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Abstract

In this paper we propose an analytical approach based on the homo-
topy perturbation method to solve the modified equal width equation.
The advantages of this method make it reliable to provide the analytical
or approximate solutions. The numerical results are presented to show
the efficiency of this method.
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1 Introduction

The modified equal width (MEW) equation arising from the nonlinear media

with dispersion process has been paid special attention in the past decades

[1, 2, 3, 4, 5]. Since its wide applications and important mathematical proper-

ties, many methods have been presented to study the different solutions and

physical phenomena related to this equation. By using the Petrov-Galerkin

method together with quintic B-spline finite elements, S.I. Zaki provided its

solitary wave interactions. A.M. Wazwaz considered different solutions by

means of the tanh and the sine-cosine methods, respectively. In addition, B.

Saka gave its numerical solutions by using collocation method. Different with

the existing methods, we will provide an new analytical approach to solve the

MEW equation as follows

ut + 3u2ux − μuxxt = 0. (1)
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In 1998, J.H. He proposed the homotopy perturbation method (for short

HPM) for nonlinear problems [6, 7]. This method has been the subject of

extensive studies, and applied to different linear and nonlinear problems [8, 9,

10, 11, 12, 13]. It’s easy to find that the main feature of this method is its ability

and flexibility to derive the analytical or approximate solution to the nonlinear

equation without linearization, discretization or the calculation of Adomian

polynomials which is involved in the Adomian decomposition method. In this

paper, the approach based upon the homotopy perturbation method will be

presented to solve the MEW equation. The numerical results are presented to

show the effectiveness of the HPM.

The rest of this paper is organized as follows. The section 2 deals with the

MEW equation by the homotopy perturbation method. The numerical results

are presented in section 3. Finally, we end this paper with conclusions.

2 Analysis of homotopy perturbation method

for the modified equal width equation

Based upon the perturbation technique used in [6, 7, 14, 15, 16], we assume

that the solution to (1) can be expressed in terms of p as follows

u =
∞∑

n=0

pnun = u0 + pu1 + p2u2 + p3u3 + · · · . (2)

Setting p = 1 results in the approximate solution of (1)

u∗ = lim
p→1

u =
∞∑

n=0

un = u0 + u1 + u2 + u3 + · · · . (3)

Then by the homotopy perturbation method [6, 7], we can construct the

homotopy v(r, p) : Ω × [0, 1] → R which satisfies

ut − y0t + py0t + p(3u2ux − μuxxt) = 0 (4)

with the initial approximation y0 = u(x, 0).

Substituting (2) into (4), and equating the terms of the same power of p,

it follows that

p0 : u0t − y0t = 0, y0 = u(x, 0)

p1 : u1t + 3u2
0u0x − μu0xxt + y0t = 0, u1(x, 0) = 0

p2 : u2t + 3u2
0u1x + 6u0u1u0x − μu1xxt = 0, u2(x, 0) = 0

p3 : u3t + 3u2
1u0x + 6u0u2u0x + 6u0u1u1x + 3u2

0u2x − μu2xxt = 0, u3(x, 0) = 0

· · · · · ·
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Solving these equations by simple integral yields u0, u1, u2, u3 and so on. Thus,

we can obtain the n-order approximation

uapprox = u0 + u1 + u2 + u3 · · ·+ un. (5)

It’s easy to calculate more components to improve the accuracy of the approx-

imate solution.

3 Numerical Example

In this section, we focus on discussing the motion of a single solitary wave for

the MEW equation to verify the performance of the homotopy perturbation

method.

3.1 Motion of single solitary wave

We consider the MEW equation (1) with the boundary condition u → 0 as

|x| → ∞ and the initial condition

u(x, 0) = Asech(k(x − x0)). (6)

Note that the analytical solution of this problem is given by [3]

u(x, t) = A sech(k(x − ct − x0)), (7)

where

k2 =
1

μ
, c =

A2

2
. (8)

For simplicity, we discuss only the case with x0 = 0 and μ = 1.

