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Abstract

In this paper Composition and weighted composition operators of Posinor-
mal and quasiposinormal on L2 -spaces are characterized.
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Introduction

Let(X,Σ,μ) be a σ-finite measure space.A transformation T on (X,Σ) is a
Σ-measurable mapping from X onto X such that CT f=f◦T for f in L2(μ). It is
known that T nduces a bounded composition operator CT on L2 if and onlyif
the measure μ◦T−1 is absolutely continuous with respect to the measure μ and
h = dμ◦T−1/dμ is the Radon- Nikodyn derivative of the measure μT−1 with re-
spect to μ

Preliminaries
Let B(H) denote the Banach algebra of all bounded linearoperators on a hilbert
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space H. An operator T∈L(H) is called Posinormal if TT*≤c2T*T for some c�0
and quasi Posinormal if (TT*)2≤c2T*2T2[3].

Lemma:1[1]
Let P denote the projection of L2(X,Σ,μ)ontoR(CT )

(i).CT*CT f=hf and CTCT*f=(h◦T)Pf for all f∈L2

(ii).R(CT )={f ∈ L2 : fisT−1(Σ)measurable}
(iii).If f is T−1(Σ)measurable and f and fg belong to L2 , then P(fg)=fPg

Theorem:1.1
Let CT∈B(L2(μ)). Then CT is posinormal iff c

∥
∥
∥h1/2f

∥
∥
∥ ≥

∥
∥
∥(h.T )1/2Pf

∥
∥
∥ ,

for all f
Proof:
CT is Posinormal ⇐⇒CTCT*≤c2CT*CT

⇐⇒ 〈(CT CT ∗ −c2CT ∗ CT )f, f〉≤0
⇐⇒ (h◦TPf,f)-c2(hf,f)≤0 by Lemma1[1] it follows that

c
∥
∥
∥h1/2f

∥
∥
∥
2 ≥

∥
∥
∥(h.T )1/2Pf

∥
∥
∥
2

Theorem:1.2
Let CT∈B(L2(μ)).Then CT* is Posinormal iff

∥
∥
∥h1/2f

∥
∥
∥ ≥ c

∥
∥
∥(h.T )1/2Pf

∥
∥
∥

for all f
Proof:
⇐⇒CT*CT≤c2CTCT*
⇐⇒ 〈(CT ∗ CT − c2CT CT∗)f, f〉≤0
⇐⇒ (hf, f)−c2(h◦TPf,f)≤0 by Lemma1[1] it follows that∥
∥
∥h1/2f

∥
∥
∥ ≥ c

∥
∥
∥(h.T )1/2Pf

∥
∥
∥ for all f

Theorem:1.3
If CT is posinormal then c

∥
∥
∥h1/2f

∥
∥
∥ ≥

∥
∥
∥(h.T )1/2Pf

∥
∥
∥——–(1) for all f holds

iff cdμ◦T−1/dμ◦T−1≥h�0 a.e where c�0.
Proof:
Suppose that equation (1) holds. Let E be a set of finite measure in Σ
and let A=T−1(E)
Since A is T−1(Σ) measurable , PχA=χA and
0≤∫

E(c2(dμ◦T−2/dμ)-h2)dμ
Therefore cdμ◦T−1/dμ◦T−1≥h�0 a.e
Conversely suppose that cdμ◦T−1/dμ◦T−1≥h�0 a.e. Then for any E
in Σ of finite measure the above statements are hold for f=χT−1(Σ).
Suppose that f is T−1(Σ) measurable and f =ΣajχAj , Aj disjoint sets
in T−1(Σ)
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Then c2
∥
∥
∥h1/2f

∥
∥
∥
2 ≥ ‖(h.T )Pf‖2

Since T−1(Σ) measurable simple functions are dense in R(CT ) , equa-
tion (1) holds for all f.

Theorem:1.4
Let CT∈B(L2(μ)). Then CT is quasi posinormal iff c2g0≥f0 a.e
Proof:
CT is Quasi Posinorml
⇐⇒(CT*CT )2≤c2CT*2CT

2

⇐⇒c2h0≥f0
2 a.e

⇐⇒c2g0≥f0 a.e

2.Posinormal and Quasiposinormal Weighted Composition Opera-
tors

Introduction

Let (X,Σ,λ)be a σ- finite measure space.A transformation T on (X,Σ)
is a Σ-measurable space mapping from X onto X such that λ◦T−1 is
absolutely continuous with respect to λ. A weighted composition op-
erator is linear transformation acting on a set of complex valued Σ
measurable function f of the form Wf=wf◦Twhere w is complex val-
ued , Σ measurable function.
In case w=1a.e.,W becomes a composition operator , denoted by
CT .The conditional expectation operator E(·/T−1Σ)=E(·)·E(f) is de-
fined for each non-negative measurable function f or for each f∈LP (1≤P),and
is uniquely determined by the conditions:

(i)·E(f) is T−1Σ measurable and
(ii)·If B is any T−1Σ measurable set for which

∫
Bfdλ converges we

have
∫

Bfdλ=
∫

BE(f)dλ.
As an operator on LP ,E is the projection onto the clousure of the
range of CT .E is the identity on LP if and only if T−1Σ = Σ.
The Radon-Nikodym derivative of λT−1 with respect to λ is denoted
by h and that of λ◦T−k with respect to λ is denoted by hk where Tk is
obtained by composting T-k times.
Let wk denote w(w◦T)(w◦T2).....(w◦Tk−1)
so that Wkf = wk(f◦Tk).

Theorem:2.1
Suppose T−1Σ = Σ.Then W is Posinormal if and only if w2(h◦T)≤c2hw2.T−1

Proof:
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Since T−1Σ = Σ.,E is an identity and so
W*f=h(wf)◦T−1. Then W is Posinormal
⇐⇒(WW*)≤c2W*W
⇐⇒ 〈(WW ∗) − c2W ∗W )f, f〉 ≤0 for every f∈L2

⇐⇒w2(h◦T)≤c2hw2.T−1

Theorem:2.2
W is QuasiPosinormal iff [hE(w2)◦T−1]2≤c2h2E(W2

2)◦T−1

Proof:
We have , Wf=w(f◦T) and W*f=hE(wf)◦T−1

W is Quasi Posinormal.
⇐⇒(WW*)2≤c2W*2W2

⇐⇒ 〈(W ∗W )2 − c2W ∗2W 2)f, f〉 ≤0 for every f∈L2

[hE(w2)◦T−1]2≤c2h2E(W2
2)◦T−1 a.e

Theorem:2.3
Suppose T−1Σ = Σ. Then W* is Quasiposinormal iff w2

2(h◦T)2≥W2(h◦T)2a.e

Proof:
Since T−1Σ = Σ.,E is an identity and so
W* is Posinormal
⇐⇒(WW*)2≤c2W2W*2

⇐⇒ 〈(W ∗W )2 − c2W 2W ∗2)f, f〉 ≤0 for every f∈L2

w2
2(h◦T)2≥W2(h◦T)2a.e

References:
[1]. David J.Harrington and Robert Whitely.,Seminormal Composi-
tion Operators,Journal of Operator Theory 11(1984),125-135

[2].S.Panayyapan.,Non Hyponormal weighted composition operators,
Indian.J. Pure appl.Math.27(10):979-983pp,1996

[3].My Young Lee and Sang Hun Le, On (p,k)Quasiposinormal oper-
ators, J.Appl.Math and Computing,”vol(19)(2005), (573-578)

[4].H.Crawford Rhaly, Posinormal operators, J.Math.Soc.Japan

Received: March, 2009


