

ρ(x, y, z) ∗ ν(z, x, w) ≤ E(x,w), ∀x, y, z, w ∈ X.

Proof.The proofs of assertions are similar to proofs in [14].

In any classical lattice (X,�,,�), the operations ,� are commutative:

x  y = y  x, x � y = y � x, ∀x, y ∈ X.

These properties are fuzzified in the following proposition:

Proposition 3.4 In any M-B-E-lattice (X, R, ̃, �̃) the following property
is satisfied:

(i) �̃(x, y, z) ∗ �̃(y, x, w) ≤ E(z, w), ∀x, y, z, w ∈ X,
(ii) ̃(x, y, z) ∗ ̃(y, x, w) ≤ E(z, w), ∀x, y, z, w ∈ X.

Proof.From Proposition 3.3, we know that the relations ̃, �̃ are perfect
M-vague binary operations on X. So, they fulfill the property (PF). Therefore
the proofs are clear.

Let 1 and 0 be the top and bottom elements in a classical lattice (X,�,,�).
The following properties are valid in (X,�,,�) :

x � 1 = x, x  1 = 1, x � 0 = 0, x  0 = x, ∀x ∈ X.

We can fuzzify these properties in the following way:

Proposition 3.5 In any M-B-E-lattice (X, R, ̃, �̃) the following inequal-
ities are satisfied for all x, z, t ∈ X:

(i) �̃X(z) ∗ �̃(x, z, t) ≤ E(x, t),
(ii) �̃X(z) ∗ ̃(x, z, t) ≤ E(z, t),
(iii) ⊥̃X(z) ∗ �̃(x, z, t) ≤ E(z, t),
(iv) ⊥̃X(z) ∗ ̃(x, z, t) ≤ E(x, t).

Proof.We only prove (i). The proofs of (ii)-(iv) are similar. Using Propo-
sition 2.1 (i) and (1), we can easily see that for all x, z ∈ X,

R(x, z) = ̃(x, z, z).

Using this equality and considering (3), we have that for all x, z ∈ X,

�̃X(z) ≤ R(x, z) = ̃(x, z, z).
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Thus, we can write from Proposition 3.3 that for all x, t, z ∈ X,

�̃X(z) ∗ �̃(z, x, t) ≤ ̃(x, z, z) ∗ �̃(z, x, t) ≤ E(x, t).

In the classical theory of lattices, it is well-known that the join and meet
operations ,� in a lattice (X,�,,�) are associative. Namely, the equalities

x  (y  z) = (x  y)  z, x � (y � z) = (x � y) � z

are satisfied for each x, y, z ∈ X. In the following proposition, it is shown these
properties extended to vague lattices:

Proposition 3.6 In any M-B-E-lattice (X, R, ̃, �̃) the following inequal-
ities are satisfied for all x, y, z, w, r, k, p ∈ X :

(i) �̃(y, z, w) ∗ �̃(x,w, r) ∗ �̃(x, y, k) ∗ �̃(k, z, p) ≤ E(r, p),
(ii) ̃(y, z, w) ∗ ̃(x,w, r) ∗ ̃(x, y, k) ∗ ̃(k, z, p) ≤ E(r, p).

Proof.(i) Let us fix x, y, z, w, r, k, p ∈ X. Considering (2) and transitivity
of R, we have

�̃(y, z, w) ∗ �̃(x,w, r) ≤ R(w, y) ∗ R(r, w) ≤ R(r, y)

and

�̃(y, z, w) ∗ �̃(x,w, r) ≤ R(r, x).

Hence, we can write

�̃(y, z, w) ∗ �̃(x,w, r) ≤ R(r, y) ∧ R(r, x).

From (2), we get

�̃(x, y, k) ≤ (R(r, x) ∧ R(r, y)) → R(r, k).

Combining the last two inequalities and applying Proposition 2.1 (iii), we
obtain

�̃(y, z, w) ∗ �̃(x,w, r) ∗ �̃(x, y, k)

≤ (R(r, y) ∧ R(r, x)) ∗ [(R(r, x) ∧ R(r, y)) → R(r, k)]

≤ R(r, k). (4)

Considering (2) and transitivity of R, we have

�̃(y, z, w) ∗ �̃(x,w, r) ≤ R(w, z) ∗ R(r, w) ≤ R(r, z)
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and from here

�̃(y, z, w) ∗ �̃(x,w, r) ∗ �̃(x, y, k) ≤ R(r, z). (5)

Using (4) and (5), we can write

�̃(y, z, w) ∗ �̃(x,w, r) ∗ �̃(x, y, k) ≤ R(r, k) ∧ R(r, z).

