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Abstract

In this paper we generalise Urysohn lemma by using (1, 2)∗-semi-
continuous mappings defined in bitopological spaces.
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1 Introduction

Levine [2] and Njastad [4] have introduced the concepts of semi-open sets
and α-open sets respectively. The idea of semi-normal topological space was
introduced by Dorsett and Reily. Thivagar et al have introduced the concepts
of (1, 2)∗-semi-open sets, (1, 2)∗-semi-continuous mappings and (1, 2)∗-semi-
normal bitopological space. In this paper we generalise Urysohn lemma using
(1, 2)∗-semi-continuous mappings defined in bitopological spaces.

2 Preliminaries

Let A be a subset of a topological space (X, τ). Let Cl(A) and Int(A) denote
the closure and interior of A.

Definition 2.1 A subset A of a topological space (X, τ) is called
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(i) semi-open if A ⊆ Cl(Int(A)) [2];

(ii) preopen if A ⊆ Int(Cl(A)) [3];

(iii) α-open if A ⊆ Int(Cl(Int(A))) [4].

Definition 2.2 [6] A subset S of a bitopological space (X, τ1, τ2) is said to be
τ1,2-open if S = A∪B where A ∈ τ1, and B ∈ τ2. A subset S of X is τ1,2-closed
if the complement of S is τ1,2-open.

Throughout this paper (X, τ1, τ2) and (Y, σ1, σ2) represent bitopological spaces
on which no separation axioms are assumed unless otherwise mentioned.

Definition 2.3 [6] Let S be a subset of X. Then

(i) The τ1τ2-interior of S, denoted by τ1τ2-Int(S) is defined by ∪{G/G ⊂ S
and G is τ1,2-open }.

(ii) The τ1τ2-closure of S denoted by τ1τ2-Cl(S) is defined by ∩{F/S ⊂ F and
F is τ1,2- closed }.

Remark 2.4 [6]

(i) τ1τ2-Int(S) is τ1,2-open for each S ⊂ X and τ1τ2-Cl(S) is τ1,2-closed for
each S ⊂ X.

(ii) A set S ⊂ X is τ1,2-open iff S = τ1τ2-Int(S) and is τ1,2-closed iff S = τ1τ2-
Cl(S).

(iii) τ1τ2-Int(S) = Intτ1(S) ∪ Intτ2(S)
and τ1τ2-Cl(S) = Clτ1(S) ∩ Clτ2(S) for any S ⊂ X

(iv) For any family {Si/i ∈ I} of subsets of X we have

(a) ∪τ1τ2-Int(Si) ⊂ τ1τ2-Int(∪
i
Si)

(b) ∪τ1τ2-Cl(Si) ⊂ τ1τ2 -Cl(∪Si)

(c) τ1τ2-Int(∩Si) ⊂ ∩
i
τ1τ2-Int(Si)

(d) τ1τ2-Cl(∩Si) ⊂ ∩
i
τ1τ2-Cl(Si)

(v) τ1,2-open sets need not form a topology.

We recall the following definitions which are useful in the sequel.

Definition 2.5 [6] A subset A of a bitopological space (X, τ1, τ2) is called



Bitopological view of Urysohn lemma 861

(i) (1, 2)∗-semi-open if A ⊆ τ1τ2-Cl(τ1τ2-Int(A))

(ii) (1, 2)∗-α-open if A ⊆ τ1τ2-Int(τ1τ2 -Cl(τ1τ2-Int(A)))

(iii) (1, 2)∗-preopen if A ⊆ τ1τ2-Int(τ1τ2-Cl(A))

Remark 2.6 (i) The complement of a (1, 2)∗-semi-open set is called (1, 2)∗-
semi-closed. The family of all (1, 2)∗-semi-open sets of a space (X, τ1, τ2)
is denoted by (1, 2)∗-SO(X, τ1, τ2) or simply (1, 2)∗-SO(X).

(ii) The (1, 2)∗-semi-closure of a subset A of X, denoted by (1, 2)∗-sCl(A)) is
defined to be the intersection of all (1, 2)∗-semi-closed sets containing A.

(iii) The (1, 2)∗-semi-interior of a subset A of X, denoted by (1, 2)∗-sInt(A))
is defined to be the union of all (1, 2)∗-semi-open sets contained in A.

(iv) Since any arbitrary union (resp. intersection) of (1, 2)∗-semi-open (resp.
(1, 2)∗-semi-closed) sets is (1, 2)∗-semi-open (resp. (1, 2)∗-semi-closed),
(1, 2)∗-sInt(A) (resp. (1, 2)∗-sCl(A)) is (1, 2)∗-semi-open (resp. (1, 2)∗-
semi-closed)

(v) For a bitopological space (X, τ1, τ2), a subset A of X is (1, 2)∗-semi-open
(resp. (1, 2)∗-semi-closed) if and only if (1, 2)∗-sInt(A) (resp. (1, 2)∗-
sCl(A)) = A.

Remark 2.7 The intersection of two (1, 2)∗-semi-open sets need not be (1, 2)∗-
semi-open.