3.2 Numerical results

In numerical computation, we use the second order solution that is u = u0 +

u1 + u2 to approximate the analytical solution. The approximation u reads as

follows

u = Asech(kx) + tsech3(kx)(
27

8
A3k3sech4(kx) sinh(4kx) (9)

− 93

4
A3k3sech4(kx) sinh(2kx) + 3A3k tanh(kx))

+ t2sech7(kx)(
45

4
A5k2 cosh(2kx) − 63

4
A5k2)
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We present the numerical results for the approximation u obtained by the

HPM and the analytical solution in Table 1, where A = 0.25 and μ = 1. Then

we plot the results for the MEW equation with 0 ≤ t ≤ 2 and −30 ≤ x ≤ 30 in

figure 1. In particular, the results for MEW equation with t = 0.1 are plotted

in figure 2.

To check the conservation property of the numerical solutions, we discuss

the following three invariant conditions corresponding to conservation of mass,

momentum and energy [3]

I1 =
∫ +∞

−∞
udx, (10)

I2 =
∫ +∞

−∞
(u2 + μ(ux)

2)dx, (11)

I3 =
∫ +∞

−∞
u4dx. (12)

The analytical values of the invariants are [3]

I1 =
Aπ

k
, I2 =

2A2

k
+

2μkA2

3
, I3 =

4A4

3k
, (13)

The numerical results for the invariant conditions are shown in Table 2. We

can find that the results are in agreement with the analytical results above

I1 = 0.7853981634, I2 = 0.1666666667 and I3 = 0.0052083333.

It’s important to note that we use only two terms to approximate the ana-

lytical solution, if we consider more components, the accuracy of the obtained

solution will be improved greatly. Moreover, since it isn’t involved in the com-

plicated calculation of the Adomian polynomials, we can conclude that this

method is powerful for solving the MEW equation.
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Fig. 1. The results for the approximate solution u and

analytical solution to MEW equation for 0 ≤ t ≤ 2 and −30 ≤ x ≤ 30
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Fig. 2. The results for the approximate solution u and

analytical solution to MEW equation for t = 0.1 and −30 ≤ x ≤ 30

Table 1. The numerical results for the approximate

solutions obtained by HPM and analytical solution

x = 0 x = 2.5

t Anal. HPM Anal. HPM

0.01 0.2499999877 0.2499995605 0.0407803793 0.0407867965

0.02 0.2499999511 0.2499982421 0.0407929543 0.0408057856

0.03 0.2499998901 0.2499960449 0.0408055332 0.0408247751

0.04 0.2499998046 0.2499929687 0.0408181158 0.0408437651

0.05 0.2499996948 0.2499890136 0.0408307022 0.0408627556

x = 5 x = 10

t Anal. HPM Anal. HPM

0.01 0.0033698734 0.0033688320 2.270706E − 5 2.269996E − 5

0.02 0.0033709265 0.0033688434 2.271416E − 5 2.269996E − 5

0.03 0.0033719800 0.0033688549 2.272126E − 5 2.269996E − 5

0.04 0.0033730338 0.0033688664 2.272836E − 5 2.269996E − 5

0.05 0.0033740879 0.0033688778 2.273546E − 5 2.269996E − 5

Table 2. Invariants for single solitary wave

with A = 0.25, μ = 1, x0 = 0 and [−30, 30]

Time I1 I2 I3

0 0.7853981634 0.1666666667 0.0052083333

0.01 0.7853981634 0.1668783104 0.0052086001

0.02 0.7853981634 0.1667195775 0.0052094003

0.03 0.7853981634 0.1667857162 0.0052107341

0.04 0.7853981634 0.1668783104 0.0052126014

0.05 0.7853981634 0.1669973603 0.0052150022
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4 Conclusion

The modified equal width equation has been investigated by means of the ho-

motopy perturbation method in this paper. The main feature of this method

is to provide the numerical solutions or analytical solutions to linear and non-

linear equations without linearization, discretization or the calculation of the

complicated Adomian polynomials. This makes this method suitable for solv-

ing different nonlinear equations. The presented numerical results show that

the numerical solution is a good approximation to the analytical solution, and

the approximate variant conditions are in accordance with the analytical re-

sults. So we can conclude that this method is powerful and meaningful for

solving the MEW equation.
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