Furthermore, from (2), we have

�̃(k, z, p) ≤ (R(r, k) ∧ R(r, z)) → R(r, p).

Using last two inequalities and Proposition 2.1 (iii), we obtain

�̃(y, z, w) ∗ �̃(x,w, r) ∗ �̃(x, y, k) ∗ �̃(k, z, p)

≤ (R(r, k) ∧ R(r, z)) ∗ [(R(r, k) ∧ R(r, z)) → R(r, p)]

≤ R(r, p). (6)

Considering (2) and transitivity of R, we have

�̃(x, y, k) ∗ �̃(k, z, p) ≤ R(k, y) ∗ R(p, k) ≤ R(p, y)

and
�̃(x, y, k) ∗ �̃(k, z, p) ≤ R(p, z)

and consequently

�̃(x, y, k) ∗ �̃(k, z, p) ≤ R(p, y) ∧ R(p, z). (7)

From (2), we have

�̃(y, z, w) ≤ (R(p, y) ∧ R(p, z)) → R(p, w).

From the last two inequalities and Proposition 2.1 (iii), we can write

�̃(y, z, w) ∗ �̃(x, y, k) ∗ �̃(k, z, p)

≤ (R(p, y) ∧ R(p, z)) ∗ [(R(p, y) ∧ R(p, z)) → R(p, w)]

≤ R(p, w). (8)

Considering (2) and transitivity of R, we have

�̃(x, y, k) ∗ �̃(k, z, p) ≤ R(k, x) ∗ R(p, k) ≤ R(p, x)

and from here

�̃(y, z, w) ∗ �̃(x, y, k) ∗ �̃(k, z, p) ≤ R(p, x). (9)
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From (8) and (9), we obtain

�̃(y, z, w) ∗ �̃(x, y, k) ∗ �̃(k, z, p) ≤ R(p, w) ∧ R(p, x).

Furthermore, from (2)

�̃(x,w, r) ≤ (R(p, w) ∧ R(p, x)) → R(p, r).

From the last two inequalities and Proposition 2.1 (iii), we have

�̃(y, z, w) ∗ �̃(x,w, r) ∗ �̃(x, y, k) ∗ �̃(k, z, p)

≤ (R(p, w) ∧ R(p, x)) ∗ [(R(p, w) ∧ R(p, x)) → R(p, r)]

≤ R(p, r). (10)

Considering (6), (10) and strong E-antisymmetry of R, we find

�̃(y, z, w) ∗ �̃(x,w, r) ∗ �̃(x, y, k) ∗ �̃(k, z, p) ≤ R(r, p) ∧ R(p, r) ≤ E(r, p).

(ii) The proof is similar to (i).
In a classical lattice (X,�,,�), the join and meet operations ,� satisfy the
following distributivity laws

x  (y � z) � (x  y) � (x  z), (x � y)  (x � z) � x � (y  z), ∀x, y, z ∈ X.

In the following proposition, it is shown these laws extended to vague lattices.

Proposition 3.7 In any M-E-lattice (X, R, ̃, �̃) the following inequalities
are satisfied for all x, y, z, w, m, k, p, r ∈ X:

(i) �̃(y, z, w) ∗ ̃(x,w, m) ∗ ̃(x, y, k) ∗ ̃(x, z, p) ∗ �̃(k, p, r) ≤ R(m, r),
(ii) �̃(x, y, k) ∗ �̃(x, z, p) ∗ ̃(k, p, r) ∗ ̃(y, z, w) ∗ �̃(x,w, m) ≤ R(r, m)

Proof.(i) Let us pick x, y, z, w, m, k, p, r ∈ X. From the equalities (1),(2)
and transitivity of R, we can write

�̃(y, z, w) ∗ ̃(x, y, k) ≤ R(w, y) ∗ R(y, k) ≤ R(w, k).

Furthermore, from (1), we have

̃(x, y, k) ≤ R(x, k)

and
�̃(y, z, w) ∗ ̃(x, y, k) ≤ R(x, k).