Example 2.8 Let X = {a, b, c}; τ1 = {φ, X, {a}}; τ2 = {φ, X, {b}};
τ1,2 open sets = {φ, X, {a}, {b}, {a, b}};
τ1,2 closed sets = {φ, X, {b, c}, {a, c}, {c}}
(1, 2)∗SO(X) = {φ, X, {a}, {b}, {a, b}, {b, c}, {a, c}}
{a, c} and {b, c} are (1, 2)∗-semi-open sets but {a, c} ∩ {b, c} = {c} is not
(1, 2)∗-semi-open.

3 Generalisation of Urysohn Lemma

Definition 3.1 A function f : (X, τ1, τ2) → (Y, σ1, σ2) is called (1, 2)∗-semi-
continuous if the inverse image of each σ1,2-open set in Y is (1, 2)∗-semi-open
in X.

Definition 3.2 A bitopological space (X, τ1, τ2) is said to be (1, 2)∗-semi-normal
if, for any two disjoint (1, 2)∗-semi-closed sets A and B there exist disjoint
(1, 2)∗-semi-open sets U and V such that A ⊂ U and B ⊂ V .
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Lemma 3.3 The following are equivalent in a bitopological space (X, τ1, τ2):

(i) (X, τ1, τ2) is (1, 2)∗-semi-normal.

(ii) For each (1, 2)∗-semi-closed set A and a (1, 2)∗-semi-open set H contain-
ing A, there is a (1, 2)∗-semi-open set U such that A ⊂ U ⊂ (1, 2)∗-
sCl(U) ⊂ H.

(iii) For each (1, 2)∗-semi-closed set A and a (1, 2)∗-semi-closed set B disjoint
from A, there is a (1, 2)∗-semi-open set U containing A such that (1, 2)∗-
sCl(U) ∩ B = φ.

(iv) For any two disjoint (1, 2)∗-semi-closed sets A and B, there exist (1, 2)∗-
semi-open sets U and V such that A ⊂ U , B ⊂ V and (1, 2)∗-sCl(U) ∩
(1, 2)∗-sCl(V ) = φ.

Proof (i) ⇒ (ii): Let A be a (1, 2)∗-semi-closed set and H a (1, 2)∗-semi-open
set containing A. Then A and X −H are two disjoint (1, 2)∗-semi-closed sets.
By (i) there exist disjoint (1, 2)∗-semi-open sets U and V such that A ⊂ U
and X − H ⊂ V . Hence U ⊂ X − V , which is (1, 2)∗-semi-closed so that
(1, 2)∗-sCl(U) ⊂ X − V . Thus A ⊂ U ⊂ (1, 2)∗-sCl(U) ⊂ X − V ⊂ H .
(ii) ⇒ (iii): A is (1, 2)∗-semi-closed, X−B is (1, 2)∗-semi-open and A ⊂ X−B.
Hence by (ii) there is a (1, 2)∗-semi-open set U such that A ⊂ U ⊂ (1, 2)∗-
sCl(U) ⊂ X − B. Then (1, 2)∗-sCl(U) ∩B = φ.
(iii) ⇒ (iv): Let A be a (1, 2)∗-semi-closed set and B a (1, 2)∗-semi-closed
set disjoint from A. By (iii) there is a (1, 2)∗-semi-open set U containing A
such that (1, 2)∗-sCl(U) ∩B = φ. Since (1, 2)∗-sCl(U) and B are two disjoint
(1, 2)∗-semi-closed sets, again by (iii) there is a (1, 2)∗-semi-open set W such
that (1, 2)∗-sCl(U) ⊂ W and (1, 2)∗-sCl(W) ∩B = φ. Let V = X − (1, 2)∗-
sCl(W ). Then U and V are (1, 2)∗-semi-open sets such that A ⊂ U and B ⊂ V .
Moreover (1, 2)∗-sCl(U) ⊂ W implies X − W ⊂ X − (1, 2)∗-sCl(U). But
V ⊂ X−W so that (1, 2)∗-sCl(V ) ⊂ (1, 2)∗-sCl(X−W ) = X−W ⊂ X−(1, 2)∗-
sCl(U). Hence (1, 2)∗-sCl(U) ∩(1, 2)∗-sCl(V) = φ.
(iv) ⇒ (i): (1, 2)∗-sCl(U) ∩(1, 2)∗-sCl(V) = φ implies U ∩ V = φ. Hence (i)
follows.

Now we are in a position to generalise Urysohn Lemma. Consider 	, the
set of real numbers, with the topologies σ1, the left hand topology with base
the family {(−∞, a) : a ∈ 	} and σ2, the right hand topology with base
the family {(a,∞) : a ∈ 	}. With this bitopological space (	, σ1, σ2) and a
(1, 2)∗-semi-normal bitopological space we state and prove Urysohn lemma.