Using above inequalities, we obtain

�̃(y, z, w) ∗ ̃(x, y, k) ≤ R(w, k) ∧ R(x, k). (11)
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From (11),(1) and applying Proposition 2.1 (iii), we get

�̃(y, z, w) ∗ ̃(x, y, k) ∗ ̃(x,w, m)

≤ (R(w, k) ∧ R(x, k)) ∗ [(R(w, k) ∧ R(x, k)) → R(m, k)]

≤ R(m, k)

and
�̃(y, z, w) ∗ ̃(x,w, m) ∗ ̃(x, y, k) ∗ ̃(x, z, p) ≤ R(m, k). (12)

Again using (1),(2) and transitivity of R, we can write

�̃(y, z, w) ∗ ̃(x, z, p) ≤ R(w, z) ∗ R(z, p) ≤ R(w, p). (13)

Furthermore, from (1), we have

̃(x, z, p) ≤ R(x, p)

and
�̃(y, z, w) ∗ ̃(x, z, p) ≤ R(x, p). (14)

Using (13),(14), we obtain

�̃(y, z, w) ∗ ̃(x, z, p) ≤ R(w, p) ∧ R(x, p). (15)

From (15),(1) and applying Proposition 2.1 (iii), we get

�̃(y, z, w) ∗ ̃(x, z, p) ∗ ̃(x,w, m)

≤ (R(w, p) ∧ R(x, p)) ∗ [(R(w, p) ∧ R(x, p)) → R(m, p)]

≤ R(m, p)

and
�̃(y, z, w) ∗ ̃(x,w, m) ∗ ̃(x, y, k) ∗ ̃(x, z, p) ≤ R(m, p). (16)

Combining (12) and (16), we obtain

�̃(y, z, w) ∗ ̃(x,w, m) ∗ ̃(x, y, k) ∗ ̃(x, z, p) ≤ R(m, k) ∧ R(m, p).

From above inequality and (2), applying Proposition 2.1 (iii), we obtain

�̃(y, z, w) ∗ ̃(x,w, m) ∗ ̃(x, y, k) ∗ ̃(x, z, p) ∗ �̃(k, p, r)

≤ (R(m, k) ∧ R(m, p)) ∗ [(R(m, k) ∧ R(m, p)) → R(m, r)]

≤ R(m, r).

(ii) The proof is similar to (i).
The modularity law in a classical lattice (X,�,,�) is given by the implication

(x � z) ⇒ [x  (y � z) � (x  y) � z], ∀x, y, z ∈ X.

This law can be extended to vague lattices by the following proposition:
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Proposition 3.8 In any M-E-lattice (X, R, ̃, �̃) the following inequality
is satisfied for all x, y, z, w, k, m, p, r ∈ X:

R(x, z) ∗ �̃(y, z, w) ∗ ̃(x,w, m) ∗ ̃(x, y, k) ∗ �̃(k, z, p) ≤ R(m, p).

Proof.Let us pick x, y, z, w, k, m, p, r ∈ X. From the equalities (1),(2) and
transitivity of R, we have

�̃(y, z, w) ∗ ̃(x, y, k) ≤ R(w, y) ∗ R(y, k) ≤ R(w, k). (17)

From (1), we get
̃(x, y, k) ≤ R(x, k)

and we can write
�̃(y, z, w) ∗ ̃(x, y, k) ≤ R(x, k). (18)

Combining (17) and (18), we obtain

�̃(y, z, w) ∗ ̃(x, y, k) ≤ R(w, k) ∧ R(x, k).

Using this inequality, (1) and applying Proposition 2.1 (iii), we get

�̃(y, z, w) ∗ ̃(x, y, k) ∗ ̃(x,w, m)

≤ (R(w, k) ∧ R(x, k)) ∗ [(R(w, k) ∧ R(x, k)) → R(m, k)]

≤ R(m, k).

From here we can write ,

R(x, z) ∗ �̃(y, z, w) ∗ ̃(x, y, k) ∗ ̃(x,w, m) ≤ R(m, k). (19)

From (2) and using Proposition 2.1 (iv), we get

R(x, z) ∗ �̃(y, z, w) ≤ R(x, z) ∧ R(w, z).

Using this inequality, (1) and applying Proposition 2.1 (iii), we obtain

R(x, z) ∗ �̃(y, z, w) ∗ ̃(x,w, m)

≤ (R(x, z) ∧ R(w, z)) ∗ [(R(x, z) ∧ R(w, z)) → R(m, z)]

≤ R(m, z).

From here we can write

R(x, z) ∗ �̃(y, z, w) ∗ ̃(x,w, m) ∗ ̃(x, y, k) ≤ R(m, z). (20)

Combining (19) and (20), we have

R(x, z) ∗ �̃(y, z, w) ∗ ̃(x,w, m) ∗ ̃(x, y, k) ≤ R(m, k) ∧ R(m, z).
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Using this inequality, (2) and Proposition 2.1 (iii) we obtain the result inequal-
ity

R(x, z) ∗ �̃(y, z, w) ∗ ̃(x,w, m) ∗ ̃(x, y, k) ∗ �̃(k, z, p)

≤ (R(m, k) ∧ R(m, z)) ∗ [(R(m, k) ∧ R(m, z)) → R(m, p)]

≤ R(m, p).
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