Theorem 3.4 Let (X, τ1, τ2) be any (1, 2)∗-semi-normal bitopological space.
Then for any two disjoint (1, 2)∗-semi-closed sets A and B, there exists a
(1, 2)∗-semi-continuous mapping g : X → [0, 1] with g(A) = 0 and g(B) = 1.
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Proof: Let P be the set of all rational numbers in the interval [0,1]. We
shall define for each p in P, a (1, 2)∗-semi-open set Up of X, in such a way that
whenever p < q we have (1, 2)∗-sCl(Up) ⊂ Uq. Thus the sets Up will be simply
ordered by inclusion in the same way their subscripts are ordered by the usual
ordering in the real line. As P is countable, we use induction to define the
sets Up . Arrange the elements of P in an infinite sequence in some way, for
convenience, let us suppose that the numbers 1 and 0 are the first two elements
of the sequence. Now define the sets Up as follows: First define U1 = X − B.
Second, since A is a (1, 2)∗-semi-closed set contained in the (1, 2)∗-semi-open-
set U1, by the (1, 2)∗-semi-normality of X choose a (1, 2)∗-semi-open set U0

such that A ⊂ U0 and (1, 2)∗-sCl(U0) ⊂ U1. In general, let Pn denote the set
consisting of the first n rational numbers in the sequence. Suppose that Up

is defined for all rational numbers p belonging to the set Pn, satisfying the
condition

p < q ⇒ (1, 2)∗ − sCl(Up) ⊂ Uq. . . . (I)

Let r denote the next rational number in the sequence; we wish to define Ur.
Consider the set Pn+1 = Pn ∪ {r}. It is a finite subset of the interval [0,1],
and as such it has a simple ordering derived from the usual order relation ≤
on the real line. In a finite simply ordered set, every element ( other than
the smallest and the largest ) has an immediate predecessor and an immediate
successor. The number 0 is the smallest element and 1 is the largest element
of the simply ordered set Pn+1 and r is neither 0 nor 1. So r has an immediate
predecessor p and an immediate successor q in Pn+1. The sets Up and Uq are
already defined and (1, 2)∗-sCl(Up) ⊂ Uq by the induction hypothesis. Using
(1, 2)∗-semi-normality of X, we can find a (1, 2)∗-semi-open-set Ur of X such
that (1, 2)∗-sCl(Up) ⊂ Ur and (1, 2)∗-sCl(Ur) ⊂ Uq. We assert that (I) now
holds for every pair of elements of Pn+1. If both the elements lie in Pn, (I)
holds by the induction hypothesis. If one of them is r, and the other is a
point s of Pn, then either s ≤ p in which case (1, 2)∗-sCl(Us) ⊂ Up ⊂ (1, 2)∗-
sCl(Up) ⊂ Ur or s ≥ q in which case (1, 2)∗-sCl(Ur) ⊂ Uq ⊂ Us. Thus for
every pair of elements of Pn, the relation (I) holds. By induction, we have
defined Up for all p ∈ P . We extend this definition to all rational numbers
p ∈ 	 by defining Up = φ if p < 0 and Up = X if p > 1. It is still true that for
any pair of rational numbers p and q, p < q ⇒ (1, 2)∗-sCl(Up) ⊂ Uq. Given
a point x of X let us define Q(x) to be the set of those rational numbers p
such that the corresponding (1, 2)∗-semi-open sets Up contain x. i.e., Q(x) =
{p : x ∈ Up}. This set contains no number less than 0, since no x is in Up for
p < 0. And it contains every number greater than 1 since every x is in Up for
p > 1. Therefore, Q(x) is bounded below and its greatest lower bound is a
point of the interval [0,1]. Define f(x) = glb {Q(x)} = glb {p : x ∈ Up}. We
show that f is the desired function. If x ∈ A then x ∈ Up for every p ≥ 0 so
that Q(x) equals the set of all nonnegative rationals and f(x) = 0. Similarly if



864 M. Lellis Thivagar and N. Mariappan

x ∈ B, then x ∈ Up for no p ≤ 1 so that Q(x) consists of all rational numbers
greater than 1 and f(x) = 1.
To show that f is (1, 2)∗-semi-continuous.

We first prove the following elementary facts:
(1) x ∈ (1, 2)∗-sCl(Ur) ⇒ f(x) ≤ r; (2) x /∈ Ur⇒ f(x) ≥ r.
To prove (1): Note that if x ∈ (1, 2)∗-sCl(Ur),then x ∈ Us for every s >
r. Therefore Q(x) contains all rational numbers greater than r, so that by
definition, we have f(x) = glb Q(x) ≤ r. To prove (2): Note that if x /∈ Ur,
then x /∈ Us for any s < r. Therefore Q(x) contains no rational number less
than r, so that f(x) = glb Q(x) ≥ r.

Now we prove f is (1, 2)∗-semi-continuous.
Let k be any real number. f−1((−∞, k)) = ∪{Up : p < k}. Each Up is
(1, 2)∗ -semi-open and so f−1((−∞, k)) is (1, 2)∗ -semi-open. f−1((k,∞)) =
∪{X − (1, 2)∗-sCl(Up) : p > k} and so f−1((k,∞)) is (1, 2)∗ -semi-open. Thus
f−1(U) is (1, 2)∗-semi-open for every σ1,2-open set U in [0,1]. Hence f is (1, 2)∗-
semi-continuous.
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